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Exercise 61

Recall that given a sequence ag,as,as,...,ak,... the function A(z) = k0 ak% is
called the exponential generating function (EGF) of the sequence. a

First of all, we clarify what we are actually looking for. We’re looking for ordered
choices of indistinguishable balls. A similar example has been done in the lecture:
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In this note z3/3! symbolises 3 red balls. The coefficient of it is 1, so there is exactly

1 possible way to choose 3 red balls. If they were labeled/distinguishable, there would

be 3! choices. This would give the term 3!% =25,

The taylor series expansion of this equation even starts with exactly this term 3!% =
23. Let n = 3. Denote red balls with r and blue balls with b. This means the balls are
indistinguishable. This way, we get the 3 configurations rrg,rgr,grr which fulfill the
requirement. We see that this is exactly the coefficient from the taylor series.

Consider the identities of sequence (left) and EGF (right)

1,1,1,1,1,1,...,1,... ezzzi'
nZO’n'
1 1+ (=1)" 2"
1,0,1,0,...,1,0,... 5(e/mre—z)zz +(2 )i' (1)
n:
n>0



For understanding the second identity, observe the first few terms of it have indeed its
sequence as coefficients.
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n>0

2+021+222+0z3

2 21! 2 2! 23

and that by the addition operation for EGF A(z) + B(2) = 3_,50(an +bn)%; " and the
first identity, the second identity really holds

1+ (-1)"=2" 1 z 1
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n>0 : n>0 n>0 n! n>0

This second identity [1| shows the number of green balls.

We can think of solving problems on n elements as imposing a certain structure
on them, for example, the trivial structure of "being a set”. To impose the trivial
structure on a given set is to give the elements only that structure which they already
have: the structure of a set. The point is, there is just one such structure on every
set. Thus the number of trivial "being a set” structures on an n-element is f(n = 1)
for every n. The EGF for this trivial structure is therefore

Ay =3 = =e (2)
n>0
This is the only restriction that we have for the set of blue balls. Consequently,
describes the blue balls. ,
The sequence with exactly az = 1 and every other element 0 gives the EGF 5;. We
use an analog argument for ay = 1. This gives us EGF for the red balls.
Therefore, we finally get the EGF that describes required ordered choices of balls.

Zak = ( —|—Z4> ~1(ez—|—e_z)-em (3)
k! 2! 4! 2
E>0

Using the identity e* = 3" 2" /n!
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and using the index shift j =n +4
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o0 n

>~ g2 nin = =2 =975 = - (g2l - V=209 ) 5
n=4 n=s

and by the addition law for EGF to

2 . 1 1 "
A(z) = f+3—+13—+22 n—1<16 768(n—2)(n—3)>n!
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Exercise 62

M ={1,2,...,n} with the permutations form the |symmetric group| S,.
Let T}, denote the number of solutions of m o ™ = idy; in S,,, the symmetric group
of degree n.
Lemma:
Tp=Th14+(n—1)T,_2 (4)

Proof: Recall that the order of an element a of a group is the smallest positive integer
m such that a™ = id. Recall that a transposition is an exchange of two elements while
the others remain fixed. Recall that transpositions 7, ¢ are disjoint if the elements
that are moved by 7 are disjoint to those moved by ¢.

The only, elements of order two in .S, are those which are the product of disjoint
transpositions, and the identity element. The number of elements of order two which
can be obtained from the permutations of the digits 1,2,...,n—1 alone are T,,_1. The
only other such elements are obtained from involving the digit n in a transposition
with some other digit and multiplying by any other permutation of order two involving
the remaining n — 2 digits. Their number is (n — 1)7,,—2. Thus the proof is complete
and we obtain recurrence [4

Example: Let M = {1,2}.

f=(12) f)=1 f(2)=2 fAa)y=1 f2(2) =
g=(21) g(1) =2 g(1)=1 g(g(1)) =1 9(9(2))

We see that f2, g% are just the identity permutation id. Let now M’ = {1,2,3}. We
now have to multiply transpositions involving 3 and some other digit by any other
permutation of the remaining 3 — 2 digits. There are exactly (3 — 1) - 1 possibilities:
(31)(11) and (32)(11). Therefore To = 4. Let now M"” = {1,2,3,4}. We now have to
multiply transpositions involving 4 and some other digit by any other permutation of
the remaining 4 — 2 digits. There are exactly (4—1)-4 possibilities: (41)(22), (41)(33),
(41)(23), (41)(32) and (42)(11), (42)(33), (42)(13), (42)(31) and (43)(11), (43)(22),
(43)(12), (43)(21). Therefore, T5 = 10.
Substitute T3, = nla,, in recurrence @ The substitution gives

