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German 10 Mark banknote from 1990s

e X has a Normal distribution (or Gauss distribution) with the parameters
p € Rand o > 0, if its pdf is given by

1 _ —p)?
f(x)=\/272-e %7 for xeR
no

e E(X)=pn, Var(X)=o? Y =aX +b~N(apu+ b,a2c?)
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e Itscdfis givenby @ (z) = P(Z < z)
e The following hold

P(-1<Z<1)~068
P(—2<Z<2)~095
P(-3 < Z <3) ~0.997
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We recall

o Let X ~ N(u, o?).

e Standardization
z-Xo#

~N(0,1)

e For X ~ N(u, 02) the 68-95-99.7-Rule holds

~99.7%
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Sample mean

o Let Xi,X>,..., X, be independent identically distributed (i.i.d.) random
variables with E(X;) = p and Var(X;) = o2

e X1, X9, Xp is allso called a random sample of size 1

n

e For the sample mean X = 1 "~ X; it holds
i=1
E(X)=p  and Var(X) = —

o Especially if Xj, ... X, are normally distributed, the sample mean is also
normally distributed X ~ N(y, %2)
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Theorems

o LetXj,..., X, beindependent and identically distributed (i.i.d.) random
variables with E(X;) = 1t and finite Var(X;) = 02 < oo.

... nii.d. random variables X1,..., Xn are called a random sample of size n
e Note that Xj, ..., X, are not necessarily normally distributed.

e We consider the sample mean

e The Law of large numbers and the Central limit theorem provide
information about the value and the distribution of X,,.

e LLN: Asn grows, the probability of X, being
in the neighborhood of |1 tends to 1.

e CLT: For large n, the distribution of X, is approximatelly N (p, ‘f—f ).
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Law of large numbers

e The Law of large numbers says that the sample mean X, will be with high
probability very close to the expectation | of the underlying distribution

e Formal statement:

Suppose X1, X5, ..., X, ... areii.d. random variables with expectation |« and
finite variance o2. For each n, let X,, be the mean of the first n variables.
Then for any a > 0, we have

lim P(|X, — 1l <a) =1

n—oo
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o The mean values of the Bernoulli random variables
o LetXj.., X, denotenindependent flips of a fair coin
e X;~ber(05)and E(X;) = 1 =05
e Sp=Xi+ -+ Xy ~B(1,05)
e Then X,, = %Sy, is the number of heads obtained in # flips.
o We expect that this number for large 7 is close to 1+ = 0.5.

e LLN: The sample mean X, is very likely to be close to the expected value 0.5 for
large n.

e For example, let us consider the probability of being within 0.1 from the
expected value ,li.e.

P(X, — 11| <0.1) or equivalently P(0.4 < X, <0.6)

e inRk:
n = 10: diff(pbinom(c(3,6),10,0.5)) = 0.65625
n = 50: diff(pbinom(c(19,30), 50, 0.5)) =0.8810795
n = 100: diff(pbinom(c(39,60), 160, 0.5) =0.9647998
n = 500: diff(pbinom(c(199,300), 560, 0.5)) =0.9999941

n =1000: diff(pbinom(c(399,600), 1000, 0.5)) =1

HW Repeat the calculations and determine the probability
P(I1X,; — il < 0.01).
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Law of Large Numbers and histograms

o The Law of Large Numbers implies that density histogram converges to
probability density function.

Dichte

04 06 08

0.2

0.0

The histogram with bin width 0.5 showing 1000 draws from an exponential
exp(1) distribution. The pdf of exp(1) is given in red.
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Central Limit Theorem

o The Central Limit Theorem states that the sum, resp. mean, of many
independent copies of a random variable is approximately a normal
random variable.

o Let Xj, Xp,... be asequence of i.i.d. with expectation | and standard
deviation o.

e For each n:
e thesumS, =X; +Xp + -+ + X,
e the sample mean X,, = %(Xl +Xp 4 A Xn)

o The Central Limit Theorem says that for large n it holds
S, ~ N(np,no?)

2
Ko~ N, )
n

e Thus, the standardized X, and S,, have approximately N'(0,1), i.e.
Sp—np ~ N(0,1) and Xn;ll
\/ﬁ o v

~ N(0,1)
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Example

e Simulation for CLT
o Let X, X,,... beasequence of i.i.d. exp(1) random variables.

e Then, E(X;) =l and Var(X;) =1 < oo.

o We consider sample means X, = 1(X; + - 4+ X,,).

e Central Limit Theorem:

o X,: E(X,) = and Var(X,) :%
- 1
XM ~ N( ’ E)
e The standardized means Y,
Yn — XVliE(XVl) — X7‘l %N(O,l)




