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1 Bonusaufgabe 3

ratprint:false;
false

1.1 Angabe

phi_0:-%pi/6;
L

6

d 0 L:matrix([2],[1],[3])$

d 1 2:matrix([4],[2],[1])$

d 2 3:matrix([3],[1],[4])$

d 3 4:matrix([3],[4],[1])$

p_1 sl:matrix([2],[1],[1/2])$
p_2_ s2:matrix([3/2],[1/2],[2])$
p_3_s3:matrix([3/2],[2],[1/2])$
p_4 sd:matrix([2],[1/2],[1])$
p_ 4 E:matrix([4],[1],[2])$

1.2 Aufgabe 1

1/ 13
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R 0 1 z:matrix([cos(phi_0),—sin(phi_0),0],[sin(phi_0),cos(phi_0),0],[0,0,1])%$

1 z:addrow(addcol(R_0 1 z,[0,0,0]),[0,0,0,1])%
_x:matrix([1,0,0],[0,cos(gl1),-sin(q1)],[0,sin(gl), cos(gl)])$

~v:matrix([0,0,0,d_0_1[1,1]],[0,0,0,d_0_1[2,1]],[0,0,0,d_0_1[3,1],[0,0,0,0])$

H O

RO1

H 0 1 x:addrow(addcol(R_O0 1 x,[0,0,0)),[0,0,0,1])%
HO1

H 0 1:

HO1zHOI1x+H 0 1 v;

J/3

cos(ql)

l

2

1

2

Vﬂ§cos(q1)

_ sin(q1)

2

2
0
0

2

sin(ql)
0

2
cos(ql)
0

2

_ Vﬂ§sM(q1) 1

3
1

2
2
2
2

_x:matrix([1,0,0],[0,cos(g2),—sin(g2)],[0,sin(g2), cos(q2)])$
_x:addrow(addcol(R_1 2 x,[0,0,0]),[0,0,0,1])%

_v:matrix([0,0,0,d 1 2[1,1]],[0,0,0,d 1 2[2,1]],[0,0,0,d 1 2[3,1]],[0,0,0,0])%
H1l2x+tH 1 2 v;

1 0 0 4
0 cos(g2) -sin(qg2) 2
0 sin(g2) cos(g2) 1
0 0 0 1

_x:matrix([1,0,0],[0,cos(g3),-sin(g3)],[0,sin(g3), cos(g3)])$
_x:addrow(addcol(R_2 3 x,[0,0,0]),[0,0,0,1])%

3
3

3 _v:matrix([0,0,0,d_2 3[1,1]],[0,0,0,d_2 3[2,1]],[0,0,0,d_2 3[3,1]],[0,0,0,0])$
3

H2 3 x+H 2 3 v;

0 0 3
0 cos(g3) -sin(g3) 1
0 sin(g3) cos(g3) 4
\O 0 0 1

f

=
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R 3 4:matrix([1,0,0],[0,1,0],[0,0,1D%

H 3 4 tx:matrix([1,0,0,94],[0,1,0,0],[0,0,1,0],[0,0,0,1])%

H 3 4 v:matrix([0,0,0,d 3 4[1,1]],[0,0,0,d 3 4[2,1]],[0,0,0,d 3 4[3,1]],[0,0,0,0])%
H3 4H 3 4 tx+tH 3 4 v;

1 00 g4+3
010 4
001 1
\OOO 1

HO2HO1H1 2%

3/ 13

trigsimp(%o);
343 _ sin(ql)sin(g2)-cos(ql)cos(q2) _ cos(ql)sin(g2)+sin(ql)cos(q2) _ sin(ql)—2005(ql)—4\/§—4
2 2 2 2
1 \/§sin(ql)sin(q2)—\/§cos(q1)cos(q2) _ \/§cos(q1)sin(q2)+\/§sin(q1)cos(q2) _ \/§sin(q1)—2\/§cos(q1)+2
2 2 2 2
0 cos(qgl)sin(g2)+sin(ql)cos(g2) cos(gl)cos(g2)-sin(gl)sin(g2) 2sin(qgl)+cos(ql)+3
0 0 0 1