2
2

nla, = (n— Dlap—1+ (n—1)(n — 2)la,—o
nla, = (n — Dlap_1 + (n — Dla,_2

Nap = Gp-1 + an—2; ao=a1 =1 (5)

Consider the function y = Z;’io a;x'. We know from the lecture that (ap—1),>1 <>

zA(z) and (nay)n>o0 <> xA'(x). This yields the differential equation

rdy/dx = zy + 2%y


https://mathworld.wolfram.com/SymmetricGroup.html
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We separate the variables, integrate both sides and use ag = A = 1.

zdy = zydz + 2%y dx
dy/y = dx + x dx
dy/y = dx + x dx
dy/y = dz(1 + x)
1
log(y) = = + 5:102 + A
1
y = exp(x + 5952 + A")
1
y=exp(z + 5352) |

1
y = exp(z + 53:2)

This is OEIS A000085. These numbers are also called [telephone numbers. There
is a nice proof by Chowla, Herstein and Moore [1]. There is also a nice answer on
Stackexchange.

Exercise 63

Wolfram Alpha
Reindex to get

apt2 —2(n+ 2)ant1 + (n+2)(n + Da, =2(n + 2)(n +2)!

Multiply by £ 3 and sum over n > 0

(n+2
o2 P 222"
Zan+27'—22(n+2)an+17+2n+2 (n+1)ay, ;=
= (n+2)! = (n+2)! = "(n+2)!
n+2
2(n+2)(n+2)!
nZZ;) (n+2)!

Simplify and note that some parts are /1(2') =3 .50 an% with some initial summands
missing

n+2

z
B T DU e S Yl =2 Y2
n>0 n>0 n>0 n>0
—_—— —_—
A(z)—aoz—?—alé A(z)—aozo—? A(z) ano(”zn)*oz()*lzl
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We know from the lecture that (n - ap)n>0 <> 2A'(2) and we know the differentia-
tion rule for OGF A'(z) = >, 5¢(n + 1)an412™ and from that we get > - ,n2" =

#(Zuso>”) =7 () = o

Furthermore, we know ag = a; = 1 and (z —1)? = (1 — 2)? = 22 — 22 + 1,

N . A 2z
— — — 2 —_
A(z) =1 —2z—22A(2) + 22 4+ 22 A(2) TESE 2z
p 2z
— 2 -
A(z)(1 - 2) e 3z+1
. 2z 3z 1

A(z) =

G- -2 a-p U

using the binomial theorem ano (”Zle)z” = (l%z)k’ we see
1 n+1 z"
_ n o _ n _ -
e Y ( 1 ) =YD =Y
n>0 n>0 n>0

and (the binomial can be calculated by definition n!/(k!(n — k)!))

(1 _lz)4 = Z (n;:3>zn — Z %(n-‘r 1)(n+2)(n+3)n!%7;

n>0

Substituting

A(z):2z2%(n—|—1)(n+2)( +3)n'——3zz (n+1) '—+Z

n>0 n>0 n>0

moving the constants in, applying index multiply zA(z) = > -, nan_l%; and apply-
ing addition rule B

Az) =) %nz(n +1)(n+ Q)n!%l - Zgnn!’% +Y (n+ 1=

! ! n!
n>0 n>0 n>0

= g (n+1) n+2)n!—3nn!+(n+1)!z—'
n!
n>0

n

_Z”'< n+1)(n+2)—2n+1)2!

n>0

Exercise 66

We should have calculated all values, like 67.



Then P ={1,2,3,4,6,12}.

We see that Vo € P : 1 | z holds, therefore 1 is the zero-element. We see that
Vx € P: x| 12 holds, therefore 12 is the one-element.

Recall from the lecture that @ A y ("meet”) is the unique maximal element of all
common lower elements of z,y if it exists. For example, W ={u € P:u|2Au |3} =
{1}. As |W| =1, 1 is unique, therefore 2 A 3 = 1. Recall from the lecture that = V y
("join”) is the unique minimal element of all common upper bounds of x, y if it exists.
For example, U ={u € P:2 | uA3|u}=1{6,12}. 6 is the unique minimal element
in U, therefore 2V 3 = 6.

AN
4 4

By exhaustively trying, we see that for all x,y € P there is x Ay and xVy. Therefore
(P, ]) is a lattice. We know from the lecture, that the Mobius function can be computed
for lattices more easily.

Theorem from the lecture: Suppose L is a finite lattice with 0 and 1-
element. Suppose b € L\ {1}. Then the Mobius function can be computed

by /J’L(O7 1) = - Zx;éo and zAb=0 ,U/L(.’If, 1)

That means we have to consider only those x for which x A b is the zero-element. As
(P,]) is a finite lattice with 0 and 1-element, we can use the theorem. Let b = 4.

