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Exam 26.02.2021 (FMI 212)

Block 1

1.) Recall the HALTING problem which takes a program and a string as input, and consider
the following variant thereof:

HALTING-X
INSTANCE: Two program II,, Ils that take a string as input.

QUESTION: Does there exist at least one input string I such that both II; and Il; halt
on I.

(a) The following function f provides a polynomial-time many-one reduction from HALT-
ING to HALTING-X: for a program II and a string I let f(IL, I) = (II;, Ilz) with

II;(string S} = call II{5); return;
Ilo(string S) = if (§ # I) {while(true){}}; return;

Show that (II,7) is a ves-instance of HALTING <= (II,,II,) is a yes-instance of
HAITING-X.

(9 points)

Solution
(Proposed by student)

=> Suppose an arbitrary instance ([1, 1) is a yes-instance of HALTING. Then I halts on I. Since by
construction I, halts on Sif Mhaltson S, and M haltson Sif S=1;and N, haltson S if S = |, (I,
I,) is a yes-instance of HALTING-X because both I, and I, halt on I.

<= Suppose an arbitrary instance (I, ) is a yes-instance of HALTING-X. Then both I, and IN,
halt on I. Since I, halts on | and 1, only halts if 1 halts on I, (1, I) is a yes-instance of HALTING.



(b) Tick the correct statements (for ticking a correct statement a certain number of points
is given; ticking an incorrect statement results in a substraction of the same amount;
vou cannot go below () points):

o Since HALTING is decidable, our reduction from (a) shows that HALTING-X
is decidable.

o Since HALTING is undecidable, our reduction from (a) shows that HALTING-X
is undecidable.

o Since HALTING is semi-decidable, our reduction from (a) shows that HALTING-
X is semi-decidable.

o Since HALTING is not semi-decidable, our reduction from (a) shows that HALTING
X is not semi-decidable.

o A reduction from HALTING-X to HALTING would show that HALTING-X
is semi-decidable.

o A reduction from HALTING-X to HALTING would show that HALTING-X
is undecidable.

(6 points)

Solution
(Proposed by student)

1. [] False. HALTING is not decidable.

2. [X] True. A reduction from HALTING to HALTING-X shows that HALTING-X must be at
least as hard as HALTING. Since HALTING is undecidable, HALTING-X must also be
undecidable.

3. [ ] False. Areduction from HALTING to HALTING-X shows that HALTING-X must be at
least as hard as HALTING. While HALTING is semi-decidable, semi-decidability is easier
than undecidability, hence the reduction only proves undecidability.

4. [ ]False. HALTING is semi-decidable.

5. [X] True. Reducing from HALTING-X to HALTING would show that HALTING-X is not
harder than HALTING. Since HALTING is semi-decidable, HALTING-X cannot be harder
than semi-decidable and must therefore be semi-decidable as well.

6. [] False. Reducing from HALTING-X to HALTING would show that HALTING-X is not
harder than HALTING. HALTING-X could therefore be decidable as well.



Block 2

Block 3

Block 4
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Exam 29.01.2021 (FMI 211)

Block 1

Recall the NP-complete problem SAT and its specialization 3SAT which is also NP-complete:

35AT
INSTANCE: A propositional formula ¢ in 3-CNF, ie. of the form A (I V Lia V 1i3).

QUESTION: Does there exists a truth assignment 7" that makes ¢ true?

Now consider the following further restriction:

3SATX

INSTANCE: A propositional formula ¢ in 3-CNF, where each variable occurs positively
at most two times (i.e., at most two times a variable is not in the scope of negation).

QUESTION: Does there exists a truth assighment 7" that makes ¢ true?

The following function f provides a polynomial-time many-one reduction from 3SAT to
3SATX: for a formula ¢ = A, (L1 V lia V li3) over variables V' let

o) =( N ((ov-ov=i)A(veve) A
veV

n

/\ iy Vi VL)

=1

where If; = —w if l;; = —~v and [j; = -0 if l;; = v (i.e., we replace each literal v in ¢ by -0
forall ve V).

It can be shown that ¢ is a yes-instance of 3SAT <= f(y) is a yes-instance of 3SATX.
Provide a proof for the = direction.

TODO

=> Assume @ is a positive Instance of 3SAT.
We can split our reduction into two parts M = y1 A p2

p1: Each Variable in ¢ is mapped to another variable v’ with the following relation for all ve V: v = 7',
With y1 we guarantee that each of our variables must be either true or false and because of the
relation of our mapping v’ will always be negative but represent v.

p2: We substitute each of our non-negative variables in ¢, with 7v’ and the negative ones can stay the
same. So assuming that ¢ is a positive instance of 3SAT, it must also be a positive instance of 3SATX.

11



Tick the correct statements (for ticking a correct statement a certain number of points is given; ticking
an incorrect statement results in a subtraction of the same amount; you cannot go below 0 points):

Since 3SATX is a special case of 3SAT, 3SATX must be NP-hard.

Since 3SAT is NP-hard, our reduction from Exercise 1 (a) shows that 3SATX is in NP.
Since 3SAT is NP-hard, our reduction from Exercise 1 (a) shows that 3SATX is NP-hard.
Since 3SATX is a special case of SAT, 3SATX must be contained in NP.

Since 3SAT is in NP, our reduction from Exercise 1 (a) shows that 3SATX is NP-hard.
Since 3SATX is a special case of 3SAT, 3SATX must be contained in NP.

N®sSN\N¢e

Block 2

We consider the theory 74 of arrays from the lecture.
i. What is the signature of this theory?
ii. What kinds of axioms are available in this theory? Please name them.

ili. Consider a T4-formula ¢> and suppose that 1 is not valid. What is a counter-example
to T,-validity of ¢y and what properties has this counter-example to satisfy?

i.2, ={(Array Read, Array Write), (Equality)}
ii.

