sam
Montag, 17. Mai 2010
15:37

Qverview

Sampling and Reconstruction

m Introduction

m Sampling Theory
mFourier Transform
mConvolution & Convolution Theorem

m Reconstruction

mSampling Theorem
mReconstruction in theory and practice

m Interpolation - Zero Insertion
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Image Storage and Retrieval

Image Data
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QQK time - spatial domain

m Relationship between Signal and

Samples
mVigw Image Data as Signals

m Signals can be plotted as intensity vs.

Signals can be represented as sum of
sine waves - frequency domain
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Square Wave Approximation
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Fourier Transform

Link between spatial and frequency domain

fix)= [F(?)e™™ ™ dw
F(7)= [ e "k
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Fourier Transform

m Yields complex functions for frequency
domain

m Extends to higher dimensicns

m Complex part is phase information -
usually ignored

Alternative: Hartley transfarm
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Discrete Fourier Transform

For discrete signals (i.e. sets of samples)

fix)= \Z F(7).gtwo=l
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N samples: O(N*2) complexity
Fast FT (FFT): O(M log M)
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Base Functions

Dirac Pulse Comb Function
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FT of Base Functions

m Impulse function: constant 1, i.e. equal
energy at all frequencies

m Comb function: comb with reciprocal
spacing

comby (x) < cem':u:‘" (7
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Convolution

m Operation on two functions

m Produces a new function which is a
sliding weigthed average of a function.
The second function provides the
weights.

£+ £0) = [ A A G-t
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Convolution - Examples
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Convolution Theorem
The spectrum of the convelution of two
functions is equivalent to the product of the

transforms of both input signals, and vice
VErSA.

fi*fh=hE,
F*F=fif
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Example - Low-Pass

Low-pass filtering performad on Mandrill
scanline

Spatial domain: convelution with sinc
function

Frequency domain: cutcff of high
frequencies - multiplication with box filter

Sine flmction corresponds to box fimction and

vice versal ;i
.
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Low-Pass in Spatial Domain 1
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Low-Pass in Spatial Domain 2
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Low-Pass in Frequency Domain
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Sampling

The process of sampling is 3 multiplication
of the signal with 2 comb function.

f.(x) = fx)-comb. (x)

The frequency response is convolved with
a transformed comb function.

F ()= F(a)+* comby ()
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Spectrum of a Sampled Signal

Reconstruction

Recovering the original function
Jfrom a set of samples

m Sampling theorem

m |deal reconstruction
mSinc function

m Reconstruction in practice
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Definitions

m A function is called band-imited if it
contains no frequencies outside the
interval [-u,u]. uis called the bandwidth
of the function

m The Nyquist frequency of a function is
twice its bandwidth, i.e. w=2u

.
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Sampling Theorem

A function f{x) that is

m band-limited and
m sampled above the Nyquist frequency

is completely determined by its samples.
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Sampling at Nyquist Frequency
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Sampling Below Nyquist f
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Ideal Reconstruction

m Replicas in frequency domain must not
overlap

m Multiplying the frequency response with a
box filter of the width of the original
bandwidth restores criginal

m Amounts to convolution with Sinc
function
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Sinc function

m Infinite in extent
m |deal reconstruction filter
m FT of box function

sine(x) = 1 #x=0
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Sinc & Truncated Sinc
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Reconstruction: Examples

Sampling and reconstruction of the Mandrill
image scanline signal

m with adequate sampling rate
m with inadequate sampling rate
m demonstration of band-limiting

With Sinc and tent reconstruction kemels
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Adequate Sampling Rate
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Adequate Sampling Rate
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Band-Limiting a Signal
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Band-Limiting a Signal
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Reconstruction in Practice

Problem: which reconstruction kernel
should be used?

m Genuine Sinc function unusable in
practice

m Truncated Sinc often sub-optimal

m Various approximations exist, none is
optimal for all purposes
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Tasks of Reconstruction Filters

m Remove the extraneous replicas of the

frequency response

m Retain the original undistorted frequency

response
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Nearest Neighbour mit rechtecksfkt gefaltet

Used Reconstruction Filters

m Nearest neighbour

m Linear interpolation

m Symmetric cubic filters
m Windowed Sinc

More sophisticated ways of truncating
the Sinc function

Seua G, Tromas Thau

Box & Tent Responses
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Konstruktionskern beilinearen
Interpolation: Faltung mit
Dreiecksfunktion

FFT der Dreiecksfunktion:sinc
fkt*sincfkt=sinc"2
Dreiecksfunktion=zweimal gefaltete
Rechtecksfunktion

FFteiner Faltung=Multiplikation
Hohe Frequenzen starker geglattet



Windowed Sinc Responses
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Sampling & Reconstruction Errors

m Aliasing: due to overlap of criginal
frequency response with replicas -
information loss

m Truncation Error: due to use of a finite
reconstruction filter instead of the infinite
Sinc filter

m Mon-Sinc error: due to use of 2
reconstruction filter that has a shape
different from the Sinc filter

e A
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Nichinteressiert eine Ableitung, nichtdie Funktion.

Faltung mit der Ableitung dersinc Fkt (anderer faltungskern: cosc)

Interpolation - Zero Insertion

Operates on series of n samples
Takes advantage of DFT properties

m Perform DFT on series
m Append zeros to the sequence
m Perform the inverse DFT
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Zero Insertion - Properties

m Preserves frequency spectrum

m Original signal has to be sampled above
Nyquist frequency

mValues can only be interpolated at evenly
spaced locations

m The whole series must be accessible,
and it is always completey processed
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Zero Insertion - Original Series
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Zero Insertion - Interpolation
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Interpolation tiber den Frequenzraum



Conclusion

Sampling

Goingfrom continous to discrete signal
Multiplication with comb funktion

Sampling theorem: how many samples are needed

Sampling and Reconstruction Reconstruction
Sincisideal filterbutnot practicable
Refarences: Reconstructionin practise
m Computer Graphics: Principles and Practice, 2Znd al iasing
Edition, Falay, vanDam, Feiner Hughes, Addison-
Waslay, 1880

m What we need around hare iz more sliasing Jim Slinn,
|EEE Computer Graphics and Applications. January

1889
m Retum of the Jaggy. Jim Blinn, IEES Computer Wasistdie grenzfrequenzeinessignals?
Grapihics snd Applcatons. March 150 Sinusschwingungin derhéchsten frequenz die ich brauche

Im Frequenzraum: spektrum. Wo sinus die gerade schneidetn_
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