VE3 Discrebe Mylbls

24) 21) Let E be a set, 1 < k < |F| an integer, and let S denote the set of all subsets X C E with
cardinalitv at most k. Examine whether (E. S) is a matroid.

Pove : AeS A B<hA => BES closed under inclugion

by conshrockion :
aRe S amex( |8l ] AES) suAB s A = [Blck
D hos cardinals by of ol mosl k =3 ja svbsel S

Pove :  |Bl= (Al = Fve B\a: Qu Zv} €S
by Coastwch ion

886 S Algl ¢\ ~ |A)ck = [Avid]|ek
Qﬁ‘{\l} has cardicals \-3 of. ol Mosl k =5 fa svbsel S
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22) 22) Prove that an independence system (FE,S) is a matroid if and only if for every A C E, all
@(imal independent subsets of A have the same cardinality.

B 200

=borge
Del:

X]S a ("\O\)x;MoM i(\o‘ce.osd.w\‘ cel in O '.( X €S
and //Ses : Xeuyrneq@

=D (E,S) ) m‘co'«) => ?"P"f"& bhelds
Osgome Ac E
Assone B,C €a : BCeS a [BIslcl a D,C.. boses

conkcodicllon 5  JueB\C : Culvde s
= Cu iv)eQ

=2 Cﬂo‘m” 4
" 4

£ (G.S) is aol aoleoid =7‘P©paf¥3 does ot hold
J80es - Blslal o Fve@\a: Quiies

loke E'ce sbt DuAsE’
=2 Q is mox in E'
: connot add anylhing Lom
B ¢4 ossumphion and e oxe
no oy elements in E' goch Nl
the cadiw\i\-oo of @ increases

So A i> base and B is boge pu construchen of €!
bol  [Al< (B J popviy does ok Wl
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23) 23) Let E; and E5 be two disjoint sets. Moreover, assume that (Fy,S1) and (FEs9, S3) are matroids.
Define S:={X UY | X € 5; and Y € So}. Prove that (Ey U E5, S) is a matroid.
A

Prove : AesS A B<h => PBES closed vnder i0clugion

Since {83 € S, » xuidS| xesJ g5
-» S, S

2) 5, €3 wilh sume agumanl

=> Y Mes, Les, MuLsS
VCES, ,xe5 : CuX=A -> AeS
Be CuX = Jduce ,vex: D=WuY
Sicce S, ond &, closed vades iaclysion
and CES, K X €5, , aey sobsel
Wel €5, YeXes,.
So JWes,, Xes,: B=wWox
So pv coaskockion B e S

Roye : ABeS » IB[=]alsa = JveB\A : Avfuiss

C€5. X€ + A=CuX
Ues: 965 B=lyuY

B\A = W\C v 9\X
Clx]e19) = Fves
Busvy = Cu Xuivy
sineq 5, is makoid JveE S\X X iV3 €95,
= s C€S, 4 xulw}es,=cuXuivi)es

Lo1C]¢ v] = Jves,
Av ;_VS = Cvu Xv {V?}
Sner 3¢ is maboid Jvey\c: xuljes,
- so cufdes, 4 x es,=€CulvPuxeS
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ZC') 24) Let (E, S7) and (E, S9) be matroids. Show that (E,S; NSy) is in general not a matroid.

E= 1,1,

< 34,833, I3, 123 ,(3,2%, {1}
S= 14,83, 3Y, 13 2h i)
S, a S, = ) &, {4}‘ 223 £33, L1433 =3

=) NO malied |, Siace | $2831 =l{2}l+’|
Ave {43\ 3: {23 0 {3 €5
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25-26) Given a matroid (E,S) and A C E. We define r(A) := max{|C| | C C A and C € S}.
Now let B C E and define B := {a € E | 7(B) = r(BU{a})}.