HO03HO02H?2 3%

trigsimp(%o);

[153 _ (cos(ql)sin(q2)+sin(q1)cos(q2))sin(q3)+<sin(ql)sin(q2)—cos(q1)cos(q2))cos(q3) (sin(ql)sin(q2)—cos(ql)cos(q2))sin(q3)+(—co
2 2 2
1 (\/§cos(q1)sin(q2)+\/§sin(q1)cos(qZ))sin(q3)+<\/§sin(ql)sin(q2)—\/§cos(q1)cos(q2))cos(q3) <\/§sin(ql)sin(q2)—\/§cos(q1)cos(q2))sin(q3)+(—\/
2 2 2
0 (cos(q1)cos(g2)-sin(gl)sin(g2))sin(q3)+(cos(ql)sin(g2)+sin(gl)cos(g2))cos(q3) (-cos(q1)sin(g2)-sin(gl)cos(g2)) sin(g3)+{cc

| 0 0 0
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H O 4H 0 3.H 3 4%

trigsimp(%o);
{3 _ (cos(ql)sin(q2)+sin(q1)cos(q2))sin(q3)+(sin(ql)sin(q2)—cos(q1)cos(q2))cos(q3) (sin(ql)sin(q2)—cos(q1)cos(q2))sin(q3)+(—co
2 2 2
1 (\/gcos(ql)sin(q2)+\/§sin(q1)cos(q2))sin(q3)+<\/§sin(ql)sin(q2)—\/§cos(q1)cos(q2)>cos(q3) <\/§sin(ql)sin(q2)—\/§cos(q1)cos(q2))sin(q3)+(—\/
2 2 2
0 (cos(q1)cos(g2)-sin(gl)sin(g2))sin(q3)+(cos(ql)sin(g2)+sin(gl)cos(g2))cos(q3) (-cos(q1)sin(g2)-sin(g1)cos(g2)) sin(g3)+{cc
{ 0 0 0

1.3 Aufgabe 2

Wir missen eine Reihe zum Vektor hinzufiigen, damit die Multiplikation erfolgen kann. Danach kann diese Reihe
wieder entfernt werden.
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p_0 sl:submatrix(4,H 0 1.addrow(p 1 si1,matrix([1])))$
trigsimp(%o);

p_0 s2:submatrix(4,H 0 2.addrow(p 2 s2,matrix([1])))$
trigsimp(%o);

p_0 s3:submatrix(4,H 0 3.addrow(p_ 3 s3,matrix([1])))$
trigsimp(%o);

p_0 sd:submatrix(4,H 0 4.addrow(p_4 s4,matrix([1])))$
trigsimp(%o);

p_0 E:submatrix(4,H 0 4.addrow(p_4 E,matrix([1])))$

trigsimp(%o);
_ sin(ql)—2003(q1)—4\/§—8
4
_ \/§sin(q1)—2\/§cos(q1)
4
2sin(gl)+cos(ql)+6
2
[ _ (sin(q1)+4cos(ql))sin(q2)+(4sin(ql)—cos(ql))cos(q2)+2sin(ql)—4cos(q1)—11 \/5—8
4
~ (\/gsin(ql)+4\/§cos(q1))sin(q2)+(4\/§sin(q1)—\/§cos(ql))cos(q2)+2 \/§sin(q1)—4\/§cos(q1)+7
4
_ (4sin(gl)-cos(ql))sin(g2)+(-sin(gl)—-4cos(ql))cos(g2)-4sin(gl)-2cos(ql)-6
2