Read-Over-Write 1

Read-Over-Write 2

Array congruence

Reflexivity

Symmetry

Transitivity

iii. TODO

Group A:

Consider the theory T4 of arrays and the following formula

o (Yjalil =bl<av)j]) —ali =v .
If ¢ is Ty-valid, then provide a proof in the semantic argument method (similarly to
the proofs in the lecture and on the extra sheets). If ¢ is not T4-valid, then provide a
counter-example.
Besides the equality axioms reflexivity, symmetry and transitivity, you have the follow-
ing ones for arrays.

o Va,i,j (i =7 — ali] = alj]) (array congruence)
o Va,v,i,j (i=7j — a(i<v)[j] =v) (read-over-write 1)
e Va.v.i.7 (i — ali<gavi[i] = ali]) (read-over-write 2)



Solution:

Given: o : Vi.(alj] = bliav}|j]) »ali] =v

Proof by contradiction:
1. ITHEe [assumption]
2. T (Vy.(aly] = biav)[s]) [1., MP, —]
3. T ali] = v (1., MP, ]
4. T{j + i} | ali] = bliav)[3] 2., us V|
5. {7+ i} Ebiav)i|=v [4., Semantics of Read-over-Write 1]
6. T{j+ i} Falil =v [4., 5., Symmetry & Transitivity]
7. I{j+ i} E L [3., 6., contradiction]
Group B:

(b) Consider the theory Ty of arrays and the following formula

Solution:

p: ali] # v — (35 alj] # bliav)[j]) .

If  is Ty-valid, then provide a proof in the semantic argument method (similarly to
the proofs in the lecture and on the extra sheets). If ¢ is not 7T4-valid, then provide a
counter-exarmple.

Besides the equality axioms reflexivity, symmetry and transitivity, you have the follow-
ing ones for arrays.

o Va,i,j {1' =37 = ali] = (J.IJ]) (array congruence)
o Va,v,i,j (i =7 — ali<v)]j] =v) (read-over-write 1)
e Ya,v,i,j (i # 7 = aliav)[j] = ali]) (read-over-write 2)

Please be precise. In a proof indicate exactly why proof lines follow from some other(s)
and name the used rule. If you use derived rules you have to prove them. (11 points)

TE - by assumption
IkEalil#v by 1), by semantics of =, —
T ¥ Jj(alg] # b{i <av)[j]) by 1), by semantics of —, —
T EVY(al7] = bz < v)[j]) by 3), by semantics of -
Ik ali] =b( <2v)li] by 4), by ¥, for some k € U, Ty = To{i « j}
IEbiau)i]=wv by i = i, read-over-write 1
IkEafil=v by 5) and 6), transitivity
ITE L contradiction between 2) and 7)
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Block 3

a)

Let p be the following program:

z:=0;z:=0;y:=0;
while y < n do

ri=x+ 2

z:=z+b;

y=y+1
od

Give a loop invariant for the while loop in p and prove the validity of the partial
correctness triple {n > 1} p {z — z = 3 x n}.

Find invariant:
ylk+1] = y[k]+1 => y[k] = y[0]*+k =>y =k

z[k+1] = z[k]+5 => z[k] = z[0]+5k => z = 5k => z = By
X[x+1] = x[k]+2 => x[K] = x[0]+2k => x = 2k => x = 2y

Invariant: y <=n A x=2y A z =5y

Proof VC(p, B) A A=> wlp(p, B) as usual

b)
(b) Let p be the following program:
n:=10
while x > 0Ay > 0 do
if 7 = 0 then
y=y+1
T:=x—2;
else
z=x+1
yr=y—2
n:=1-mn
od
Provide a loop variant ¢ for the while loop in p strong enough to prove the validity of
the total correctness triple [z > 0Ay = 0] p [z < 0vy < 0]. You may assume the
invariant to be frue.
You are not required to write a proof here, just state a suitable variant.
(2 points)
t=x+y

14



c) (Approved by professor)

(c) Is the following theorem correct?

"For all assertions A, B and programs p, it holds that [A] p [B] is valid if and only if
(VC@E,B) A (A = wp(p,B))). ”

If it is, give an argument why., If not, what is wrong?

Be concise and write no more than 1-2 sentences. (2 points)

The direction

IF

*VC(p,B) holds
AND

*A=>wp(p,B) holds
THEN

[A] p [B] is valid

*kkkhkk

Is valid.

However,

IF

[A] p [B] valid

THEN

VC(p,B) holds AND A=>wp(p,B) holds

kkkkkk

Now this is not the case, for the following reason. In case "p" is a loop, your invariant I=wp(p,B).
However, this invariant might be too strong/weak and you may fail proving A=>wp(p,B) and/or
VC(p,B), even though [A] p [B].

So in general the THEOREM

*kkkhkk

[A] p [B] is valid IFF (VC(p,B) AND A =>wp(p,B) holds)

*kkkk

is not correct (only for loop-free p it is correct).
What holds for arbitrary p is only one direction, as explained above, that is:
*IF (VC(p,B) AND A =>wp(p,B) holds) then [A] p [B] is valid. ****

d)

15



(d) Let n,m be integer-valued constants and A an assertion. Is there a state o and a pro
gram p such that ¢ |= {true} p {false}? If so, provide such a state & and program p.
If, not, explain why there exists no such .

(2 points)

We define an arbitrary o since all states ¢ entail true and p = while true do skip od, then there is
no ¢’, such that (o, p) — ¢’. Thus the partial correctness triple is satisfied.

16



Block 4

A

a)

4.) (a) Provide a non-empty simulation relation H that witnesses M, < M3, where M, and
My are shown below. The initial state of M, is sp, the initial state of My is #;:

Kripke structure M;: Kripke structure Mo:

(4 points)

Cem P

If we strictly use the algorithm given in the slides we get the following:
Ho={(s0,t0), (s0,t2), (s0,t4),(s1,t3),(s1,t5),(s2,t1),(s3,t1),(s4,t0),(s4,12),(s4,t4)}
H,={(s0,t0),(s1,t5),(s2,t1),(s3,t1),(s4,t2),(s4,t4)}
H,={(s0,t0),(s1,t5),(s3,t1),(s4,12),(s4,t4)}

H=H,={(s0,t0),(s1,t5),(s3,t1),(s4,t2),(s4,t4)}

17



b)

Consider the following Kripke structure M:

For each of the following formulae o,

1. check the respective box if the formula is in CTL, LTL, and/or CTL*, and

ii. list the states s; on which the formula i holds; i.e. for which states s; do we have
M, s; = 7
Hint: If ¢ is a path formula, list the states s; such that M, s; = Ap.

