
Statistics and Probability Theory

Exam Example

Please send your comments to: tijana.levajkovic@tuwien.ac.at



Exam - Before to start

• Please bring:
a. a personal document/ID with your photo (mandatory)

b. a pen with either blue or black ink (mandatory)

c. a non-programmable calculator and a two-sided handwritten A4 sheet may
be used during the exam (optional)

d. water, fruits, snacks, etc. (optional)

• In the exam, you will get the following documents:

1. Answer Form

2. Question Form

3. Statistical Tables

• Note that computers, smartphones, tablets, notes, books, etc., as well as discussions and
consultations are prohibited during the exam.



1. Answer Form
• Blank Answer Form.



• Please, fill in your personal information: Name, surname, signature, matriculation number (student ID number) and its coding.
A coding example is given below.



2. Question Form
• Blank Question Form.



• Please, fill in your Name and surname, ID number and signature.



3. Statistical Tables
• Tables of Standard normal probabilities, Chi square distribution and t-distribution.







Exam Example - Front page

This is a multiple-choice exam. It consists of 20 multiple-choice problems.
All the questions carry 5 points each. The maximum score is 100.

For each problem, four possible answers (a, b, c, d) are offered and exactly one
answer is correct. The answer that best completes the statement or answers the
question should be chosen by ticking in the Answers form. There are no negative
points for ticking a wrong answer. Ticking no answer or ticking more than one
answer leads to the question being marked as incorrect. A pen with either blue or
black ink has to be used.

The completion period is 90 minutes.

Good luck!



Examples
(1) A plumbing contractor obtains 60% of her boiler circulators from a company

whose defect rate is 0.005, and the rest from a company whose defect rate is 0.01.
What is the probability that a randomly chosen circulators is defective? If the
chosen circulator is defective, what is the probability that it came from the first
company?

a. 0.007 and 0.429
b. 0.007 and 0.571
c. 0.034 and 0.882
d. 0.034 and 0.118

Answer:
Let Ci = {boiler circulators are obtained from i th company}, i = 1, 2 and
D = {a circulator is defective}. The following are given

P(D|C1) = 0.005, P(D|C2) = 0.01, P(C1) = 0.6 and P(C2) = 0.4.

By the formula of the total probability, the probability of a defected circulator is

P(D) = P(D|C1) · P(C1) + P(D|C2) · P(C2) = 0.6 · 0.005 + 0.4 · 0.01 = 0.007.

From the Bayes rule we obtain

P(C1|D) =
P(C1 ∩D)

P(D)
=

P(D|C1) · P(C1)

P(D)
=

0.6 · 0.005
0.007

= 0.4285 ≈ 0.429.

Answer: a



Examples

(2) Can the function

p(x) =
{

ax2 + 2x − 1 x = 1, 2, 3
0 else (1)

be the probability mass function for some discrete random variable? Here a is a
real number.

a. Yes, only for a unique positive a.
b. No, because probabilities cannot be negative.
c. No, because probabilities cannot be greater than 1.
d. Yes, only for a unique negative a.

Answer:
The probabilities must be nonegative and to sum up to one.

x 1 2 3
p a + 1 4a + 3 9a + 5 14a + 9

Thus, from 1 =
∑3

x=1 P(X = x) = a + 1 + 4a + 3 + 9a + 5 = 14a + 9 we get that only
for a = −4/7 the probabilities sum up to one. In this case, p(1) = P(X = 1) = 3/7,
p(2) = P(X = 2) = 5/7 but p(3) = P(X = 3) = 9a + 5 = − 36

7 + 5 = − 1
7 < 0. Thus,

the function (1) cannot be the pdf of a discrete random variable.
Answer: b



Examples

(3) Pumpkins grown on a certain farm have normally distributed weights with a
standard deviation of 2 kilograms. What is the expected weight if 85% of the
pumpkins weigh less than 16 kg?

a. 14.30
b. 13.92
c. 14.88
d. 15.70

Answer:
Let X denotes the weight of a pampkin. Then X ∼ N(µ, 22). The goal is to find µ
knowing that P(X < 16) = 85%. Then, from

0.85 = P(X < 16) = P(
X − µ

2
<

16 − µ

2
) = P(Z <

16 − µ

2
) = Φ(

16 − µ

2
)

where Φ is the cdf of the standard normal distribution. From
16 − µ

2
= Φ−1(0.85)

we obtain
µ = 16 − 2 ·Φ−1(0.85) =

Tables
16 − 2 · 1.04 = 13.92.

