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x(t) = F(x(t),
y(t) = g(x(t), u(t)t)
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Physical Model: Description

x(t) = f(x(t), ut)t), x(0)=x,

Differential Equations: {
y(t) = g(x(t), u(t).t)

— State vector: x(t) e R",input vector: u(t) e R*, output vector: y(t) e R™

— Next (infinitesimal) state function: f: R"xR*xR — R"
« Time invariant: x(t) = f(x(t),u(t)), y(t)= g(x(t),u(t)), no exp. dep. on t

- Linear: f(a x, +a,x,,u,t)=a f(x,,u,t)+a,f(x,,u,t), similar for u

— Output (observation) function: g:R"xR*xR — R™

« Moore: if y(t)=g(x(t),t) depends only on x andt



Physical Model: Description

x(n+1) = f(x(n),u(n)n), x(0)=x,

Difference Equations: {y(n) = g(x(n), u(n),n)
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Physical Model: Description

x(n+1) = f(x(n), u(n)n), x(0)=x,

Difference Equations: {
y(n) = g(x(n),u(n)n)

— State vector: x(t) e R",input vector: u(t) e R*, output vector: y(t) e R™
— Next (tick) state function: f:R"xR"xN—R"

« Time invariant: x(n+1)=f(x(n),u(n)), y(n)= g(x(n),u(n)), no exp. dep. on n

- Linear: f(a x, +a,x,,u,n)=a f(x,,u,n)+a,f(x,,u,n), similar for u

— Output (observation) function: g:R"xR*xN — R"

e Moore: if y(n)=g(x(n),n) depends only on x and n



Fields: Q, R,C and F,

A structure F = (F+,-,0,1,—,") such that:
(F,+,0,-) is a commutative group:

(ass) Vx,y,zeF. (x+y)+z = x+(y+2)
(com) Vx,yeF. x+y y+X
(ntr) VxeF. x+0 ) ¢

(inv) VxeF. X+(-x) =0

(F\{0},,1,") is a commutative group:

(ass) Vx,y,zeF. (x-y)-z=x-(y-2z)
(com) Vx,yeF. x-y =Yy-X

(ntr) VxeF. x-1 =
(inv) VxeF\{0}. x-(x)" =

Compatibility of addition and multiplication:
(dis) Vx,y,zeF. x-(y+2) = (x-y)+(x:2)



Vector Space: Q", R",C" and F,)

A structure YV = (F,7 ,») such that:

- F =(F,+,-,0,1,—,7") is a field (of scalars)
-7 =(T,+,0,-) is commutative group (of vectors)
— Multiplication sex of vector x with scalar s satisfies:

(dis,) VaeF, x,yeT. as(x+y) = aex+aesy
(dis,) Va,beF, xeT. (a+b)x = aex+bex
(ecmp) Va,beF, xeT. a-(bex) = (a-b)x
(ntr) VxeT. Tex = X

Typical example: V = (R, R",-)

X, X, 1+[y,Y,]=[x,+y,. X, +y,], a-[x,x,]=[a-x,a-X,]



Vector Space Basis

Linear independence (LI) in ordered set B=1[b,...,b_I:

ab,+..+ ab =0 implies a,=..=a =0 | .5/

Otherwise B is called linearly dependent. combination
Span: span(B)={v | da..a .v=ab +...+a b }
Basis of V: Ll ordered subset B of V st. span(B) =V
Thm: All bases of V have same cardinality.

Dimension of V: The cardinality of its bases.



Matrix Representation of a Linear System

Define the canonical basis £=[e,,...,e_] where:
e,=[10..0]",e,=[01..0]",..,e =[00..1]

>

With respect to £ every vector x e R" becomes:
_ _ T
x=xe +..+x e Hence, X =[x X,..X]

where scalar X. is the i'" element of vector x



Matrix Representation of a Linear System

If f is linear, we obtain by superposition:

f(x)=f(x,e, +...+x e )=x fle )+..+x f(e )

fle)=a, e +..+a e, Hence, fle).=[a,..al

Consequently, f(x), can be written as:
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= AX

A=I[f(e,), ... fe.).1=If(e,) ... fe )], = f(le, ... e 1), = f(£),

Considering input u: f(x,u) = [A B][x u]' = Ax+Bu



Solution of: x = Ax, y = Cx, x(0) = x,
(Autonomous System)




Solution (fixpoint) of x = Ax, x(0) =x,

The solution is: x(t)=e"*x_
Proof:
1) x=Ae™x, = Ax
2) x(0)=e""x, =e"x, =Ix, =X,
Some matrix properties (by Taylor expansion):
e = zn_ e®)M(0)t" /nl=) " a't"/nl = e*=)" A"t"/n!
1) e*

2) d(e‘“)/ dt = Ae™
3) ediag(xl,...,xn)t — diag(e;\ﬂt eknt)