G(a): CTL*, LTL, s1

E[(a) U (b)]: CTL*, CTL, s0,s2,s3,s4
F(a&b): CTL*, LTL, s0, s2, s3
AF(c): CTL*, CTL, s0,s2,s3,4,s1
X(b): CTL*, LTL, s2,s3

18



c)

Proof by student:

4.c)

¢ : Gla =+ Fb) = ((GFa) - (GFb))

Proof by contradiction: we assume that there exists some model, s. t. the formula ¢ is
falsified.

in the following proof, we use the MT. .. Modus Tollens, MP ... Modus Ponens

0.
.M, 7 (Gla= Fb) = ((GFa) = (Gfb))

% = > R = N o= =

e T

M,m ¢

M, 7wl —(G(a= Fb)) V ((GFa) = (Gfb))
M, 7 = (Gla = Fb)) A =((GFa) = (Gfb))
M, 7 = (Gla = Fb))

M, x| ((GFa) -> (GFb))

Vi = 0; M, 7" |- (a —+ Fb)

Vi,i =M, 7" Fa= (35,7 =i, M, 7 |=b)
Vi,i = 0; M, 7" [~ a

Y, j=i=0,M, 7l b

. M, 7 (-(GFa) v (GFB))
. M. S((GFa) A=(GED))

M, 7 |- ((GFa) A ~(GF'b))

. M,7 |- GFa

M, 7 | GFb

Wi =0, M7t b

Vi,i >0, M, 7" |- -b
Vi, j=i>0,M, 7 &b

Vi, i=i> 0, Ml =b
19.

M1

[Assumption]

[0, MT]

[ 1., semantics of —¥]
2., MP, v|

3. Al

[3..MT, A

|4., MP, semantics of G|
[6., semantics of F]

[7.. =1

[7., =1

(5., =]

[10., V]

[11., =]

112., Al

[12., Al

| 14., semantics of G and F|
[15., -]

9.4l

(17, -1

[17., 19., contradiction]

The initial assumption (().) must be therefore false and the path formula must be a valid
for all models, i.e. a tautology.

19



Alternative solution:

(i)
¢ = G(a = Fb) = (GFa) = (GFb))

First of all we summarize the following definitions and equivalencies which are needed for this proof:
G(a= Fb) & foralli >0, M,7' =a = Fb

GFa < for alli > 0, M, = Fa

Fa ¢ there exists a k > 0 such that M, 7* = a

GFa < for all i > 0 there exists a k > i such that M, 7% = a
GFb & for all i > 0 there exists a k' > i such that M, 7* b

To prove that ¢ is a tautology we assume that the following holds: G(a = Fb)

Since we have to prove (GFa) = (GFb) under the assumption that G(a = Fb) holds, we assume GFa
also holds and show that GFb follows from this assumption.

From G Fa it follows that there is a k for any i for which M, 7* |= a holds. From G(a = Fb) we know that
for all i, M,7' = a = Fb holds. Since it holds for any i it follows that M,7* |= a = Fb. We can follow
that there is a k' > k for all i for which the following holds: M, ¥’ = b. Due to transitivity of &’ > k and
k > i we can write k' > 1.

Now we have the following: For all 7 there exists a k’ > 4 such that M, 7%’ |= b which is the exact definition
of GFb < for all i > 0 there exists a k' > i such that M, 7+ = b.

We have shown that GFb is true under the assumption that (GFa) = (GFb) and GFa holds. We can
follow that ¢ is a tautology.

(ii)
¢ = ((GFa) = (GFb)) = G(a = Fb)

We have to provide a counterexample where (GFa) = (GFb) holds and G(a = Fb) does not hold.
(GFa) = (GFb) trivially holds if both GFa and GFb does not hold. Then we have to provide a
counterexample where G(a = Fb) does not hold.

s0 / {a}

20



B
a)

Provide a non-empty simulation relation H that witnesses M; < Ms, where M; and
Ms are shown below. The initial state of M; is sq, the initial state of Ms is fg:

Kripke structure M;: Kripke structure Ms:

Co e
<
2 G D
<> D
G P <»

H = {(s0,10),(s1,12),(s4,12),(s2,t3),(s3,t1),(s3,14)}

21



b)
(b) Consider the following Kripke structure M:

oy
e

For each of the following formulae ¢,

i. check the respective box if the formula is in CTL, LTL, and/or CTL*, and

ii. list the states s; on which the formula ¢ holds; i.e. for which states s; do we
have M, s; | 7
Hint: If ¢ is a path formula, list the states s; such that M, s; = Ag.

@ CTL LTL CTL* States s;

E[(z) U (z)] O O O

X(z) 0 O O

AF(y) 0 O 0

G(z) O O O

F(z A 2) O O O
(] CTL LTL CTL* States s;
E[(z) U (x)] X X s0, s1, s3, s4
X(x) X X s3,s4
AF(y) X X s0,s1,s2,s3,s4
G(2) X X s2
F(x O z) X X s1,s3,s4

22




LTL tautologies

Prove that the following formulas are tautologies, i.e., they hold for every Kripke struc-
ture M and every path 7 in M, or find a Kripke structure M and path « in M, for
which the formula does not hold and justify your answer.

i. ((GFz)= (GFy)) = G(z = Fy)

ii. G(zx = Fy) = ((GFz) = (GFy))

i) is falsifiable
ii) is a Tautology

23



Exam 09.12.2020 (FM 205)

Block 1

A

1.) An undirected graph (V, E) is called a mirror graph if the following conditions hold:

V can be partitioned into two sets of equal size V' = {v],..., v}, } and V"' = {of,...,vl};
for all i € {1,...,n} the edge [v,v)] is in E;

for alli,5 € {1,...,n}, [ﬁf,'u;.] c Eiff [U;’,U;’] c FE;

t

& no other edges are contained in E.

In words, a mirror graph has each vertex from V' connected to a clone from V" and the
graph over V' is mirrored in V.

Consider the following new problem 3COLMG and recall the NP-complete problem 3COL
defined below:

3-COLORABILITY-MIRROR GRAPH (3COLMG)
INSTANCE: A mirror-graph G = (V, E).

QUESTION: Does there exists a function g from vertices in V' to values in {0, 1,2} such
that p(vy) # p(ve) for any edge [vy,v;] € E.