Answer: b



Examples
(4) Let X1, . . . , X64 be a random sample from a distribution with the expectation 1.2

and variance 4. Let

X̄ =
1
64

64∑
i=1

Xi

be the sample mean. Determine the approximate value of P(X̄ 6 1.55) using the
Central limit theorem and express it in terms of a a suitable R-function.

a. pnorm(1.4)
b. pnorm(0.175)
c. pnorm(1.55, 1.2, 4)
d. pnorm(0.35, 0, 0.5)

Answer:
For the sample mean we have EX̄ = EXi = 1.2 andVarX̄ = σ2

n = 1
16 = 0.252. By

the CLT, for n large enough, the distribution of X̄ ≈ N(µ, σ
2

n ) = N(1.2, 0.252). Thus,

X̄ − EX̄√
VarX̄

=
X̄ − 1.2

1
4

= Z ≈ N(0, 1).

The unknown probability is approximately

P(X̄ 6 1.55) ≈ P(Z 6
1.55 − 1.2

0.25
) = P(Z 6 1.4) = Φ(1.4) = pnorm(1.4).

Answer: a



Examples
(5) Let X be a random variable with the probability density function

fX(x) =
{

1, 0 6 x 6 1
0, else .

Let Z = − ln X and let q be the first quartile of Z. Approximate q by using the
table of approximate values of the natural logarithm.

x 1 1.5 2 4 8
≈ ln(x) 0 0.4 0.7 1.4 2.1

a. q is smaller than 0.2
b. q is smaller than 0.45 but bigger than 0.2
c. q is bigger than 0.45
d. q is not unique

Answer:
For the unknown q it holds FZ(q) = 0.25, i.e. 1 − e−q = 0.25. Namely,

0.25 = FZ(q) = P(− ln X 6 q) = P(ln X > −q) = P(X > e−q) =

∫ 1

e−q
dx = 1 − e−q.

The lower quartile is q = − ln 3
4 = − ln 1.5

2 = ln 2 − ln 1.5 ≈ 0.3 ∈ (0.2, 0.45).
Answer: b



Examples

(6) Which one of the following holds true for two independent random variables X
and Y whose variances are finite?

a. Var(X + Y) > Var(X)
b. Var(X + Y) 6 Var(Y)
c. Var(2X − Y) = 2Var(X) −Var(Y)
d. Var(2X − Y) 6 4Var(X)

Answer:
In general, the variance of the sum of two random variables is

Var(X + Y) = Var(X) +Var(Y) + 2 · Cov(X, Y).

The random variables X and Y are independent, thus, their covariance equals
zero. Then,

Var(X + Y) = Var(X) +Var(Y) > Var(X),
sinceVar(Y) > 0. Also,

Var(2X − Y) = Var(2X) +Var(−Y) + 2Cov(2X,−Y)

= 22 ·Var(X) + (−1)2 ·Var(Y) + 2 · 2 · (−1) · Cov(X, Y)
= 4Var(X) +Var(Y) > 4Var(X).

Answer: a



Examples

(7) In the situation of a left-sided one-sample t-test we find x̄ = −8, s = 5 and n = 25.
For a given significance level we find the rejection region R = (−∞,−2.2]. Then,
for the null hypothesis H0 : µ = −5 it holds

a. we reject H0, and we would also reject for any larger significance level.
b. we reject H0, and we would also reject for any smaller significance level.
c. we do not reject H0, but we would reject if only the significance level was

chosen large enough.
d. we do not reject H0, but we would reject if only the significance level was

chosen small enough.

Answer:
We test H0 : µ = −5 against HA : µ < −5. We perform a t-test for the unknown
population mean. The value of the test statistic T = X̄−µ0

S/
√

n for the given sample is

t =
x̄ − µ0

s√
n

=
−8 − (−5)

5
5

= −3 ∈ R.

We reject the null with the level of significance α. Moreover we would reject H0

for any larger significance level as the rejection region R ⊆ R1 for α 6 α1.
Answer: a



Examples

(8) You perform a χ2-test for independence in R using chisq.test(). From the
output you can not read

a. the p-value
b. the χ2-statistic
c. the degrees of freedom
d. the 95%-confidence interval for the expectation.