((ésn(ql)—4cos(ql))sin(q2)+(—4sin(ql)—cos(ql))cos(q2))sin(q3)+((—4sin(ql)—cos(ql))sin(q2)+(4cos(ql)—sin(ql))cos(q2))cos(q3)+(—23in(q
( 35in(q1)—4ﬁcos(ql))sin(q2)+(—4ﬁsin(ql)—ﬁcos(ql))cos(q2))sin(q3)+((—4ﬁsin(ql)—ﬁcos(ql))sin(q2)+(4ﬁcos(ql)—ﬁsin(
—(2 sin(q1)+cos(q1))sin(q2)+<sin(q1)—4cos(ql))cos(q2))sin(q3)+((sin(q1)—4cos(ql))sin(q2)+(—4sin(ql)—cos(ql)) cos(q2))cos(q3)+(8sin(ql)
(2 3q4+<(4sin(q1)—9003(q1))sin(q2)+(—9sin(ql)—4cos(q1))cos(q2))sin(q3)+((—9sin(ql)—4cos(q1))sin(q2)+(9cos(ql)—4sin(q1))cos(q2))co
2 4+((35/2cos(ql)-4ﬁsin(ql))Si”(q2)+(35/2sin(q1)+4ﬁcos(ql))COS(qz))Si”(q3)+((35/2sin(q1)+4ﬁcos(ql))Si”(q2)+(4 35in(q1)—35/2
\_( sin(q1)+4cos(q1))sin(q2)+(4sin(q1)—9cos(ql))cos(q2))sin(q3)+((4sin(ql)—9cos(ql))sin(q2)+(—9sin(ql)—4cos(ql))cos(q2))cos(q3)+(8$
[ 73 q4+((3sin(q1)-5cos(q1)) sin(g2)+(-5¢
—+ (5 3003(q1)—33/2sin(ql))Si”(q2)+(E
L((—Ssin(ql)—Scos(ql))sin(q2)+(5cos(ql)—SSin(ql))cos(q2))sin(q3)+((5cos(ql)—SSin(ql))sin(q2)+(55in(ql)+3cos(ql))cos(q2))cos(q3)+<cos(ql)—z
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j_p_s:jacobian([p_ 0 s1,p 0 s2,p 0 s3,p 0 s4,p 0 E],[q1,92,93,04])$

| v _0 sl:trigsimp(addcol(j p s[1,1],) p_s[1,2],] p_s[1,3],) p_s[1,4]):

_ 2sin(q1)+cos(ql) 000
4

_ 2 33|n(q1)+\/§cos(q1) 000
4

{ _ sm(ql)—;cos(ql) 000

j_v_0 s2:trigsimp(addcol(j_p_s[2,1], ]_p_s[2,2],)_p_s[2,3],)_p_s[2,4]));

(4sin(gl)-cos(ql))sin(g2)+(-sin(gl)—-4cos(ql))cos(g2)-4sin(gl)-2cos(ql) (4sin(gl)-cos(ql))sin(g2)+(-sin(gl)—-4cos(qgl))co
4 4
(4\/§sin(ql)—\/§cos(ql))sin(q2)+(—\/§sin(q1)—4\/§cos(q1))cos(q2)—4\/§sin(ql)—2 \/§cos(q1) (4\/§sin(ql)—\/§cos(q1))sin(q2)+(—\/§sin(ql)—4\/§cos
4 4
~ (sin(q1)+4cos(ql))sin(q2)+(4sin(ql)—cos(ql))cos(q2)+2sin(ql)—4cos(q1) ~ (sin(q1)+4cos(ql))sin(q2)+(4sin(ql)—cos(ql))cc
2 2

| v_0 s3:trigsimp(addcol(j_p_s[3,1],] p_s[3,2],]_p_s[3,3],] _p_s[3,4]):

((94@4@ﬁm&mwﬂﬁx@ﬁMW@WW&m}mﬂW@ﬁWM@ﬂO@W&ﬁﬁ@ﬁmm%@@& HEEDEGIIOOPNGATIPEONCES) e B EIB I G Dl
{04 (/o518 i )y B @ as 05 GR0 L\ BB it 6r2) 1B g6 0s 0 £ MMKF B TR B B (er) o By e S ) SR 70 4B Bl kY D P 20 it
{bsifsif{ ety e ord BRI S R) i DI SEOSH DS RKDI (e ) o161 o el e DI COSH DS ISP SV GBB € Do) eI R P B EE ) VB B e

j_v_0 s4:trigsimp(addcol(j_p_s[4,1],]_p_s[4,2],]_p_s[4,3],]_p_s[4.4]);
|
{40 k90 it PIMOUA R OH GID)HETR B SO DRGNS EBY 4 GBI S DB R BB GRS B R OTA DD GIFN PRSK (P o BB GBI

