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(Infinite) Transition Structures

Transition function

0:Q->(p(Q)-D)

.\

b’ c YY)
Observables IT 9 9 Observation function
Finite set \ / <.> Q- p(I)

States Q
Infinite set



Transition Structures = (Q,Q,, I1, < . >, )

 States Q: A possibly infinite set
- Initial states Q,: Nonempty subset of Q
« Observables IT: A finite set (alphabet) of propositions

 Transition relation 6: Binary relation over Q

« Observation function <.>: Q- @(1I1)

Observation function «<.>: Q — g(II) is also written as
Satisfaction relation |= ¢ QXxII st. ql=n if te <xg>



o Transition Structure IC, = (Q, I1, < . >, 0)

States Q: Pairs (m,x) consisting of
Discrete modes: me Il
Continuous variables: x e R"

Observables IT: <«<m,x> = m
Transition relation 6: (m’,x’) € 6(m,x) iff
Discrete switches: deeE. aelL.

e=(m,m’) A label(e)=a
guard(e)(x) >0 A action(x,x’)
Continuous flow: dveV.f:[0,T]> R.

v=m=m’' A f(0)=x A f(T)=x’
VO<t<T. f(t)einv(v) A f(t) e flow(v)(f(t))



Intuition of the Construction

Time is abstracted away



Semantics of Transition Structures

Predecessor of q Successor of q,

q,€6"'(q,) q,€9(q,)
\ /

q, q, ¢ holds at q,

ce «q,>

q,-runof X: r = q,q9,... q,.,€9(q,)
Traceof r: «r>» = <q,»<q,>.. = {a}{b,c}...

L?: All g-runs, < L?>:The associated traces
. —_— q
L(KC): Language of KC = quQo <>



Forward Reachability Algorithm

Pre(P)={qeQ13peP5(q)=p}
Post(P)={qeQ13pePS(p)=q}
Pre*(P)= igJ\IPre( )

S

Post*(P) = L%\I Post'(P)
Reach(T) =Post*(Q, )

Reachability problem: Given a transition system K =(Q,Q,,I1,< . >, )
and a proposition & € I1, is Reach(T) m|[7t]l =D ?

initially R := Q,;
while (true) {
if RN I[E]IK # J: then return "unsafe” end if;

if Post(R ) c R: then return "safe" end if;
R:=RuUPost(R)



Backward Reachability Algorithm

Backward Reachability problem: Given a transition system /C
and a proposition & € I1, is Pre*(|[7t]]]c)on QD ?

initially R := [z] ;
while (true) {

if RN Q, # &: then return "unsafe” end if;

if Pre( R ) < R: then return "safe" end if;

R:=RuUPre(R)



Quotient Structures

Atomic State-Equivalence: p=* q iff < p>

<qg>
Atomic Regions A: The equivalence classes of =*

Quotient £_=(Q,_,I1,<.>,_,8 ). If = refines =*

Q,_ is the set of equivalence classes of =

Red, (P) if dpeP.reR. r €d(p)

nte <R>» _|if dreR. ne <r>»



Example of Quotient Structures

State-Space Partition
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Finite Quotient Structure
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Transition Structures: Semantics

9,
!
9,
L2 fbefa = /N
q, q, q, % 9
b,ce <q,> } }

q,-r'unof X: r = q,9,... q,,€6(q,)
Traceof r: «r>» = <q,»<q,>.. = {a}{b,c}...



State Logic

State logic £: Formulas interpreted over states of C

[¢],.: Setof states of I satisfying ¢

L -MC problem: For pe £LAqeQ, _ is qelo] ?