Answer: d

For example, let us look to the following output of chisq.test(x,y)



Examples

(9) In general, how does doubling the sample size change the confidence interval
size?

a. Doubles the interval size
b. Halves the interval size
c. Multiplies the interval size by

√
2

d. Divides the interval size by
√

2

Answer:
The (1 − α) · 100% CI for the unknown population mean is given by

(x̄ − q1−α2
· SEM, x̄ + q1−α2

· SEM),

where qα is the αth quantile of the standard normal or of an appropriate
t-distribution and SEM = s√

n . The size of the CI is sizen = 2q1−α2
· s√

n .
For the doubled sample size 2n we obtain

size2n = 2q1−α2
· s√

2n
= 2q1−α2

· s√
n
· 1√

2
= sizen ·

1√
2

.

Answer: d



Examples

(10) What is the critical t-value for finding a 90% confidence interval estimate from a
sample of 15 observations?

a. 1.341
b. 1.761
c. 1.350
d. 1.753

Answer:
With df = 15 − 1 = 14 and 5% in each tail, from the table we read that the critical
t-value is 1.761.

Answer: b



Examples

(11) A study cross-classified 1500 randomly selected adults in three categories of
education level (not a high school graduate, high school graduate, and college
graduate) and five categories of major sports interest (baseball, basketball,
football, hockey, and tennis). If the p-value of an appropriate χ2- test for
independence is 0.083, what can be said, Is there evidence of a relationship
between education level and sports interest?

a. The data prove there is a relationship between education level and sports
interest.

b. There is sufficient evidence at the 5% significance level of a relationship
between education level and sports interest.

c. There is sufficient evidence at the 10% significance level, but not at the 5%
significance level, of a relationship between education level and sports
interest.

d. The p-value is greater than 0.10, so there is no evidence of a relationship
between education level and sports interest.

Answer:
We use a χ2- test for independence to test
H0: education level and sports interest are independent against
HA : education level and sports interest are not independent.



Examples

The p-value = PH0(X
2 > x2) = 0.083.

If p-value < α then we reject H0 and conclude that there is sufficient evidence at
level α of a relationship between education level and interests in sports.

Since
0.05 < 0.083 < 0.10,

we reject H0 for α = 10% and do not reject H0 for α = 5%.

Conclusion: there is sufficient evidence at the 10% significance level, but not at
the 5% significance level, of a relationship between education level and sports
interest.

Answer: c



Examples

(12) Which one of the following is a true statement?

a. The larger the sample, the larger the spread in the sampling distribution.
b. Sample parameters are used to make inferences about population statistics.
c. Provided that the population size is significantly greater than the sample

size, the spread of the sampling distribution does not depend on the
population size.

d. Statistics from smaller samples have less variability.

Answer:
The sampling distribution, i.e. the distribution of X̄, has expectation (mean) µ and
standard deviation σ√

n . This means that by increasing the sample size the
variance of X̄ is decreasing, i.e., the larger the sample, the smaller the spread in
the sampling distribution.

Sample statistics are used to make inferences about population parameters.
Statistics from smaller samples have more variability.

Answer: c



Examples

(13) Data on the number of yearly accidents were collected from four intersections
(A-D) over a 20 year period. Which of the following statements is false?

a. During at least 75% of years, intersection D had fewer accidents than the
lowest 25% of years at intersection A.

b. During at least 15 years, fewer than 12 accidents occurred at intersection D.
c. The maximum number accidents that occurred in a single intersection is 27.
d. All of the accidents totals at intersection D were lower than the median

number of accidents at intersection B.
Answer:
First quartile A is lower than third quartile D.
15 is 3/4, at the third quartile of D is below 12. Answer: a



Examples

(14) Suppose you do five independent right-sided tests for testing H0 : µ = 38, each at
the α = 0.01 significance level. What is the probability of committing a Type I
error and incorrectly rejecting a true null hypothesis in at least one of the five
tests?

a. 0.01
b. 0.049
c. 0.226
d. 0.951

Answer:
First note, Type I error = the level of significance = 0.01.
Denote by X the number of tests (out of five) in which a Type I error was
committed. Then, X ∼ B(5, 0.01). We are looking for the probability

P(at least one Type I error) = 1 − P(no Type I errors)

= 1 − P(X = 0) =

1 − (0.99)5 = 0.049.

Answer: b



Examples

(15) Suppose the correlation is negative. Given two points from the scatterplot, which
of the following is possible?

I The first point has a larger x-value and a smaller y-value than the second
point.