X T Ab
2 1,24 4
3 1 1
4 124 4
6 1,2 2
12 124 4
As 1 is our zero-element and 12 our one-element, by applying the theorem we get

/~L(07 1) = _/1'(37 12) (7)



Definition from the lecture: Let (P, <) be a locally finite poset. Then the
Mobius function p: P x P — R on P is defined as

1 if x=y
vy e P Y u(z,y)—{o x 2y (®)

z€[z,y]

By this equation, we see that
o for z =y =12 we have p(12,12) =1

o for z =6,y = 12 it holds u(6,12) 4+ 1(12,12) = 0. As we know p(12,12) =1, we
get u(6,12) = —1.

o for x = 3,y = 12 it holds u(3,12) + u(6,12) + p(12,12) = 0. Therefore we get
10(3,12) = 0

By equation [7| we get our final result

1(0,1) = 0.

Exercise 67

The relations yield the following Hasse diagram:

/l'\

See Mobius equation 8] For all € P holds p(z,z) = 1 by definition.
First:

e For x =0,y =1 holds u(0,1) 4+ p(1,1) = 0. Therefore we get u(0,1) = —1.
o For z =0,y = 2 holds (0,2) 4+ u(2,2) = 0. Therefore we get 1(0,2) = —1.
o For z =0,y = 3 holds (0,3) + u(3,3) = 0. Therefore we get 1(0,3) = —1.
Second:

o Forz =1,y =4 holds u(1,4) + u(4,4) = 0. Therefore we get u(1,4) = —1.



o For z =2,y =4 holds n(2,4) + u(4,4) = 0. Therefore we get u(2,4) = —1.
o For z =3,y =4 holds u(3,4) + u(4,4) = 0. Therefore we get u(3,4) = —1.

Third, for = 0,y = 4 holds 1(0,4) + p(1,4) + p(4,4) = 0. Therefore we get
1(0,4) = 0.

This is actually wrong:

Remark: The definition of the interval [z,y] = {z € P : # < z < y} holds also in
equationand allows choosing any of the elements 1,2, 3 to get 1(0,4). In other words,
we could have also used (0,4) + p(2,4) + p(4,4) = 0 or p(0,4) + p(3,4) + p(4,4) =0
to get the same result.

All other z,y are not related. Consequently, u(x,y) = 0 for those.

Exercise 68

By definition an interval [(a,z), (b,y)] in the partial order P is equal to the cartesian
product of intervals in the first and second partial order [a,b]<1 X [z, y]<2.
If we can show that in the sum

> ppy (a,b) - pp, (2, )

(21,22)€[(a,z),(b,y)]

the product pp, (a,b) - pp,(x,y) is 1 if and only if (a,b) = (z,y) then we know that the
product is the Mobius function.
Because of the first observation on cartesian product of intervals we get the identity

Z pp (21,@) - ppy (22,y) = Z mpy (21, ) - Z fp, (22,9)

(21722)6[(0‘71)1(177@/)] zle[a7b]§1 ZZE[m7y]§2

We know that the condition 1 if and only if z = y (from the Mébius equation [8]) is
called Kronecker delta 6, ,. The left and the right factor are both Mobius functions:
04 and 95 . Therefore, the product is 1 if and only if a = 2 Ab =y. As a result, we
get

> pipy (21,0) - ey (22,9) = b - 0y = Sae), (o)
(21,22)€[(a,2),(b,y)]

This means that the product pp,(a,b) - up,(z,y) has to be the Mdbius function,
which is exactly what we wanted to show.

Additionally, we show that P is indeed a partial ordered set. Using the definition
(a,z) < (b,y) & a <1 bAx <y, the three conditions follow directly

1. Reflexivity: We know that Va € P, : a <1 a and Vx € Py : x <5 x, therefore
Y(a,z) € P: (a,z) < (a,z).

2. Antisymmetry: We know that Va,b € P : a <1 bAb <y a = a = b and
Ve, y € Po:x <gyAy <o x = x = b, therefore V(a,x), (b,y) € P: (a,z) <
(b;y) A (b,y) < (a,2) = (a,z) = (b,y)

10



3. Transitivity: We know that Va,b,c € P : a <1 bAb <1 ¢ = a < ¢ and
Va,y,z € Poix <gyANy <9z = z < z, therefore V(a,z), (b,y), (c,z) € P :
(a,2) < (b,y) A(by) < (¢,2) = (a,2) < (¢, 2)

Therefore, (P,up) is a locally finite poset with zero-element and it holds that
MP((G’ 3?)7 (b7 y)) = Htp (a> b) CHP, (LU, y)

Exercise 69
Let Ay, As,..., A, € M. Say A; = M \ A;. The principle of inclusion-exclusion is