3-COLORABILITY (3COL)
INSTANCE: An undirected graph G = (V, E).

QUESTION: Does there exists a function p from vertices in V to values in {0, 1, 2} such
that p(vy) # p(vs) for any edge [vy,v2] € E.

(a) The following function f provides a polynomial-time many-one reduction from 3COL
to 3COLMG: for a directed graph G = ({vy,...,v, }, E), let

F(G) =( {vl,of,..., v},
{[wi,v{] | i=1...n}U

{[’UE,’U;;], 1"?1 v;_-’] | [1"1'21”]'] S E})

Show that G is a yes-instance of 3COL <= f(G) is a yes-instance of 3COLMG.

(9 points)
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1.a) First of all we provide a prove for the = direction, which means G is a yes-instance of 3COL = f(G)
is a yes-instance of 3COLMG. For simplicity we define f{G) = G* = (V*, E*).

Suppose G = (V, E) is a positive instance of 3-COLORABILITY with V' = {vy, vy, ..., v, }, so there exists a
function: ¥ : {vy,v2,...,vn} —+ {0,1,2} where v(v;) # ¥(v;) for each [v;,v;] € E.

We construct a function " for the graph f (G) as follows:
P*(v;) = ¥(v)
¥*(v; ) = (¥(v;) + 1) mod 3 for any index i € {1,...,n}

As we can see, for each vertex u;, t* assigns the same color as v vor vertices v;. For each vertex *u;‘, h*
assigns a different color than v for vertices v;. If we just look at the second case for vertices of type U: the

function 9" is bijective for this case.
Now we have to show, that +* assigns a different color to adjacent vertices of f((G), which means the
following:

(a) ¥*(v;) # ¥*(v;) for each [v;,v;] € E*
(b) ¥*(v;) # ¥*(v;) for each [v,v)] € B

I

(c) v(v;) # v+ {t:;-f) for each [v], v;] € B

Case a It is easy to see, that ©/" assigns a different color to ‘u; and v:. 1" assigns the color 1(v;) to v;- and
color (v(v;) + 1) mod 3 to v, , which is different.

Case b Suppose 1*(v,) = w‘{v;} for any [*u;-,wv;] € E*. Then there would be any [vi,v;] € E where
(v} = (v;). We assumed that & is 3COL which leads us to a contradiction.

Case ¢ Suppose ¥*(v; ) = w"(v;) for any [v:,v;] € E*. Then there would be any [vi,v;] € E where
¥(v;) = ¥(v;). We assumed that & is 3COL which leads us to a contradiction.

Now we have to prove the < direction, which means f() is a yes-instance of 3COLMG = G is a yes-instance
of 3COL. We assume f(() is a yes-instance of 3COLMG which means that the graph f(G) is 3-colorable.
The graph G is a sub-graph of graph f(G), so G is also 3-colorable.

(b) Tick the correct statements (for ticking a correct statement a certain number of points
is given; ticking an incorrect statement results in a substraction of the same amount;
you cannot go below 0 points):

o Given that 3COL is in NP, our reduction shows that 3COLMG is also in NP.
o Given that 3COL is in NP, our reduction shows that 3COLMG is NP-hard.

o Given that 3COL is NP-hard, our reduction shows that 3COLMG is also NP-
hard.

Given that 3COL is NP-hard, our reduction shows that 3COLMG is in NP.
Since 3COLMG is a special case of 3COL, 3COLMG must be contained in NP.
Since 3COLMG is a special case of 3COL, 3COLMG must be NP-hard.

(6 points)

o]

o]

Q
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B

1.) An undirected graph (V, E) is called a distance2-graph if the there exists a vertex in V' such
that all vertices are reached via a path of length at most 2.
For example, the graph ({a1, b1, ¢1, a2, b2, €2, 7}, {[a1, az], [b1, ba], [c1, 2], [az, 7], [b2, 7], [c2, 7] })
is a distance2-graph (since each vertex is reached from x via a path of length at most 2),
while ({a, b, ¢, d}, {[a, b], [b, c|, [c,d]}) is not.

Consider the following new problem 3COLD2 and recall the NP-complete problem 3COL
defined below:

3-COLORABILITY-DISTANCE2-GRAPH (3COLD2)
INSTANCE: A distance2-graph G = (V, E).

QUESTION: Does there exists a function p from vertices in V' to values in {0, 1,2} such
that jpu(vy) # p(ve) for any edge [vy,v2] € E.

3-COLORABILITY (3COL)
INSTANCE: An undirected graph G = (V, E).

QUESTION: Does there exists a function u from vertices in V' to values in {0, 1,2} such
that p(vq) # p(ve) for any edge [vy,v2] € E.

(a) The following function j provides a polynomial-time many-one reduction from 3COL

to 3COLD2: for a directed graph G = ({vy,...,v,}, F), let
fG) = ( ‘{'U,I:r”’l,: s :?):1:”:-:} U {z},

{[v}, v/, [w! 2] | i=1...n}u

{[vi, vl | [vi,v5] € E})

Show that G is a yes-instance of 3COL <= f((G) is a yes-instance of 3COLD2.
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(b) Tick the correct statements (for ticking a correct statement a certain number of points
is given; ticking an incorrect statement results in a substraction of the same amount;
you cannot go below 0 points):

o Since 3COLD2 is a sub-problem of 3COL, 3COLMG must be NP-hard.

o Since 3COLD2 is a sub-problem of 3COL, 3COLD2 must be contained in NP.
Given that 3COL is NP-hard, our reduction shows that 3COLD2 is also NIP-hard.
Given that 3COL is NP-hard, our reduction shows that 3COLD2 is in NP.

o Given that 3COL is in NP, our reduction shows that 3COLD2 is also in NP.

o Given that 3COL is in NP, our reduction shows that 3COLD2 is NP-hard.

o]

o]

We do not get any information from 3COLD2 being a subproblem of 3COL, thus 1 and 2 are
false.

3 is correct since 3COLD2 needs to be at least as hard as 3COL, if we can reduce 3COL to
3COLD2.

4 is false because 3COLD2 could be harder than NP.

5 is false as we do not get an upper limitation on complexity of 3COLD2 by reducing 3COL
to 3COLD2.
6 is false because 3COLD2 could be in NP but not NP-hard.
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Block 2

c)

(b) Consider the function P, defined as follows.