Fully Abstract Semantics

£ -equivalence: p=“ qif Vpe £. pelol, iffqelel,

=* is the fully abstract semantics for £

= has finite index = finite-state MC



Syntax of Computation-Tree Logic
(State Logic)
Propositions: Every proposition « € I is a formula

Formulas: If ¢, and ¢, are formulas, then so are:
p,vo, -9, EXxe  EGo, ¢ EUO0,

Logic operators: A, =, & from v and — as usual
Temporal operators: AxY, AG,AF fromEX,EG, EF:

Possibly eventually: EF ¢ =true EZ/ ¢
Inevitably next: AY o =—EX —¢

Inevitably always: AGp =—EF -0
Inevitably eventually: AFp=-EG-¢



Semantics of Computation-Tree Logic

Interpretation of ¢: Over tree of q,-runs on A

Notation: q |=, ¢ where q the current node in X
g, =z 7 if re <q,>
q,|l=; ¢, v, ifeitherq, |=, ¢, or q,|=; o,
q, l=5 —¢ if q,l#; ¢
q,|=;EXe if dq,9.€eX. q,|=; ¢
q,=;EGe if Jq9,q,...€e £. Vi=0.q,|=; ¢

q,|=; 9,Ell @, if 1q,q,..€ £,i20. q,|=; ¢, and VO<j<i. q,|=; ¢,

Satisfying structure: X |=, ¢ if HqOEQO,/C' q, =, ¢

CTL MC: Given structure A and CTL formula ¢ does X' |=, ¢ ?
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Bisimulation

Simulation: p<_q implies
(bc) <p> = wxqg>

(is) Vp'ed(p)Iq'ed(q)p'<.q’

Bisimulation =°: A symmetric simulation

I

~b

Bisimilarity =°: p="q if 3=".p="¢q

Thm: IC satisfies an CTL formula iff K/EB satisfies it



Trace Equivalence vs
Bisimulation
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Partition Refinement
Coarsest Bisimulation Algorithm

Coarsest bisimulation: Bisimulation with fewest equivalence classes

initially Q .:={[n] |[rell}

while 3P,P €Q . (PNPre(P)# D) A(PnPre(P)cP) do
P :=PnPre(P); P,:=P\Pre(P)
Q. :=(Q_\P)U{P,P,}

end while

return Q/ZB



Transition Structures: Semantics

9,
!
9,
L2 fbefa = /N
q, q, q, % 9
b,ce <q,> } }

q,-r'unof X: r = q,9,... q,,€6(q,)
Traceof r: «r>» = <q,»<q,>.. = {a}{b,c}...



Syntax of Linear Temporal Logic
(Trace Logic)

Propositions: Every proposition « € IT is a formula

Formulas: If ¢, and ¢, are formulas then so are:

P,VQ, =@, Ao, (neXt) ¢, i ¢, (Until)

Logic operators: A, =, & from v and — as usual
Temporal operators: ¢ and F from 4" and Z/ as follows:

Finally (eventually): F¢ =true Z/ ¢
Globally (always): Go=— F—-¢



Semantics of Linear Temporal Logic

Interpretation of ¢: Over the infinite traces w in L(X)
Notation: (w,/) |=, ¢ where i the current index in w
(w,i)|=, if ©#ew(i)
(w,i)|=, ¢, v, ifeither (w,i)|=, ¢, or (w,i)|=, ¢,
(w,i)|=, —¢ if (w,i)|=, ¢
(w,i)|=, X if (w,i+1)|=, ¢

(w,i)|=, .2 @, If dj2i. (w,))|=, ¢, and Vi<k< j. (w,k)|=, ¢,

Satisfying trace: w |=, ¢ if (w,0) |=, ¢
Satisfying structure: X |=, ¢ if dJwelL(X). w |=, ¢

LTL MC: Given structure A" and LTL formula ¢ does X' |=, ¢ ?



Power Series Interpretation

X(p1 (P1

I N

o, Up, o, Up, o, Up, ¢ UO,
Q, 0, Q, 0,

L J ] J ..
f(p1 .7:(p1 ‘7:(P1 f(P1
?,

L J J ..
go, go, go, go,
Q, 0, Q, 0,

] ]




Important LTL Formulas

FG@: Stabilization

gF ¢: Oscillation
G(p = Fy ): Response



Language (Trace) Equivalence

Language equivalence: Given /C, an equivalence

relation =, on Q_ is a language equivalence of /C if:

Vp,qeQ. if p=,q then <xL>» = <L’ >»

Language equivalence quotient of A: Quotient K.

~

Thm: &I satisfies an LTL formula iff /CI 9 satisfies it



Expressiveness of CTL vs LTL
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CTL versus LTL
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