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Organisational issues

Lecture
@ Today is the last day ... of block 3.
@ Helmut Veith (block 4) starts on Wednesday, Nov 27!

Exercises block 3
@ Discussion of exercises: Tuesday, Nov 26, 17:00-19:00, EI 9

@ Submission of solutions: Sunday, Dec 1
On a voluntary basis, no extra points

@ Discussion of solutions: Monday, Dec 9, 13:00-15:00, EI 10

Questions regarding block 3
@ Email: gernot.salzer@tuwien.ac.at

o Office hours: www.logic.at/staff/salzer
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Three ways to prove correctness assertions

Task: Show that { F } p{ G } is partially/totally correct.

Method 1: Hoare calculus.
Decompose correctness assertion into simpler ones (guided by rules)
until we obtain true assertions (instances of axioms) and valid formulas.

Method 2: Weakest (liberal) precondition.
Compute the weakest formula F’ such that { '} p{ G } is true,
and show that F implies F'.

Method 3: Strongest postcondition.
Compute the strongest formula G’ such that { F} p{ G } is true,
and show that G’ implies G.

Annotation calculus.
No new method, just combines the above methods for practical usage.



Hoare Calculus

@ finite collection of axioms and rules for deriving correctness assertions
@ two calculi: one for partial correctness, one for total correctness
@ is sound and complete (with restrictions)

“Sound” means: Every derivable correctness assertion is true.
“Complete” means: Every true correctness assertion is derivable.
Admissible (sound) axiom

Let F and G be formula schemas and p be a program schema.
{F}p{ G} isan admissible axiom if all assertions of this form are true.

Admissible (sound) rule

Let X1, ..., X, be schemas for formulas or correctness assertions.

X1 -
{Fir{c} {G}
Xi,...,Xn, F,p, G it holds that:

If Xi,...,X, are valid/true then { F}p{ G} is true.

is an admissible rule if for all valid/true instances

“Whenever the premises hold, the conclusion has to hold.”



Weakest Precondition

wp(p, Sout) - -. maximal set of states such that
wp(p, Sout) P Sout is totally correct

wp(p,Sout) = {0 €S| [p]o defined and [p]o € Sout }
[P]_l(sout)

wp(p, G ) ... weakest formula such that
{wp(p,G)} p{G} s totally correct

{F}p{G} is totally correct if and only if F = wp(p, G) is valid.



Weakest Liberal Precondition

wlp(p, Sout) - .. maximal set of states such that
wip(p, Sout) P Sout is partially correct

wip(p,Sout) = {0 € S| [p]o undefined or [p] o € Sout }
{0 €S |[p]o undefined } U [p] *(Sout)
= {0 €S| [p]o undefined } Uwp(p, Sout)

wlp(p, G ) ... weakest formula such that
{wlp(p,G)} p{ G} is partially correct

{F}p{ G} is partially correct if and only if F = wlp(p, G) is valid.



Strongest Postcondition

sp(Sin, p) ... minimal set of states such that
Sin p sp(Sin, p) s partially correct

sp(Sin,p) = {[p]o| o € Sin and [p] o defined }
= [pl(Sin)

sp( F ,p) ... strongest formula such that
{F} p{sp(F,p)} Iis partially correct

{F}p{G} is partially correct if and only if sp(F, p) = G is valid.



Weakest precondition
wp(skip, G) = G

wp(v :=e,G) = G[v/¢]
wp(p; g, G) = wp(p,wp(q, G))

wp(if e then p else q fi, G)

=( e=wp(p,G)
—e = wp(q,

) A
( G))
=( eAwp(p,G))V

(—e Awp(g, G))

wp(abort, G) = false

Weakest liberal precondition
wlp(skip, G) = G

wlp(v :=e, G) = G[v/€]
wip(p; g, G) = wlp(p, wip(q; G))

wlp(if e then p else ¢ fi, G)

=( e= wlp(p, G)) A
(—e = wip(q, G))

G)
= ( eAwlp(p, G)) v
(—e Awlp(q, G))

wlip(abort, G) = true



Strongest postcondition

sp(F,skip) = F

sp(F,v:=e) =3V (F[v/V]Av=c¢e[v/V])

where v/ does not occur in F and e
sp(F, p; q) = sp(sp(F, p), q)
sp(F, if e then p else g fi) = sp(F A e, p) Vsp(F A —e, q)

sp(F,abort) = false
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Hoare calculus