Algorithm 1: The function P

Input: x, y, two non-negative integers

Output: The computed non-negative integer value for x, y
1 if # == 0 then
2 return y + 1;

3 else if y 0 then
4 | return P(z —1,1);
5

else return P(x — 1, P(z,y — 1));

Show, using well-founded induction, that
VzWy ((z € Ng Ay € No) — Plz,y) > 3)

(10 points)

(c) Suppose Pe is a correct implementation of P in the C programming language with x and
y of type unsigned integers of size 64 bit (i.e., of type uint64_t). Is

Pz, y") = Pe(z’, ¥")

true for all integers x=’, 7y satisfying (0 < x', y' < UINT64_MAX, where UINT64_MAX is the
largest value for a variable of type uint64_t7

If so, then prove this fact. Otherwise provide a counterexample with an exact explana-
tion of what is computed and what is happening. (2 points)

Counterexample: (approved by professor)
We define x’= 0 and y’ = UINT64_MAX.

Then by definition of P, P(x’,y’) = UINT64_MAX +1.
But for uint, the C standard says that integer overflow means "wrapping around". So
P_c(x,y’) =0, since in line 2, the computation “y +1” where y= UINT64_MAX would result in

such a wrap around and therefore 0 would be returned.
For signed integers, the overflow behaviour is undefined by the C standard.
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Block 3

A

3.) (a) Let p be the following program:

yi=n

while y > 0 do
ri=x—4xy+2;
y:=y—1

od

Give a loop invariant for the while loop in p and prove the validity of the partial
correctness triple {n > 0Az =2xn?+1} p {z =1}.
(9 points)
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3.a.

At first we have to give a loop invariant.

y[N +1] =y[N] -1
y[N]=y[N -1 -1

YNl =y[0] - T3 1
y[N] =y[0] - N

2N +1] = 2{N] — 4 y[N] +2
z[N + 1] =z[N] —4* (y[0] — N) + 2
2{N] = 2[N — 1] — 4 (4[0) — (N ~ 1)) + 2
Z[N] =[N — 1] — 4 y[0] + 4% (N — 1) +2
£{N) = af0] — 45 S g0l + 45 XN -1+ 25 DN
2[N] = 2[0] — 4y[0]N + 4« EZDN 4 oN
z[N] = z[0] — 4y[0]N + 2(N — 1)N + 2N
2[N] = 2n% + 1 — ANn + 2N? — 2N + 2N
z[N] =2n% +1 - 4Nn + 2N?
z[N]=2x%(n? —2Nn + N?) +1
z[N]=2%(n—N)2+1

As we have seen y[N| = y[0] — N, so it follows that N = y[0] — y[N] and therefore N = n —y.
Now we have the following:

z[N]=2%(n—(n—y))2+1
zN|=2x(n—n+y)?+1
z[N]=2y%2+1

Finally we take the invariant 7: @ = 2y> +1Ay > 0.

We set

Iiz=2%4+1Ay>0,

An>0Az=2n%2+1,

b:y>0,

B:zx=1,

g:whiley >0doz:=z—4y+2;y:=y—1 od and
rixi=r—4y+2;y:=y—1

To prove the hoare triple {n > 0Az = 2n2+1} p {x = 1} we have to show that VC(p, B) A (A — wip(p, B)).
It is sufficient to calculate VC'(q, B) because the verification condition of the assignment y := n always
evaluates to true.

VCl(g,B) = (I A—b) = BA
(IAD) = wip(r,I)A
VC(r,I).
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(IA-b)— B

=22 +1Ay20A-(y>0)=2z=1&
=2 +1Ay>0Ay<0 s z=1¢&
r=2+1Ay=0—=2z=1&
z=2+0+1—-z=1&
r=1—>z=1V

wip(r, I)

wip(lz =z —dy+ 2y :=y— 1L,z =22+ 1) =
wip(z ==z — 4y + 2, wlp(y =y — L,z =2¢y% + 1)) =
wlp(z =z —dy+ 2,z =2(y—1)2+1) =
x—dy+2=2y—-1)2+1=
z—4dy+2=2012-2y+1)+1=
$74y+2=2y274y+2+1=
r=2y2+1

(I AB) = wip(r,I)

(z=2y2+1Ay>20Ny>0)—oz=2y2+1
r=224+1-22=22+1v

VC(r,I)
VO(z =z —dy+ 2,y =y—lLo=2%2+1Ay=>0)=T
wip(p, B)
wip(p, B) =
wip(y :=n,wip(whiley >0doz:=z—4y+2;y :=y—10d,B)) =
wip(ly :=n,z =22 +1Ay>0)=
z=2n24+1An>0

A — wip(p, B)

n>0Az=2n2+1—-x=2n2+1An>0
r=2n>4+1—-z=2n2+1v
n>0—->n>0v

We have shown that VC(p, B) A (A — wip(p, B)) is valid. Tt follows that the given hoare triple {n > 0Ax =
2n? +1} p {x = 1} is also valid.

3.b.
{x=0 & y=0} p {x=y}

3.c.

We have to show that there exists no such o for which ¢ = [N > 0] abort [B] holds.
o = [4] p [B] is defined as follows:

o [4] p [B] &
[0 = A= (Vo'(p,o) = o' = " = B)|A
[e E A= (Jo'(p,o) = 0]

Hence {abort,o) is not defined, such a state o' cannot exists and it follows that ¢ = [N = 0] abort [B]
does not hold.
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(Lésung von Professorin)
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Block 4

4.a)

Provide a non-empty simulation relation H that witnesses M, < M., where M and M, are shown below. The initial state of M is s, the initial state of M is 7,:

Kripke structure M;: Kripke structure Ms:

H= {(s0,10), (s3,t5), (s4,t5), (s1,t2), (s1,t1), (s2,t3), (52,14)}
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4.b)

Consider the following Kripke structure M :

For each of the following formulae @
AX(y), EG(z2), F(y), G(x A z),E[(2) U (x)]
i. write below whether the formula is in CTL, LTL, and/or CTL*, and

ii. list the states s; on which the formula ¢ holds; i.e. for which states s; do we have M, s; E ¢ ?

AX(y) is CTL and CTL* true in states s2,s3,s4.

