51) Let p, (k) be the number of permutations of {1,2,...,n} having exactly k fixed points. Use
the method of double counting to prove the identity > )_, kp, (k) = n!.

lel Sy ba lhe sel of pumuvlalions | then
We oOeline e seb A= f(i,We [1.adx & |mir=i}

Se Al is the nvmbe of fixpoints in all PdMuLolim\S.

we con fow counl (Al in one woy
ol 2 T4 - Bl
D)= =
Ls Jhoe ore (actlt pomobalions soch Hul
ene poial iy o (ixpeial

bw tva we caa alse e.uq‘- 'nl in anolthe qu
Cel Cix (M) Le Hae CuAc\ba Lhal deackes Wwous MO ey Cb; po;nls
exigl ‘a a eumu\'&l.'on

. a (4|
T L@ - T 2 k= > ke 21
1’“‘! k=0 TESa Lkao WESA
Gx(w)sh &:(_'2:__'
palt)
n
= Z “" P“(“)
kso

Sicce  we couval Mg same I-kins

al = Sn__.“-' Palk)

k=0 ‘/


Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina



Julian Chmelina




52) Let A be a set of 11 positive integers such that for all € A we have 20 fa. Prove that there
are two integers a,b € A such that 20[(a + b) or 20|(a — b).

{4 2 4 5 1 20} alb.. bmda=0

Imh\dcr t(asu, s iq... 433

£4¢ 433 iz-"’3 [3'"3 {“-4‘3 25115} {6- 4} 57'1433
{7 (12} 25.““3 {405

con 0(\‘% ossign one elemanl of A bbb one of the boxe,
wcotdins o their cemoind¥ siance
if (ecwinders ore diffren) than Heit remaindus
wokd odd wvp te 20

if (eomindes ore e some tuen LUher (emaindes
con be subslracted lo O

We hWava 10 bowes bul 11 avmbws, So ont bLox

vusk Weave  luo  ossigred (alequs
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.....

53) Let A = {1,2,3,4} and B = {1,2,...,100}. All points of the plane having coordinates (z,y)

which satisty (z,y) € A x B are coloured with one of the colours red, green or blue. Prove that
there exists a monochromatic rectangle.

\os N s Poinl  (1,4) eatgls
Yo%, of eyt = color of vl
4

a2 2 . recbangle whee all vubice
& o o o O di " [

/ / hove yelow ¢ oler

100

We waal Yo vse the Qigen hole eptinciple
=) chek hew mang bollom (ced) veokices in Hae b;pe\f‘ﬂ.l"

qroph con have a monochoalic ongle of the ome

co(.‘ .

We Laow (oo the pigeon hole peinciple  thal w vy red

volex Wwas al (eogt one Monochmmakic angle (3colorg -Lndau)

T W Uloy = wse Live edge color

concel @dd ko moce blue
engles w ; Vool e««\-ils a cac‘e
of (nglh 4 = moce chromelic teckangle
2 &8 0%¢> : Mow ameunl ia a &‘., %t\p‘\ (nel neeomn‘la
MP‘CL() w:l""“d- ebg‘g Qc (“%‘.k ‘4\

opeciol case o.(. E acanltiew ice pco'o‘m
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54) Place the numbers 1,2,...,12 around a circle, in any order. Then there are three consecutive
numbers which sum to at least 19.
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55) Let n € N. Prove the identities
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56) Let D,, C .5, be the fixed-point-free permutations of {1,2,...,n}, i.e. all permutations 7 € S,
with (i) # i for all i. The derangement numbers are defined as d,, := |D,|. Prove the recurrence

dp, =(n—1)(dy_1+dn_2) forn>2,
dg = 1, dl = 0:

using a combinatorial interpretation. Furthermore. prove that this recurrence relation implies

dp = ndyp_1 + (—1)" and d,, = n! Z ( k*) )
i

Do c $° So = {fﬁ}}
Do ={{Z33 =  do=1

DaSS, - °“(3 One pdmula‘-;o« for one elomaerl
= no (ix@oin} (rea puevlnlion

-> J.' 2Q

clhoose ¥ moutalions ol: Da  such {hat
T(4)= 1 €fe..ay BAnd call {his sel A;