{F}skip{F} @
{Flv/e]}v:=e{F} @

{Fip{G} {G}a{H}
{F}piq{H}

{FAe}p{G} {FA-e}a{G}
{F}ifethenpelse qfi{G}

(if)
{F}abort{ G} @ (partial correctness)
{false } abort { G } @) (total correctness)

F=F {F}p{G} G’:>G(|c)
{Fip{G}
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Annotation rules

{F} skt
skip ~
{F}

{Flv/el} ast
vV.=¢€ g
{F}
Partial correctness:

{true} ab
abort —

{false} ab
(L — Prove F = G

{F}

v.=¢€ —

if v not free in F and e:

Ic

{F}

skip —

{F}

{ IV (Flv/V'] A v = e[v/v']) }

{ FAv=e

Total correctness:

{ false }
abort —
{ false }

sk |

as |

}oas' |

abt

abt
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{e=FAr(e=c} if? {F}

if e then if e then

{Fr . {FAe} if]
els;e. . els;a' . .

{G} {FA-e} ifl

{G} fit {G}
else else
= {6} fit (G} "~

fi fi

{G} {GV G} fil

13
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wp(z:=z4+x;y:=y—1,xy+2z=c)

=wp(z:=z+x,wp(y =y —1, xy+z=c))
=wp(z:=z+x,x(y—1)+z=c)
=(x(y =1+ (z+x) =)

=(xy+z=0¢)

sp(xy +z=c,z:=z+x;y:=y—1)

=sp(sp(xy +z=c,z:=z+x),y =y —1)
=sp(FZ(xy+2Z =chz=2+x),y:=y—1)
=sp(IZ(xy+(z—x)=chz—x=72),y =y —1)
=sp(xy+(z=x)=cANFZz—x=2,y:=y—-1)
=sp(xy +(z—x)=c,y=y—1)

=3Iy (' +(z-x)=cry=y'-1)

= (x(y+1)+(z—x)=cAy+1=y)
=x(y+1)+(z—x)=cATy'y+1=y
=(xy+z=c)
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wp(d := (a+b)/2;if dm<n then a := d else b := d fi, am<n<bm)
= wp(d := a+b/2,

=wp(d := a+b/2,

=wp(d := a+b/2,

wp(if dm < n then a:=d else b:=d fi, am < n < bm))
(dm < nAwp(a:=d,am < n < bm))

V (dm £ n Awp(b:=d,am < n < bm)))

(dm < nAdm < n< bm)

V (dm > nAam < n < dm))

=wp(d :=a+b/2, dn < n< bmVam < n < dm)
=((a+b)/2)m<n<bm VvV am<n<((a+b)/2)m)

{am<n<bm} d := (a+b)/2;if dn<n then --- fi {am<n<bm}
(

am < n < bm
am < n< bm =
am < n < bm
am < n < bm
true

= wp(d := (a+b)/2;if dm<n then --- fi, am<n<bm)
= ((a+b)/2)m < n< bm vV am < n < ((a+b)/2)m)

= ((a+b)/2)m < n VvV n<((a+b)/2)m)

= true
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sp(am<n<bm, d := (a+b)/2;if dm<n then a := d else b := d fi)

= sp(sp(am < n < bm, d := (a+b)/2),

if dn < n then a:= d else b := d fi)
=sp(am < n< bmAd=(a+b)/2,

if dn < n then a:= d else b := d fi)
=sp(am < n< bmAd=(a+b)/2Ndm < n, a:=d)
Vsp(am < n< bmAd=(a+b)/2\dm > n, b:=d)
=3d(@m<n<bmAd=(ad+b)/2Ndm < nAa=d)
VIt (am<n<bmAnd=(at+b)/2ANdm>nAb=d)
=dm<n<bmAa=dA3d(@m<nAd=(a+b)/2)
Vam<n<dmAb=dA3 (n<bmAd=(a+b)/2)
=am<n<bmA( (a=dA3Fd(@m<nAd=(a+b)/2))

V(b=dA3b (n<bmAnd=(a+b)/2)))