EG(z) is CTL and CTL* true in all states. (s@, sl1, s2, s3, s4)
F(y) is LTL and CTL* true in states s1,s2,s3,s4.

G(x & z) is LTL and CTL* false in all states.

E[(z) U (x)] CTL and CTL* is true in states s2,s3,s4.

4.c) LTL tautologies

Prove that the following formulas are tautologies, i.e., they hold for every Kripke structure M and every path 7 in M, or find a Kripke structure M and path 7 in M, for which the formula
does not hold and justify your answer.

i.(;aUb)U-c)& (maU (bU )
ii. (FGa) > G(a Vv XFa)

i) is not Tautology

O © ‘O

taUb)Uic || (laUub)Ulc ” ta U (b U lc))

ccepts NuSMVY CTL or LTL specifications.

(la b)) U!c is true in states s2.
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(taU (b U Ic)) laUb)Ulc ‘| (tau®UIc) |

Accepts MUSMV CTL or LTL specifications.

(lal (bU!c)) is true in states s1,s2.

S1 is different so this is a counterexample?
It was easier to construct by replacing x=~a, y=b, z=~c to only have positive attributes and
then the states are (y)-(x)-(z)

ii) is Tautology

Solution by student:

Suppose M,p|=FGa for arbitrary path p and structure M. Then M,p|=Ga or M,p|=XFGa by
semantics of F.

Case 1. Suppose M,p|=Ga. Then M,p|=G(a OR XFa) holds by semantics of OR.
Case 2. Suppose M,p|=XFGa.

Then there is a state s (other than the first one) and from s on always holds a.

Then there is a single state t (other than the first one) for which holds a. This means
M,p|=XFa.

As from s on a holds always, that state t can also always be found.

Consequently even M,p|=GXFa. Then by semantics of OR holds M,p|=G(a OR XFa)

Another solution by student:

Suppose M,p|=FGa for arbitrary path p and structure M. Then there is some state sx that
has a (M,sx|=a) and all states that follow it have a.

Let sy be an arbitrary state.

Case 1: sy (strictly) before sx. Then the next state or some state after that has a. So XFa.
Then a OR XFa by semantics of OR.

Case 2: sy=sx. Then M,sy|=a because M,sx|=a. Then a OR XFa.
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Case 3: sx before sy. Then sy follows sx. Then M,sy|=a. Then a OR XFa.
In every case a OR XFa. As sy was chosen arbitrarily, G(a OR XFa).

36



Exam 16.10.2020 ( FMI 204 )

Block 1

1.a.)

1.) Consider the following decision problem:

HALTING AFTER LINE-FLIP (HALF)

INSTANCE: A tuple (II, I'), where Il is a program that takes a string as input; I a
string.

QUESTION: Do there exist two consecutive lines of code in Il, such that when the two
lines are flipped (i.e., the order of the two lines is reversed) in II, the resulting program

(a) is syntactically correct and (b) halts on I?

(1) By providing a suitable many-one reduction from the HALTING problem, prove that

HALF is undecidable.

Let (,1) be an arbitrary instance of HALTING.

ManyToOne Reduction from HALTING to HALF:
String 1 (String S) {

String s = “s”;

String t = “t";

n();

return O;

}

String T(String S) {
String s =“s”,
String t = “t”;

n();

String x = “x”;
n();

return O;

}

(M,1) is a positive instance of HALTING ¢ (IT,]) is a positive instance of HALF
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Assuming ([1,1) is a positive instance of HALTING -> (IT,1) halts and there are 2 consecutive
lines that can be flipped and it is still syntactically correct. (flipping s & t)

Assuming (I1',1) is a positive instance of HALF -> (I1,1) is also a positive instance because b)
indicates that positive instances of HALF halt.

1.b.)

(2) Is HALF semi-decidable? Explain vour answer. (15 points)

1b Semi-decidable:
Solution by student.
Consider an interpreter i that does (in a manner that shares computation power) for every
pair of consecutive lines:
Swap them to get the resulting Program 1. Then
e [f [T is syntactically incorrect, MMi returns false.
e If [T is syntactically correct

o and returns, then li returns true.

o But runs forever, then IMi cannot say anything about . Here it is important
that the computation power is shared or rather that the simulation for all
possible T is scheduled to avoid simulating a single IT infinitely long and
never get to the other ones.

This behavior makes IMi a semi-decision procedure and HALF semi-decidable.

Other solution by student: (not from exam, questionable)

This is not a complete solution, only an example for the previous argument

Example instance (I1,”forever”) with I being the following program (for simplicity, ignore
argc... and say the first command line parameter argv[1] is the necessary input string. So
on the CLI we enter ‘./a.out “forever™)

Fargv[]) {

) { printf(

Swapping the two consecutive lines 7 and 8 gives a syntactically correct program that
terminates on the input “forever”. Therefore, (I1,"forever”) is a positive instance of HALF.

Block 2
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2.) (a) Let ¢ be the first-order formula

vavy [((r(z,y) A p(x)) = p(¥)) A (r(z,y) = (p(y) — p(2)))] -

i. Is o valid? If yes, present a proof. If no, give a counter-example and prove that it

falsifies .

ii. Replace r in ¢ by = (equality) resulting in ¢. Is ¢ E-valid? Argue formally!

2.b.) (see also EXTRASHEETS)

Show the following:

o™ is satisfiable iff FOF A flat® is satisfiable.

(5 points)

FOE and flaf are obtained from ¢ by Ackermann’s reduction. (Hint: FCE

iz the same for

¥ and "))

Solution to the exercise

We make precise here om which formula FCE and ﬁ-:uE depend. Both are
computed according to AR. First observe that

¥ is valid if  FOF(g¥) — fac® (™) is valid,

Taking the above hint into account, we get

o iz valid if  FC¥ (") — flot®(~p™) is valid
if  FOE () — flar® (- is valid.

Since ¥ and flat® (") have the same propositional structure (only some ar-
muments of literals change during the computation of ﬁmE [gﬂ"’r} from gf“f }; the
equality ﬂuIE(-tVr“-"j = —Lﬂnf [99‘5*'} holds. Consequently,

—~ptf is valid iff  FOF () — —flat® () is valid.