Example

o The following plots show the results for respectively n = 3,5, 10,50 based on
10000 simulated values for X,,. The density of the N(1, %) distribution is
drawn in red.
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Normal approximation of B(n, p) distribution

e Thesum S, = X; + - - - + X,, of independent ber(p) random variables
Xj, ..., X, has B(n, p) distribution.

e E(S,) =npand Var(S,) = np(1 —p)

o Using the continuity correction it holds for a < b, wherea,b € {0,1,...,n}:

P(a < Sy < D) MD(%) _@(”M)

o Let T be a continuous random variable such that E(T) = E(S,) = np and
Var (T) = Var (S,) = np(1 —p). Then,
1 1 1 1
< < b) = — - < + - | = — =< =
Pa< S, <b) =P 5 <Si<b 2) P(a S <T<b+y)
1

71
:P<a—2—E(T) T—ET) b+ E(T)>

Var (T) /Var (T )< /Var (T)

LT ;- 2
LffP(il/ﬁ<Z< Jml)
b+ 5 — 3
:q)(\/npz(l ”Z)>7q<\ nvil ”f)
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Normal approximation of B(n, p) distribution

e Thesum S, = Xj + - - - + X,, of independent ber(p) random variables
Xi,..., X, has B(n, p) distribution.

e E(S,) =npand Var(S,) =np(1 —p)
o Using the continuity correction it holds for a < b, wherea,b € {0,1, ..., n}
p+1_ _1_
pmgsngm%q%gilgﬁg)_®(£4£423>
np(1—p) np(1—p)

e Approximation of the cdf of S;:
x+3—
P(S, <x) ~® (M)
np(l—p)
@ is the cdf of N(0,1)

e Rule of thumb: The approximation is considered reasonable, when
min{np, np(1 —p)} > 10
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Normal approximation of P(A) distribution

e Let X ~ P(A). Then, by providing the continuity correction for a < b, with
a, be Ny

P(agxgb)ch(w) —(D(a_%i_)\),

e Approximation of the cdf of X:

o Rule of thumb: The approximation is considered to be reasonable when A > 15.
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o An accountant rounds to the nearest euro. We assume the error in rounding
follows uniform distribution on (—0.5,0.5). Estimate the probability that the total
error in 300 entries is more than 5 euro.

Answer
e Let X; be the rounding error of the jth entry. Then, X; ~ U(—0.5,0.5)

E(X;) =0and Var (X;) = &

e The overall erroris S = X; + - - - + X30p.

E(S) =0, Var (S) = 32 =25 and o5 = 5.

o CLT: for the standardized S it holds
7= S—E(S) S

Var(S) 5 N©1)



Example

o An accountant rounds to the nearest euro. We assume the error in rounding
follows uniform distribution on (—0.5,0.5). Estimate the probability that the total
error in 300 entries is more than 5 euro.

Answer
e Let X; be the rounding error of the jth entry. Then, X; ~ U(—0.5,0.5)

E(X;) =0and Var (X;) = &

e The overall erroris S = X; + - - - + X30p.

E(S) =0, Var (S) = 32 =25 and o5 = 5.

o CLT: for the standardized S it holds

S-ES) S
‘= Var(S) 5 N 1)

e Then,
P(IS| >5)=1—P(|S|<5)~1—-P(]Z| <1)~0.32



Examples

HW Let X;, Xy, ..., Xos5 be independent and identically distributed (i.i.d.) random
variables and X; ~ N(1,4). Find the probability P(X; +Xo +...... X5 > 26).

HW Transportation officials tell us that 60% of the population wear their seatbelts
while driving. A random sample of 1000 drivers has been taken. What is the
probability that between 580 and 630 of the drivers were wearing their seatbelts?

HW Let Xi, Xy, ... X121 be ii.d. with the expectation p = 35 and variance 0% = 25.
Denote by

o 1
X1 = ﬁ(xl + o X))
the sample mean. Approximate the probability P(Xi» > 35.2) using the Central

limit theorem.

HW We toss a fair coin 100 times.
What is the probability of obtaining 60 or more heads?



Questions



A few multiple-choice questions

(1) Let X3, Xy, ... Xs1 be iid. sample from a population with population mean p =5
and population variance 0® =4 and let S = X; + X, + ... Xgi. Approximate the
probability P(S ¢ [387,423]) using the Central limit theorem.

. 68%
. 78%
. 45%
. 32%

O n T o

(2) Assume that X is a binomial random variable with n = 100 and p = 0.1. Use the
normal probability distribution to compute P(X < 15).

. 0.5336
. 0.9664
. 0.0336
. 0.4664

Q. n T o



A few multiple-choice questions

(3) Transportation officials tell us that 60% of the population wear their seatbelts
while driving. A random sample of 1000 drivers has been taken. What is the
probability that between 220 and 550 of the drivers were wearing their seatbelts?

. 1.0

. 0.4015
. 0.9066
0

&n Top



Thank you for your attention!