{am<n<bm} d:= (a+b)/2;if dm<n then --- fi {am<n<bm}

sp(am<n<bm, d := (a+b)/2;if dn<n then --- fi) = am < n < bm
am<n<bmA--- = am<n< bm
true

17



{xy+z=clz=z4+xy=y—1{xy+z=c}

H=x(y-1)4+(z+x)=c G=x(y—1)+z=c
(1) (as)
xy+z=c=H {H}z::z+x{G}(l) (as)
{xy+z=c}lz:=z+x{G} {G}y::y—l{xy—i—z:c}(x)

{xy+z=clzi=z+xy=y—1{xy+z=c}

Prove validity of ...
(1) xy+z=c=x(y—1)+(z+x)=c

18



{am<n<bm} d:= (a+b)/2;if dm < n then --- fi {am<n<bm}

F, = Fla/d] Fy = Flb/d]
B) ) 5) (a9)
GAdm<n=F, {F,}a:=d{F} GAdmgn= F, {F,}b:=d{F}

(GAdm<n}a=d(F} (GAdmZn}b=d{F}

(if)
{G}ifdn<nthena:=delse b:=dfi{F}

F=am<n< bm H:G[d/%b] G:F/\d:%b

@) (as)
F=H {H}d::%”{G}(I)

(F}d=2E{G} {G}if dm<n then - fi{F}

{F}d:=2ifdm<nthena:=delse b:=d fi{F}
Prove validity of ...
(1) F= Gld/=?]
(2) (GAdm < n)= Fla/d]
(3) (GAdm £ n)= F[b/d]
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{am<n<bm} d := (a+b)/2;if dm < n then

{F: am<n<bm}

d = (a+b)/2;

{5: FAd = (a+b)/2} (as’ )

if dm < n then
{6: FAd = (a+b)/2Adm < n} (if})
{3: Fla/d]}  (ast)

a:=d
{2:F} (1)
else

{7: FAd=(a+b)/2Ndm L n} (if})

{4: F[b/d]}  (as?)
b:=d

. {1: F} (fit)
{F: am<n<bm}

Prove validity of ...
(6) = (3): (FAd=(a+b)/2Ndm < n)= Fla/d]
(7) = (4): (FAd=(a+b)/2Adm £ n) = F[b/d]

-« fi {am<n<bm}
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Verifying loops: Weakest preconditions

wp(while e do p od, G): All states such that the loop terminates after a
finite number of iterations in a G-state.

{Fi} ... set of states such that p executes / times and leads to G-state
0 iterations: Fg=-eAG

1 iteration:  F1 = e Awp(p, Fo)

2 iterations: Fp = e Awp(p, F1)

i iterations:  F; = e Awp(p, Fi—1) (for i > 0)

{Fi}={eAnwp(p,Fi—1)} ... set of states such that
@ p is executed once (because e is true), resulting in a state where
@ i — 1 further iterations will lead to a G-state.

wp(while edo pod, G)=FyVFVFV---=3i(i>0AF)

22



wp(while edo pod, G) =3i(i >0AF;)

wp(while y #0do z:=z+ x;y :==y — 1 od,

F():( =0Az=xy)

y#0Ay—1=0A z+x = xyp)

yZ0ANy =1Az+x = xyp)
=1ANz=x(y—1))
=1ANz=x(y—1))

y#O0ANy—1=1Az+x=x(y — 1))
0Ny =2ANz+x=x(y — 1))
=2Az=x(y—2))

= (
= (
= (
= (v
= (v
= (
= (
= (v
=(y
=(y=2nz=x(»n-2)

Guess: Fi=(y=iNz=x(yo—1i)) foralli>0

y#0Awp(z:=z+x;y =y —1, Fy))

yZ0Awp(z:=z+x;y =y —1, F))

Fo =-eANG
Fit1= eAwp(p, F)
zZ = xyp)
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wp(while e do pod, G) =3i(i > 0AF;) Fo =-enG
Fiy1= eAwp(p, Fi)
wp(while y #0do z:=z+ x;y ==y — 1 od, z = xy)
Fo=(y=0Az=xy)
Fi=(y=1Az=x(yn—-1))
Fo=(y=2Az=x(y—2))
Fi=(y=iNz=x(yo—1i)) foralli>0
Inductive proof:
Fo=(/=0Az=x(y0—0))=(y=0Az=xy) basecase v’
Inductive step: prove equation for i + 1 (assuming it holds for i)
Fiii=(#0Awp(z:=z+x;y:=y—1, F))
=(y #0Ay—1=iAz+x=x(yo — i))
=(y#0Ay=i+1Az=x(yo— 1) —x)