(1163 rtpom g @eannfa | 0N B Bt 3 cootatndssbeamtim T il Grsma e s R R 38 et e oo o)

L(24(@@4(sémeria)e«;sas;ce/ﬂ(mm)oc@aw))enrx@ee(zae@@m)ernci)e«;aws;ce/z;omma@m@@@3@qt#o(ﬂ@ar're(@@m)em)e«aas;cqacmm)o@mqrm@msoqeﬂs)(sn';a@zi;m)a;mmcn)aoz):m)émmoas@ee(:%aé/(wsiﬁ;r
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| v_0 E:trigsimp(addcol(j_p s[5,1],] p_s[5,2],]_p_s[5,3],] p_s[5,4)]));

I
(25 sin(gl)+3cos(ql))sin(g2)+(3sin(ql)-5

3/2

’ cos(ql))SIn(q2)+<3 S

IéS \/§sin(q1)+33/

((3 sin(gl)-5cos(ql))sin(g2)+(—-5sin(gl)—-3cos(ql)) cos(q2)) sin(q3)+((—5 sin(gl)—-3cos(qgl))sin(g2)+(5cos(qgl)-3sin(gl)) cos(q2)) cos(g3)+(—sin(ql)

I

N - O

I
I

mABE wWN

I
OO|OO

A0 00 000

R{R 0 1,R 0 2R 0 3,R 0 4,R 0 EJ$

q:[91,92,093,04]$
g_d:[gd1,qd2,qd3,qd4]$

Figure 1:
$(wh) = Rb(@RL @) =Y (

j=1

9 LeeyT s
aqu;\-(q))Rk(q) q;
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sum:0$

calccR_ 0 1%

for y:1 while y <= 4 do (sum:sum+(diff(calc,q[y],1).transpose(calc)-q_d[y]))$
trigsimp(sum)$

matrix([sum[3][2]],[sum[1][3]],[sum[2][1]]D$

J_sum:jacobian([%],q_d)$

J w_0 Z1:trigsimp(addcol(J_sum[1][1],d _sum[1][2],d_sum][1][3],d_sum][1][4]));

—@ooo

-1 o000
2

\O 00O

sum:0$

calc:R_0 2%

for y:1 while y <= 4 do (sum:sum+(diff(calc,q[y],1).transpose(calc)-q_d[y]))$
trigsimp(sum)$

matrix([sum[3][2]],[sum[1][3]],[sum[2][1]]D$

J_sum:jacobian([%],q_d)$

J w_0 2:trigsimp(addcol(J_sum[1][1],d _sum[1][2],d_sum][1][3],d _sum][1][4]));

f
V3 V3 5
2 2
_i_ioo
2 2
0 0O 0O
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sum:0$

calc:R_0 3%

for y:1 while y <= 4 do (sum:sum+(diff(calc,q[y],1).transpose(calc)-q_d[y]))$
trigsimp(sum)$

matrix([sum[3][2]],[sum[1][3]],[sum[2][1]]D$

J_sum:jacobian([%],q_d)$

J w_0 3:trigsimp(addcol(J_sum[1][1],d _sum[1][2],d_sum][1][3],d_sum][1][4]));

NN
2 2 2

sum:0$

calc:R_0 4%

for y:1 while y <= 4 do (sum:sum+(diff(calc,q[y],1).transpose(calc)-q_d[y]))$
trigsimp(sum)$

matrix([sum[3][2]],[sum[1][3]],[sum[2][1]]D$

J_sum:jacobian([%],q_d)$

J w_0 4:trigsimp(addcol(J_sum[1][1],d_sum[1][2],d_sum[1][3],d _sum][1][4]));