7_5) 25) Express the above definitions in your own words. Prove the following statements:
a) For all M C E we have M C M.
(a) = [ we hav = 2 a.bﬁ

(b) For all M C E and all e, f € E the equations (M) = r(M U {a}) and (M) = r(M U {b})
together imply r(M) = r(M U {a,b})

CA) Vk, KéB"’ x€E 2 Vxécs / @ug>:5 :B
= IxeE: B=Buix) = Be §x€€| c(®=c(dvi)]

b) MGQ ,"_G.bCE
AM)s ((MuiR) 4 (M= r(MuiRy)
= M) = ((Mofap))

l%l = ,Q,'f" ) Jv.% ‘}\0 Ay {V3 &5
ASB =2> A5

('(M v &“(bB) =

assome (M) 2 [Cl holds
((M)= ((Mv i) > (Cu $3) £S5 v (Cufad) «¢
(M)~ ((MubY) = (CoBIVES v (cuir})=C

can (Cou ER)ES 4 (Cu ib3)#s !
Assume (Cu Ladov 163 )€S bt J

cooka dickon gisce (C pial) € (Cufauisl)
bul coplm dicts aswmphoq

case (CU £°‘3)/S A (CU {4’3)36
= (Cvidu I3) #£5

case (Cut83)£sS a (Cuid) ¢
= (Cvidu {&3);’5

case (CU&'?)):C 4 (Cu {“3)36
= (cvidu §33) =C
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Diffgent @ool : (M) = ¢ (Mvfa})=> aem
((Mm) = ¢ (MuL}) a> Lem

eeM A be M => /ﬁ_u{a,b} -M
= ((Mmviow3) = ¢(Mm)
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26) Prove the following statements:

(a) Any two subsets C' and D of E satisfy v(C) +r(D) > r(C U D)+ r(C N D).
(b) Let M C N C E and a € M. Then r(M) + r(N) > r(M) + r(N U{a}). Use this inequality

to show M C N.

25-26) Given a matroid (E,S) and A C E. We define r(A) := max{|C| | C C A and C € S}.
Now let B C E and define B :={a € E | r(B) = r(BU{a})}.

Assong

APTRW \
Wagas N\

sPeaw ok

B =18l+1 = Ive ™\A: Ay {.,3 (%)
ASB => 0O¢S

CaD = ¢
((CyD) =) { ves,velcud) : [v]=c(cuD)

= Juec,JvscD: WD =V
=2 \W4€S [Indeperndece s¢S P‘°f’”|'3

= Jwls ), 19]s (D)

WL = |v] ¢ )+ (D)
r€uD) ¢ ((Q)+ ((D)
=> C(B)+ c(CuD) ¢ ¢ (C)+ (D)

s ¢ (CaD) =0

& g hege | ﬂ speaw 1& \‘ Q GREEe | oL Iﬁ;m‘//
nalrdid e ‘s agneraled | B " ¢ol
Mmarfdig wvaieh 19 /“&}ﬁ:ﬁ”dﬁ«\;h, O;:; G\ seé+

F}),S()mc Cn?D # ,6 as in el ex 20)
¢ (CuD) => J Vel Ve(Cud: Ul = ((CuD)

= JweC, 95D  XeWwaAXcD : wvuX =V
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r(CaD) DIx €S Xx& D A Ixl = c(coD)
(((uD) =3 VvV:ixeva lvl=rclcoD

W‘m37 : enalord : 'JB,9= )Dl> 'A]ﬂa vé B\A : Ruivles
Bssume B is o base of CuD

Acsume X is & base of CnD

We con do ve B\x: Xxof}
valil 'Xl i ,B’ (all basey Waye Some za/Jin«\iB)
Se ¢¢ FWis consteoction twee pmugl be a bage
from CUD +Yotk contains CaD

Ix| = ¢ (CaD)=>J V& lv] = ((cvP) A x 2 V

[wir Kt (Y] = ¢ (coD)

Lw it I +[Y] +(x = (CoD) + 1 (CaD)
Iwltxl ¢ (<)

W] +x] & (D)

Wl +ex] + 1914 1x] & ((C)+ (D)

((CuD)r ((ca D) & (O# (D) ./
b) '

Resome
rocmolly : Yeeof (Whe ¢(Nviel)
o0 it hotds that (M) +c(N)= ¢ (M) & (Nvial)
wilh aeMm f ae N
=) Yoe M, ((N)= c(Nvia3)
-5 YaeM, aeF

E») FQE
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27) Use Dijkstra’s algorithm to determine d(1,7) in the following graph.
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28) Use Moore’s algorithm to compute all distances to vertex x in the graph following graph.
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28) Use Moore’s algorithm to compute all distances to vertex z in the graph following graph.
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29) Use the algorithm of Ford and Fulkerson to compute a maximal flow in the following network
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30) Assume that we have given the graph GG above and that its vertices have weights (=bounded
capacity), too. Is it still possible to apply the algorithm of Ford and Fulkerson to determine a
maximal flow?
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