Then we have:

:,r:"f izgat iff
iff
iff
iff
iff

- is not valid

FCE (o) — —flaef (o) is not valid
—~(FCE (p) —+ —flar® () is not valid
=(FCE (o) — ~flatE (™)) is sat

FCE (o) A flad® () is sat

39

(*)

Explanation

¥ iz zat iff -0 is not valid

from (+} above

- =

iz sat i - is not valid

basic propositional manipulations



Block 3

3.a.)

3.) (a) Let p be the following program:

Note: Give an appropriate loop invariant for the while loop in p, to be further used in

proving the ]J.'il'Ti.'1| correctness of the above Hoare lri|:|v.

Find Invariant :
Y[n] =y[0] - 2n =>Y[n] =-2 - 2n
Z[In]=2z[0]+2n=>Z[n]=2n + 2

X[n]=x[0]-2*3y- 2*3z+1n

X[n]=x[0]-2*3(-2-2n) - 2*3(2n+2)+ 1n

Replacing 3 with i=0 until n-1 and (a0 +an)*n/2
X=1-2*(-2+(-2-2(n-1)))*n/2 - 2* (2+(2(n-1) +2))*n/2 + 1n
X=1-2%(-2+(-2-2n +2))*n/2 -2 * (2+ (2n -2 +2))*n/2 +1n
X=1-2*(-2-2n)*n/2 -2 *(2n +2) *n/2 +1n
X=1-2*(-n-n?)-2*(n*>+n) + 1n

X=1+2n+ 2n?-2n2-2n+1n

X=n+1 ->n=x-1

Replace nin z
Z=2*(x1)+2>
Z=2x

l:z=2x A x<=N
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Now show VC(p,B) A (A=>wlp(p,B)) ...

(other student - idk if this is correct)
l:z=2x Ay=-2x A x<=N

(I Ab)=>B

Z=2x Ay=-2x Ax<=N Ax>N=>z=2N
x<=NAx>N-— x=N

z=2N Ay=-2x Ax=N=>z=2N — true

(I' A b) =>wip(p, 1)

wip(p, 1):

z+2 = 2(x-2y-2z +1) A y-2 = -2*(x-2y-2z+1) A x-2y -2z +1 <= N
z=2x-4y-4z N y-2=-2x+4y +4z-2 A x-2y -4x + 1 <=N
z=2x Ay=-2x A x+1<=N

(I' A b) =>wip(p, I)

z=2x Ay=-2x Ax<=N Ax<N=>z=2x Ay=-2x A x+1 <=N
Xx<=N Ax<N-—> x<N

Z=2Xx Ay=-2x Ax<N=>z=2x Ay=-2x A xt1 <=N — true

VC(p, ) = correct
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(Die Professorin hat die Lésung gecheckt.)

42



J.a.
Let I :y=—2zxAz=2x Az <N be the loop invariant, A: N > 1, B:2=2% N and b: z < N. We show
that the hoare triple {N > 1} p {z = 2 % N} holds by proving the following formula:

VC(p,z=2+n)A(N >1— wip(p,z=2% N)

wip(p,z=2xN)

wlp(p,z=2% N) =
wlp(z := 1, wilp(y := —2, wlp(z := 2, wip(while z < Ndoz:=2 -2y —2z+ 1,y :=y — 2;z :=
z+2;0d,2=2%N))))
wlp(z == 1, wlp(y := —2,wlp(z := 2,1))) =
wlp(z = 1, wilp(y := -2, wlp(z :=2,y= -2z Az=2z Az < N))) =
wip(z = Lwlp(ly := -2, y=-2cA2=2c Az < N))=
wlp(z:=1,-2=-2cA2=2x Az <N)=-2=-2A2=2A1<N=
TATALLN

wlp(p,z=2xN)=1<N

We have to show that A — wip(p, B) which is N > 1 — 1 < N in our case.
We can omit verification conditions for the assignments z := 1, y := —2 and z := 2 because they all are
evaluating to true per definition. Now we have to show that the following holds:

VC(while ... od, B)

VC(whilez < Ndoz:=z—-2y—2z+L;y:=y—2;z:=2+2;0d,z=2xN) =
(I A =b— B)A
(IAb—owlplz =x—2y—22+Ly:=y—2;z:=2+2;,1)A
VC(z:=2—2y— 22+ Ly:=y—2;2:=2+2;,I)

In-b— B

In-b— B=
y=-2xNz=2c Az <NA-(z<N)—-z=2xN=
y=-2cxANz=2z0cAz=N—2=2xN=
y=—-2xNz=2%N — z=2%N which is true in our case.

wp(lzi=2—-2y—224+Ljyi=y—2z2:=24+2;,y=—-22Az=22Az<N)
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wp(lz:=z—2y—2z+Ljy:=y—2;2:=2+2;,y=-2xAz=2x Az < N)=
wlp(z:=x— 2y —2z+ Lwlp(y:=y—2,wlp(z :=2+2,y=-2zAz=2x Az < N))) =
wlp(z =z — 2y — 22+ Lwlply =y —2,y=-2zAz+2=2z Az < N))=
wp(lz:=z—2y—2z2+1,y—2=-2zAz+2=2xAxz<N)=
y—2=-2(r—2y—2z2+1)A2+2=2(x—2y—22+1)A(z—2y—22+1)< N=
y—2=—-2r+4y+4z-2Az+2=2z—4dy—4z+2A(z—2y—2z+1) < N=
y=—2oc+4dy+4dzAz=20—dy—4dzAz—-2y—2:2+1< N =
—Jy=—-2r+4zAbz=2r—4dyAz—2y—2z4+1<N

(IAb—owlp(z:=2-2y—22+Ly:=y—2;z:=2+2;,1)

(Inb—wlp(lz:=2—2y—2z+Ly=y—22:=2+2;,I) =
y=2zcAz=2z0Ac < NAz<N—+-3y=-20+42A0z=2r —4dyhzx —2y—224+1< N =
y=—2zAz=2cAz< NAz< N —=36z=-224+82A10z=22+8zxAzc+de—4dz+1< N=

y=-2zNAz=2Ac< NAz<N—=36z=06zA10c=10zAz+1< N =
y=—2zAz=2chz<NAz<N-sz=zAz=sAhzc<N=
y=-2zAz=2xAz < NAz<N—z<N which is true in our case.