V3 VB A
2 2 2
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sum:0$

calc:R 0 E$

for y:1 while y <= 4 do (sum:sum-+(diff(calc,q[y],1).transpose(calc)-q_d[y]))$
trigsimp(sum)$

matrix([sum[3][2]],[sum[1][3]],[sum[2][1]]D$

J_sum:jacobian([%],q_d)$

J w_0 E:trigsimp(addcol(J _sum[1][1],d sum[1][2],d sum][1][3],d_sum[1][4]));

NN
2 2 2

1.4 Aufgabe 3

m: [m1,m2,m3,m4]$
Jw.[JwO01JwO02JwO03Jw0 4%
J Vi[[v.0sljvO0s2jvO0s3jvVv.O0s4s

1.4.1 Massematrix

1.4.1.1 Translatorischer Anteil

sum:0$
for i:1 while i <= 4 do (sum:sum+((transpose(J_V[i])-m[i]).J_V[i]))$
MM _ v:trigsimp(sum);

- (488 m4+36 m3) sin(g2)+(~4 M4 -8 mg)E42)8 1ABYBiH{ B0 NS zirr(ztreéméea¢Mq2)mmgmmemww)mmwamwammmm

—(44 (12 3) sinf@3)+ (100 m4+32 m3) cos(g3)+165 m4+85 m3+17 m N 4 m4+30m3) sin(g3)+ (50 m4+16 m3) cog(g3)+97 m4+17 m —39m3)cos(q3)+(281
64 30 m3).si 50 m4+16 7m4 3 .
—{g44 m4 a3y S I 4+ S 2 a L0 ) S q3)+((-2m4-4m3) S|n(q2)manﬂﬁm3) cos(g2)-50 m4-16 M3)) cos(g3)-97 m4-

{O 0 0 m4
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1.4.1.2 Rotatorischer Anteil

|1:matrix([I1xx,0,0],[0,I1yy,0],[0,0,I1zz])$
12:matrix([12xx,0,0],[0,I12yy,0],[0,0,12zz])$
13:matrix([I3xx,0,0],[0,I3yy,0],[0,0,13zz])$
l4:matrix([14xx,0,0],[0,l4yy,0],[0,0,14zz])$

| 0 sl:trigsimp(R_0 1.l11.transpose(R_0 1))$
| 0 _s2:trigsimp(R_0_2.12.transpose(R_0_ 2))$
| 0 _s3:trigsimp(R_0_3.13.transpose(R_0_3))$
| 0 _s4:trigsimp(R_0_4.14.transpose(R_0_4))$
| O s:[l 0 s1,1 0 s2,1 0 s3,I 0 s4]$

sum:0$
for i:1 while i <=4 do (sum:sum+((transpose(J_w/[i]).l_0_s[i]).J_w][i]))$
MM _w:trigsimp(sum);

[I4xx+l3xx+12xx+llxx 14xx+13xx+12xx 14xx+I13xx O
14xx +13xx+12xx 14xx+13xx+12xx 14xx+I13xx O

14xx +13xx 14xx +13xx 14xx+13xx 0O
0 0 0 0

1.4.1.3 Gesamt

MM:trigsimp(MM_v+MM_w);
—(488 m4+36 m3) sin(q2)+(—4 m4-8 m3) cos (G2Y4A88m4-180mB3 $BI(ER) £ LC-MMm4-BE) TDsiidEP) 126 B8 B0 BEINSNCGS]aL] - 2004M-BR Y RIRIRIHAEH
4z_l+0m_)'q+5 +16m3) co

_(44(12 4+6Q m3 in(g3 -I; OO _+3 3) cos é’ + 65il+5 +17m +4/42( +4?lX+4/ XX(
- ! ST 4 - o ! 4
64.m4+30m3) si +(50 m4+1 0 +97 m4+17 m3+4 |4xx+4 13x )
(444 ma+1 SPig3) ) Epig) 05 A% m3) sin(q2) + (- 44 m4—18 m3) cosfaBfs ’"3;1 X 3$d8% 93)-97 ma-