II The first point has a larger x-value and a larger y-value than the second point.
III The first point has a smaller x-value and a larger y-value than the second

point.

a. I only
b. II only
c. I and III
d. I, II, and III

Answer:

Negative correlation shows a tendency for higher values of one variable to be
associated with lower values of the other. However, given any two points,
anything is possible.

Answer: d



Examples
(16) Suppose the average score on a certain test is 500 with a standard deviation of 100.

If each score is increased by 25, what are the new mean and standard deviation?
a. 500, 100
b. 500, 125
c. 525, 100
d. 525, 125

Answer: It is given

x̄ =
1
n

∑
i

xi = 500 and σ2 =
1
n

∑
i

(xi − x̄)2 = 1002.

Then, the sample mean and variance of the modified sequence are

x̄mod =
1
n

∑
i

(xi + 25) =
1
n
(
∑

i

xi + 25n) =
1
n

∑
i

xi + 25 = x̄ + 25 = 525

σ2
mod =

1
n

∑
i

(xi + 25 − x̄mod)
2 =

1
n

∑
i

(xi + 25 − x̄ − 25)2 =
1
n

∑
i

(xi − x̄)2 = 1002.

Adding the same constant to every value increases the mean by that same
constant. The distances between the increased values and the increased mean
stay the same, and so the standard deviation is unchanged.

Answer: c



Examples

(17) In a linear regression model (’yi modeled as a linear function of xi plus error’) the
parameters are estimated via least squares. For the mean and the empirical
variance of the x and y values we obtain x̄ = 5, s2

x = 4, ȳ = 7 and s2
y = 9. It holds

that

a. the regression line goes through (5, 6).
b. the regression line goes through (7, 7).
c. the slope of the regression line is smaller or equals 1.5.
d. the slope of the regression line is larger than 1.5.

Answer:

The regression line is y = b0 + b1x, where the slope isgiven as

b1 =
rsy

sx
= r · 3

2

and as |r| 6 1, the slope is smaller or equals 1.5. Also, we know that the regression
line passes through the center of the masses (x̄, ȳ) = (5, 7), so (a) and (b) are not
correct. Answer: c



Examples

(18) The sampling distribution of the sample mean is close to the normal distribution
a. only if both the original population has a normal distribution and n is large.
b. if the standard deviation of the original population is known.
c. no matter what the value of n or what the distribution of the original

population.
d. if n is large, no matter what the distribution of the original population.

Answer:

From the CLT, it follwos that for n large the distribution of the sample mean is

X̄ ≈ N(µ,
σ2

n
)

no matter what is the distribution of the original population. In particular, if the
sample comes from a normal distribution then the sample mean is also normally
distributed.

Answer: d



Examples

(19) In the context of a statistical test at significance level α, the p-value is below α.
Which of the following is true?

a. The test statistic lies in the rejection region.
b. We would also reject at level α/2.
c. The value of the null hypothesis lies within the (1 − α)100% confidence

interval computed from these data.
d. The rejection region would be bigger if we would have used level α/2.

Answer:

As p-value < αwe reject H0 and the test statistic falls in the rejection region.
As we reject on the level of significance αwe would also reject for all significance
levels bigger than α as in this case the rejection regions increase.

Answer: a



Examples

(20) A 95% confidence interval for a population mean based on a sample of size 400
was (20, 28). Which of the following is true?

a. If we were to collect a new sample, then the interval created using it would
contain the true population mean with probability 95%.

b. Across many samples, 95% of sample means should lie within an interval
made by this method.

c. The sample mean has a 95% chance of being in (20, 28).
d. There is a 95% probability that the true value of the population mean is 24.



Examples

(20) A 95% confidence interval for a population mean based on a sample of size 400
was (20, 28). Which of the following is true?

a. If we were to collect a new sample, then the interval created using it would
contain the true population mean with probability 95%.

b. Across many samples, 95% of sample means should lie within an interval
made by this method.

c. The sample mean has a 95% chance of being in (20, 28).
d. There is a 95% probability that the true value of the population mean is 24.

Answer: a



Answer Form - Filled
• All questions answered. Anwer Form completed.



Thank you for your attention and

good luck in the exam!



Thank you for evaluating the course!

https://tiss.tuwien.ac.at/survey/surveyForm.xhtml?dswid=2098&dsrid=697&courseNumber=107254&semesterCode=2023W