(el G; be Jhe seb of pencwlalions in B; such tnal
T(1)= 1
Lel Q? be Ll sef o(. pdmuk(-fons ia A; snh thad
n(iy=7

Then A U A} =AQ;

so 1G;| = dn-z Since we hove TM)a1 and TT(i)=1
so +here ore a-2 valwey which must be (o.umul-!c) such
‘hal ‘wee ace no fix poihl-a = oumby of Jvuc\smk
of -2 e(emhss
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And IQ:', = dn-a  siace Th)=1 wehave

|{4 f\?)\il}' val,es left such  +hal Jhoe & ao

C‘x pola'r = Wwmb ¢y oQ o’aﬂ‘A!\gem-v\Ls °£ a=-1 c(aMM‘s

So |@|= Jn-a +n-e

Mso pu conshuchion i€ {2..a) and |f2-.a)|= n-4

e are A-1 soch AQ:'s

Since Dn = & ; [Dal= (A-1) (Ja- *dn-q.)

129

?toac'. dq- n dn-" + (- 1)“

Iha (a-1) (dn, 4 J,\_,_)

Jq- (ﬂ-d) Jn-.‘ * (n-'l\ .Jﬂ-t | - AJﬂ-'\
dh- 0dan = = ducy + (a-4) - dncy
= \\_\;\‘( aﬂ_1 - ((\_1) 'a'\'t)
_(Jn w2 =({-2)da- ‘)
/ \ “( df\.s o (n‘ 3) Jﬂ-l\)

L\ (- 1+ &)
g (TP 1%

kk:,rk )
0 =1

Jda - 0 dn-4 ‘(-1)4 C
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57) Compute the number of elements of the set
J: {r € N | 1 <2<100000 and z is neither a square nor a 3rd, 4th or 5th power of some y € N}.

laclusion Exclvsion Principle

Dt“‘i(\( Sq as {KGNIﬂéx & 100 OO0 ,33,_ "'5‘3

Giace 1S, nS, | = |8l

'SI' |~54'" Sav 53\/55,
[se v S3u 8g| = [Sel«|85]e [Sg| =[S0 S3] -]5,aSgl

<155 A Ssl + |$,n Sy ns,|

|$.| = {700 0057| = 346
[54,1 = [ 1c0 000 ] = 46
|55|v Lﬂﬂoo op:J < 40

ISM.S.}I b ,SSI = Lq&o 000:_ =0
|SL055'|=|540|=L409000_I=
,53(\.5;' =|.S.‘.| r El 4oooaeﬁ'~ =2

5y aSs 0 82| = |830] = [ Yoo oo < 7

so |§|]= 190090 -(Jte+ic +10~ 6-3-2+1) = 33632
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58) Prove Pascal’s recurrence

(0= ()

algebraically using the closed formula (Z) = k,(+lk), of the binomial coefficient. and prove

> (1) - (1)

using a combinatorial interpretation of the binomial coefficient.

|
i (:) b u.'.n (i)

(h-1)" (n=1))
-1 Casn T Ll (a-1-0)!

(n-1)! (n-1)!

s k. + c(h-k) =
! (k! k! (a-w)!
(n - 1))
—k! (acl)i ( e+ n-k) =
G-1)]
S (e T
'.
SR - (9
k! (a-W)!

S (a)" = (37)

k=0

24
(o ) omon\v o(. n-Siae Cubgcls in a 24 -sise sc-l-

> Lel (S| = n be AulB A 1AI=IBlz=A A AR >
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60) Let £, ) denote the number of permutations of an n-element set that have exactly k cycles.
Prove that ¢, 2 = (n — 1)!H, 4 for n > 2, where H,, =1 + % + é 4 %
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