To do: Find basis B such that f(B) , = diag(4,,..., 4 )



Finding B such that f(13) . = diag(4,,...,4)

Consider the basis: B=[b, ... b ]. Obviously, B, =1

We want that:
f(B), =I[f(b,) ... f(b_)], = diag(4,,...,A )=[4b, ... A b_].
eigenvalue eigenvector

N, K
Consequently, we need that: f(b)=Ab, for i =1:n

If we represent b. in £ we have that:
f(b.). = Ab. = Ab. Hence, (Al-A)b.=0



Finding B such that f(13) . = diag(4,,...,4)

Characteristic

Let (ll— A)=C= [C1 ... ¢_]. Then: polyno_mial
| ¥ (roots in C)
(Al-A)b,=Cb.=cb +..+cb =0 '/

Hence C is linearly dependent det(C)=det(Al-A)=0

Determinant: det(C) associates to C its signed volume.

A

c1 c2 det(C) =
_C c - C1Cop = C1,0,;
C=| ""n
_CZ1 C22




Computing the Final Solution

X AX
Co a Aa Ab
b Ab b

1 det(C) =
A Aa alb - Aab =
a 0
/
> — >
a Aa

Solve by Gaussian elimination: Ab. = Ab. to get 13

Change bases: X=B"'x=x_,=ab, +--+a_b_
Xx=B'x=B"Ax=B'ABXx=B"'BAxXx=AX=(AB), X

.o At
Consequently: x =e"X,

= diag(e™,...,e™")xX,

Finally: x = Bx = Bdiag(e™",....,e™")B™'x,



Example: Fixpoint Computation

2 1
Let A= L 2}, X, = {:)} Compute the solution of x = Ax.

1. Compute the eigenvalues of A a b c
. Vv
2-2 -1 ‘ A

det(1l— A) = = (A-2)(1=2)-1 = A%-471+3
(- A) ‘_1 | = (-20-2)

btybi-4ac 4+ 16-12 442
Hence: /11,2 = = — 5 _ >

We obtain: 4, =1and 4,=3



Example: Fixpoint Computation

2. Compute the eigenvectors of A

A b, Ab. b,

o [ R
12] b, | | b,+2b, | |b, b, b,
b, =-b,, Take b, =[1 -1]' B=[1 1]

A b, Ab, A,b,

(0 =3) {2 1}{%}:[2% +b,, }z{%m}
? 12]|b,, b,+2b,, | |3b,,

b, =b,, Take b, =[1 1]’



Example: Fixpoint Computation

3. Check diagonalization:
21 11 13 10
"AB=(A = = =
B AB=(AB), ({1 2} {-1 1})3 ({-1 3})5 {o 3}

4. Compute the solution x = Bdiag(e™, ..., e*")(x,) ;:

B diag(e™,e™) (x,), Bdiag(e™',e™') (x,),

X(t) = 11)|e" 0 ||1] _|e e’ ||1/2|_1] e +e’
11 0 e3t 0 . _et e3t 1/ 2 2 _et+e3t



Example: Fixpoint Computation

5. Check initial condition:
0 3x0
-
2 _eO_l_eBxO 2 _1+1 O
6. Check next infinitesimal state equation:

t_l_ 3t t+ 3t 21 t+ 3t
lede e /dtzle 3e _ 1e e _ Ax
2 | et +e¥ 2| et +3e™ 12 2] -et +e



Solution of: x(n+1) = Ax(n), y(n) = Cx(n), x(0) = x,
(Autonomous System)




Solution (fixpoint) of x(n+1)= Ax, x(0)=Xx

The solution is: x(n)= A"x,

Proof:
1) x(n+1)=A""'x, = A(A"x,) = Ax(n)

2) x(0)=A%, =Ix, =X,
Change bases: x=B"'x=Xx,
X(n+1)=diag(A,,...,A_)x(n)
Consequently: x(n) = diag(A},...,A] )X,
Finally: x(n) = Bx(n)= Bdiag(A},...,A")B™'x,



Example: Fixpoint Computation

1
Let A= [12 21}, X, = [O] Compute solution of x(n+1) = Ax(n).

b1 b2

1. The eigenvectors basis is: B =[ 1 1]

2. The diagonal matrix B'AB = (AB),, is: A= [:) g]

3. The solution is:

X = BA"(x.). = 1 1|[1 0 ][1/2] 1] 1+3"
(M= B 1 1)lo 3" |[1/2] 2[-1+3"



Example: Change of Basis




Example: Change of Basis

b1 b2
X = Bx — 1 112 _ 2
-1 1] 3/2 1

1 1
)_(1=A)_(0=1 0 1/2=1I2
0 3|[1/2 3/2




Example: Change of Basis

] B [(3n +1 )/2}
@3 =12