=(y#0Ay=i+1Az=x(y— (i +1)))
=(y=i+lAz=x(y—(i+1)) vV »



wp(while edo pod, G) =3i(i >0AF;) Fo =-eAG
Fit1=enwp(p,F;)
wp(while y #0do z:=z+ x;y ==y — 1 od, z = xy)
Foz( =0Az=xy)
=(y=1ANz=x(p—1))
= (v —2A2—X(yo—2))
=(y=iNz=x(yo—1i)) forall i>0 proved v/
wp(while --- | z=xy) =3Ji(i >0AF;)
=3Ji(i>0ANy=iNz=x(y—1))
=3Ji(y>0Ay=iNz=x(yo—Y))
=y>0Adi(y=NANz=x(yo—y)
=y>0AtrueAz=x(yo—y)
=y>0Az=x(y—y)
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wp(z:=0; whiley #0doz:=z+x;y ==y — 1 od, z= xy)

=wp(z:=0, wp(while y #0do z:=z+ x;y :=y — 1 od, z = xyp))
=wp(z:=0,y>0Az=x(yo—y))

=y >0A0=x(y—y)

=y20A(x=0Vy=y)

{y>0Ay=y}z:=0; whiley #0do --- od{z=xy,}

. is totally correct, since the following implication is valid:

(y>0Ay=yp) = wp(z:=0; whiley #0do --- od, z= xyp)
(y=0Ay=y)=(y=0A(x=0Vy =y))

@ y > 0 in the conclusion holds because it also occurs in the premise.

@ x =0V yp = y holds because y = yp occurs in the premise.

N .

First correctness proof
of our multiplication program!




Verifying loops: Hoare calculus

wp(while edo pod, G)=F VAR VFV---=3i(i>0AF),
where Fo=—-eAG
Fiy1 =eAwp(p,Fi) (fori>0)

This definition mirrors the operational semantics: each iteration
contributes a partial precondition, leading to an infinite formula.

Difficulty with loops: Situation changes with every iteration.

Does it really? Some things never change.

Loop of multiplication program:
wp(z:=z4+x;y:=y—1,xy+z=c)=(xy+z=c)

Idea: Concentrate on invariant properties.

25



Loop unwinding and invariants

{F}

while e do p od

{6}

26



Loop unwinding and invariants

{F}
{e}
p;
{e}
p;
{e}
{e}
p;
{—e}

{G}

If —e = G, the number of

iterations is irrelevant.
Partial correctness guaranteed!

26



Loop unwinding and invariants

{F}

{enwp(p,Fi-1) = Fi}
pi

{enwp(p, Fi2) =: Fi_1}
pi

{eAwp(p, Fi3)=:Fi o}

{enwp(p. Fo) =: F1 }
?—'e/\G:: Fo}
{G}

Otherwise: Compute wp.
Prove F = F; for some F;.
Problem: We don't know 1.
Trying all i not feasible.

26



Loop unwinding and invariants

{F} Idea: Find formula /nv such that
{eninv} o {eninv}

p; p
{enlInv} {Inv}
p;
{enlInv}

is correct

@ F = Invis valid
@ —eAlnv= G isvald

{enlInv} Inv ... “invariant”

pi
{—-eNlInv}

{6}

The number of iterations is
irrelevant.
Partial correctness guaranteed!
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Loops and Partial Correctness

Hoare calculus:

{InvAne}p{inv}
{Inv } while e do p od { Inv A —e }

(wh)

Annotation calculus:

Inv:

while e do- - -od — {/nv} while e do {/nvAe}
- {Inv}od{InvA—-e}

“loop invariant”; holds before, within, and after the loop.

wh

27



Example: Multiplication

{l:y=y}

{9: Inv[z/0] }

z:=0;

{3:Inv}

while y # 0 do
{4:InvAy#0}
(8- Invly/y—1llz/z4x]}
Z . =Z+X;
{7: Invly/y-1] }
y=y-—1
{5:Inv}

od

{6:InvA=(y#0)}

{2:z=xxy}

It remains to ...
e find adequate invariant Inv

@ provel =9,4=28,6=2

We know from before:
{xy+z=c}
z=z4+xy=y—1
{xy+z=c}

is correct.

