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Problem Set 5

Problem 5.1 Consider the following joint pdf of two random variables x and y:

fx,y(x, y) =

{
x+ y, (x, y) ∈ [0, 1]× [0, 1]
0, otherwise

.

a) Sketch fx,y(x, y).

b) Calculate and sketch the marginal pdfs fx(x) and fy(y).

c) Calculate the mean and the variance of x and y.

d) Calculate the covariance of x and y.

e) Calculate the probability P{x + y ≤ 1/2}.

Problem 5.2 Consider the following joint pdf of two random variables x1 and x2:

fx1,x2(x1, x2) =

{
a e−x1e−x2 , 0 < x1 < x2 <∞
0, otherwise

.

a) Find the constant a so that fx1,x2(x1, x2) is a valid joint pdf.

b) Calculate the correlation Rx1,x2 .

c) Calculate the joint pdf fy1,y2
(y1, y2) for y1 = 2x1 and y2 = x2 − x1.

d) Are x1 and x2 statistically independent? Justify your answer.

e) Are y1 and y2 statistically independent? Justify your answer.

Problem 5.3 A complex random variable z is defined by

z = cos(x) + j sin(y),

where x and y are statistically independent random variables uniformly distributed
in [−π, π].

a) Calculate the mean value of z.

b) Calculate the variance of z.
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Problem 5.4 Let xi, i = 1, 2, . . . , N , be real-valued independent and identically
distributed (iid) N (0, σ2) random variables. Let the random variable y be defined
as

y =
N∑

i=1

|xi|2.

a) Calculate the distribution of |xi|2.

b) Calculate the characteristic function of |xi|2.

c) Use the characteristic function obtained in b) to find the distribution of y.

d) Repeat subtasks a) – c) for the case that the xi are statistically independent
circularly symmetric complex Gaussian random variables with zero mean and
identical variance σ2.

Hint:

∞∫
0

xye−axdx =
Γ(y + 1)

ay+1
, y > −1, a > 0.
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