M\ 4] = m Al= > ()" NiesAll (9)

j=1 1C{1,2,...,m}

Considering that the [intersection of the empty set is the universe|, we get for m = 3

M\ (A1 U As U A3)|
)°[{}]

DAL+ (—1)" Az + (=1)*|As]
1)2|A; N Ag| 4+ (—=1)2|A; N As| 4 (—=1)2|Ay N As|
1)3

A; N Ay N Ag|
-1
—1)34; N Ay N A

(
+
+(
+
= |M]|

— [Ax] = [As] — |43]

+ A1 N As| + |A; N As| + |As N As|
— A1 N Az N Aj|

=TT ]
Ay

P

i

/ (
7 //
7 / P
Fiy)'s /’,

We can get this by the Mébius-Inversion formula by introducing a proper partial
order. We consider it to be (2{1’27“"7"}, 2). We now have to define a proper function.

Suppose we have an element I C {1,2,...,m} of the partial order, then we define
f=1NAn4 (10)
il jer

11
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For example, then f({l}) = |A1 n /12 N A3| and f({2,3} = |A1 n A2 n A3|
We now define
N

icl

sp) =Y fI) =

JDI

For example
sp({13) = F({1) + F({1,2}) + f({1,3}) + f({1,2,3})
= A1 NAs N As| + |A1 N Ax N Ag| + |A1 N Aa N Ag| + |Ar N Ay N Al
= |4
We see that in the second line A is always there.

By application of the theorem of Mobius-Inversion and considering that p(J,I) =
(=)= wwe get

F) =" sp(D)-p(, 1) =Y (=17 ) 4y (12)
JoI JoI jet

This gives us a very general version of the principle of Inclusion-Exclusion.
For example, using I = {}

m=N4al= X 0”4

JC{1,2,...,m} jeJ

Exercise 70

Informally
 counts the positive integers up to a given integer n that are relatively prime to n.

1 1 1 4
20) = (225) =201 — =)(1—=)=20-= - = =
P(20) = p(2%5) =20(1 — 5)(1 - 1) =20+ 5 - £ =8
In words: the distinct prime factors of 20 are 2 and 5; half of the twenty integers from
1 to 20 are divisible by 2, leaving ten; a fifth of those are divisible by 5, leaving eight

numbers coprime to 20; these are: 1, 3, 7, 9, 11, 13, 17, 19. More generally, this gives
1
¢(n) = nH L- »

which is known as Euler’s totient function. Using m = pqr yields

e 1-3) (-2) -2

12



More formally

https://en.wikipedia.org/wiki/Euler’27s_totient_function#Computing_ Euler'
S_totient_function Euler’s totient function ¢ counts the positive integers up to
a given integer n that are relatively prime to n. For n = p’f1p§2 ...pFr . where
P1,P2,- .-, Pr are the distinct primes diving n the function is

p(n) =p* Moy = py* 2 —2) .o (o — 1)

Remark: This is known as Fuler’s product formula and equivalent to the formulation
in the informal argument above.

For all z in {p,q,r} holds: z is prime. Therefore, the only factor in its factorization
is x itself. As for all numbers, the prime factorization of m is unique (Fundamental
theorem of arithmetic). Hence, p, q,r are the distinct primes of m and plq'r! is the
only factorization of m.

Consequently, there are

(m)=p"p—1)g" Hg—Dr' ' r=1)=(p-1)(g—1)(r—1)

numbers in the range 1,2,...,m that are relatively prime to m.

Proof of the used functions

Lemma: ¢ is a multiplicative function. This means that if ged(m,n) = 1 then
@(m)p(n) = ¢(mn).

Proof outline: Let A, B, C be sets of positive integers which are coprime to and less
than m, n, mn, respectively, so that |A| = ¢(m) etc. Then there is a bijection between
A x B and C by the Chinese remainder theorem that we saw in the lecture.

Lemma: If p is prime and k > 1, then ¢(p¥) = p* — pF=1 = pF=1(p — 1).

Proof: Since p is prime, the only possible values of gcd(p*, m) are 1, p, p?, ..., p" and the
only way to have ged(p¥, m) > 1is if m is a multiple of p, i.e. m = p,2p,3p,...,p" ! =
p* and there are p*~1 such multiples less than p*. Therefore, other other p¥ — p*F—1
numbers are all relatively prime to p*.

Proof of Euler’s product formula: By the fundamental theorem of arithmetic, if
n > 1 then there is a unique expression n = p’flpgz ...pFr ) where p; < po < -+ < p3
are prime numbers and each k; > 1. Using the multiplicative property of ¢ and the
formula for ¢(p*) gives

p(n) = ey )e(ph?) ... (k)
=P — P (pe — 2) . (o — 1)

Remark: We could continue this proof to show the informal formulation above
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