{ 0 0 0

1.4.2 Coriolismatrix
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CM:zeromatrix(4,4)$
for j:1 while j<=4 do(
for k:1 while k<=4 do(
for i:1 while i<=4 do(
cc_ijk:1/2-(diff(MMIK][],afiD)+diff(MMK][i],qiD)—-ditf(MMM[i][],alk])),
CMIK][iI:CM[K][j]+cc_ijk-g_dI[i]
)%
trigsimp(CM);

_ ((25m4+8 m3) sin(g3)+(—-32 m4-15m3) cos(qg3)) gd3 _
—(225m4+8 m3) sm(q3)+(—32mﬁ%+n3+eeséqé}-}qd§*éé&m4—2—m%w —m4— =22 m4-9m3) cos(qg2)) si{ (2B

12 / 13

~{e(ma-+2m3) sin(g2)+(22 m4+9 m3) cos (2)+25 M+ RBYsh(m3) S((232)4 ¢Z2mB3) ST oS (m2)-+ 2613 oed By S B) SR AENLERTR) SR R) (S

({422 m3)ymqq P pin(622 fidndom3

) sin(g3)+((22m4+9m3) sin(q2)+(

2
25m4+8 m3) sin(g3)+(=32m4-15m3) cos(q3)) qd2+((25m4+8 m3) sin(q3)+(-32 m4-15m3) cos(q3)) qd1
(22 1 g aa ) a q )— M1 — aa ) ) 2 aaVi aa ) ) aaVi OWa% ) )) lll
0 0 0 O

1.4.3 Vektor der verallgemeinerten Krafte

vk: trigsimp(transpose(]_v_0 E).matrix([fxe],[fye],[fze]));

_ fye- \/§fxe
2

1.4.4 Vektor der Potentialkrafte

p:[p_ 0 sl,p 0 s2,p 0 s3,p 0 s4,p 0 E]$

[ 6 fze 45 \/3fye+5fxe) sin(ql)+ —1sze+33/2 fye+3 fxe ) COS(q1) |sin(q2)+ —1sze+33/2 fre+3 fxe|SiN(qL)+(-61ze=5 \/3fye-5fxe) cos(q1)
6 fze {5 ﬁfye+5fxe)sin(ql)+ —1sze+33/2 fye+3 fxe cos(qgl)|sin(g2)+ —1sze+33/2 fye+3 fxe sin(ql)+(-61fze-5 ﬁfye—Sfxe)cos(ql)
6 fze H5 ﬁfye+5fxe)sin(ql)+ —lsze+33/2 fye+3 fxe cos(qgl)|sin(g2)+ —lsze+33/2 fye+3 fxe sin(ql)+(-61fze-5 ﬁfye—Sfxe)cos(ql)

P~

P~

P~
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V:0$
for i:1 while i <=4 do (V:V+((—-m[i]-g)-matrix([0],[0],[-1]).p[i]))$
vp: trigsimp(transpose(jacobian([V], Q)));
(e&4gm4+gm3) sin(q1l)+(-9gm4-4gm3)cos(qgl))sin(g2)+((-9gm4-4gm3)sin(ql)+(-4gm4-gm3) cos(ql)) cos(q2))sin(q3)+<((—9gm4—4gm.‘
(2(4gm4+gm3) sin(q1l)+(-9gm4-4gm3)cos(qgl))sin(g2)+((-9gm4-4gm3)sin(ql)+(-4gm4-gm3) cos(ql)) cos(q2))sin(q3)+<((—9gm4—4gm.‘
(2(4gm4+gm3) sin(q1l)+(-9gm4-4gm3)cos(qgl))sin(g2)+((-9gm4-4gm3)sin(ql)+(-4gm4-gm3) cos(ql)) cos(q2))sin(q3)+<((—9gm4—4gm.‘
\O