Guess:

Inv =(xy +z=c¢)
(for some suitable c)

28



Example: Multiplication (2)

1=9 y=y = Inv[z/0]
y=w=Kxy+0=c)
Valid if we choose ¢ = xyjp.

4=8: (InvAy#0)= Invly/y—1][z/z+x]
(Inv Ay #0) = (xy + 2z = xyo)ly/y—1l[z/z+x]
(v Ay #0) = (x(y—1) + (z4x) = xy0)
(v Ay #0) = (xy + 2 = x0)

Valid.

6= 2: (Inv A=(y #0)) = z=xy
(xy+z=xpAy=0)=2z=xy
O+z=xypAy=0)=z=xy

Valid.

Second correctness proof:
partial correctness via invariants.

29



Termination

while y # 0 do
Zz .=z + X,
y=y-1
od

Why does this loop terminate?

@ Loop condition is false in states o where o(y) = 0.

@ Loop body decreases value of y by one.

@ Hence loop condition will break the loop if y is non-negative initially.
In general:

e Find a way to measure the “size” of the current state. lo| =o(y)

@ Show that the size decreases in each iteration in discrete steps.

@ Show that the size is bounded from below. lo| >0

Then the loop is guaranteed to terminate.
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Loops and Total Correctness

t: “bound function” or “variant”, computes the size of state

The value of the expression t has to

@ ... be an integer (ensures that t only takes discrete values),
@ ... be non-negative before and within the loop,
@ ... decrease strictly with each iteration of the loop.

partial correctness state size decreases strictly and is bounded
{InvAe}p{inv} {InvAent=to}p{t<to} Inv=1t>0

{Inv } while e do p od { Inv A —e }

(wht)

to: auxiliary variable, representing the value of t before iteration
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Alternative while-rules

{Invhent=to}p{InvAt<ty} Inv=1t>0
{ Inv } while e do p od { Inv A —e }

(wht')

{Invhent=t}p{InvA0<t<tp}
{Inv } while e do p od { Inv A —e }

(wht’”)

{Invhent=tytp{InvA(e=0<t<t)}
{Inv } while e do p od { Inv A —e }

(wht"')

Annotation calculus:

while e do---od — {Inv} while e do {/nvAeAt=ty} wht”
- {InvA0<t<ty} od {InvA—e}

while e do---od — {Inv} while e do {InvAent=ty} wht"”
- {InvA(e = 0<t<tp)} od {InvA—e}
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Example: Multiplication

{l:iy=y}

{9: Inv[z/0] }

z:=0;

{3:Inv}

while y # 0 do
{4:InvAhy #0ANt=1ty}
{8: (Inv A O<t<to)ly/y—1][z/z+x] }
z:=z+X;
{7: (Inv NO<t<ty)[y/y—1]}
y=y-1
{5: Inv NO<t<tp}

od

{6: Inv AN=(y #0)}

{2:z=xxy}

We choose:
e Inv = (xy+z=xy)
et=y
It remains to prove 1 = 9,
4 =8, and 6 = 2.
1= 9 and 6 = 2: see above.
4 = 8 consists of two parts.

4 = 8a (partial correctness):
InvAy#0 = Inv[ ][]
See above.

4 = 8b (termination):
InvAy#0Nt=ty = 0<t[][]<to
Not yet proved.
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Example: Multiplication (2)

4=8b: (InvAy#0At=1ty)=0<tly/y—1][z/z+x] < tg
(InvAy #0Ay =1t)) = 0<yly/y—1][z/z+x] < to
(InvAy #0Ay=1t)=0<y—-1<t

We have to show:
(InvAy #0Ay =1t) =y—1<t v
(InvAy#0 )=0<y-1 Not valid!
We have to strengthen ...
e the invariant: Inv' = (Inv Ay > 0)
@ the precondition: (1) =(y =y Ay > 0)
. and to reprove all implications (not done here).

(InvAy >0Ay #0)=0<y—1 Now valid!

Third correctness proof:
total correctness via invariants and variants.
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