VCO(z:=z—2y—2z+Ly:==y—2;z:=2+2;,1)

Verification conditions of program composition and assignments are always evaluating to true, so
VO(zi=z2 -2y — 224 Liyi=y—2;z:=2+2,,0) =T

We have shown that the following holds in our case: VC(p,z=2%n)A (N > 1 — wlp(p,z=2% N)
We can conclude that {N > 1} p {z = 2% N} is a valid partial correctness triple for program p.
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3.b.)

For the Hoare Triple to be totally correct: x=2

(because then the post condition [x=2] is fulfilled AND the program terminates)

For the Hoare Triple to be partially, but not totally correct: abort

(because abort is not allowed in totally correct triples >> it would lead to an undefined state

which does not ensure termination)

For the Hoare Triple to be not partially correct. x=0
(because this is a wrong state >> x=0 does not respect the post condition {x=1})

Block 4

4.a.)
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4.) (a) Provide a non-empty simulation relation H that witnesses M, < M, where M, and
M, are shown below. The initial state of M, is s,, the initial state of M, is #;:

Kripke structure M,;: Kripke structure Ms:

Caw) G -

(4 points)

4.a)) H = { (s0,10), (s1,12), (s2,t1), (s4,t1), (s3,t4) }
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(b) Consider the following Kripke structure M':

For each of the following formulae &,

i. check the respective box if the formula is in CTL, LTL, and for CTL*, and

ii. list the states s
have M, s,

>

1

on which the formula ¢ holds; i.e. for which states s, do we

7 CTL LTL CTL* States s,

G(a) O O O

ceUb O O O

AFi(a A b) O O O

EF(a A b) O

X(a) O

(5 points)
4.b.)
CTL LTL CTL* States

G(a) X X s0,s3,s4
cUb X X s1,s2,s3,s4
AF(ab) X X s1,s2,s3,s4
EF(a’b) X X s0,s1,s2,s3,s4
X(a) X X s0,s2,s3,s4
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4.c.)

(c) LTL tautologies

Prove that the following formulas are tautologies, i.e., they hold for every Kripke struc-
ture M and every path = in M, or find a Kripke structure M and path 7 in M, for
which the formula does not hold and justify your answer.

i. X(pUgq)= (Xp) U (Xq)
ii. FGFp & GFGp

(6 points)

4.c.i.) tautology - prove both directions

4c.ii.) no tautology - show a counterexample
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Exam 24.7.2020 (fmi203.pdf)

Block 1

1.) Consider the following decision problem:

HALTING ON SAME INPUT (HSI)
INSTANCE: A tuple (I1;, II3), where II4, Iy are programs that take a string as input.

QUESTION: Does there exist a string I such that both programs II; and Il, halt on I7

(1) Provide the following many-one reductions:

e from the HALTING problem to HSI
e from the HSI problem to EXISTS-HALTING (sce below)

EXISTS HALTING (EH)
INSTANCE: A program II that takes a string as input.
QUESTION: Does there exist a string I such that II halts on I7

Reduction from HALTING to HSI
Let (IT,I') be an arbitrary instance of HALTING.

String M1(String S) {
return IT°(I'); /[ TT and I’ are both hard-coded in M1 and S is ignored
}

We define M2 =M1

To be proved: (IT,I') is a yes-instance of HALTING < (I11, IM2) is a yes-instance of HSI
Proof:
“=>" assume (IT,I') is a yes-instance of HALTING:
Since [T halts on I’ we know that there exists at least one input I’ for which [T halts.
Because we defined that M2 = M1 we know that 1 and N2 both halt on any arbitrary
input S by construction. This means there are infinitely many S for which both halt.
Therefore (M1, M2) is a yes-instance of HSI.
“<=": assume (IT,I’) is a no-instance of HALTING:
Since I’ never halts on I’ we know that by construction of M1 and N2 that both never
halt on any input S as well.
Therefore (M1, M2) is a no-instance of HSI.
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Reduction from HSI to EXISTS-HALTING
(Let (I'T,I') be an arbitrary instance of HALTING.)

Boolean N(String S) {
M1(S);
N2(S);
return true;

}

To be proved: (1, M2) is a yes-instance of HSI < (M) is a yes-instance of
EXISTS-HALTING
Proof:
“=>" assume (N1, M2) is a yes-instance of HSI:
Since we know that there does indeed exist an input | such that both M1 and M2
halt on I, also N halts on | by construction of I'1 above.
Therefore there exists an input for which I1 halts.
Therefore (M) is a yes-instance of EXISTS-HALTING.
“<=": assume (1, NM2) is a no-instance of HSI:
Since there does not exist any input | such that both 1 and M2 halt on | we can
conclude by construction of 'l above that either 1 or M2 runs forever for any input
S. Therefore there does not exist any input | such that I halts.
Therefore (M) is a no-instance of EXISTS-HALTING.

(I am not entirely sure if my solution is either 100% correct or the shortest one possible)

(2) Given that HALTING is undecidable and EXISTS-HALTING is semi-decidable,
what can be concluded for HST given the two reductions from (1)7 (15 points)

Because of the reduction from HALTING to HSI we can conclude that HSI is undecidable.
Because of the reduction from HSI to EXISTS-HALTING we can even further conclude that
HSI must indeed be semi-decidable as well. EXISTS-HALTING being semi-decidable
means that there exists a semi-decision procedure for EXISTS-HALTING. Together with the
proposed reduction it implies that HSI is semi-decidable.

This implies that HSI is a semi-decidable problem.
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Alternative Solution

1.)

{1) We provide a many-to-one reduction from HALTING to HSI. Suppose we have an instance (I, I) of
HALTING. We construct an instance (I1,,II,) of HSI by setting IT; = II, = IL.

= Suppose we have an arbitrary positive instance (II, I) of HALTING. That means program II halts on input
I. In this case (II;,II,) is also a positive instance, because there exist a string [ such that both programs
II, and II, halt on I. In this special case they halt at least on input 1.

<« Suppose is an arbitrary negative instance of (II;,II;) of HSI. That means there exists no input I so that
II) and Iz halt on input I. Due to the fact that we set II; = Il = I, this means there exists no input I on
which II halts — It is a negative instance of HALTING either.

We provide a many-to-one reduction from HSI to EH. Suppose we have an instance (I1;,II:) of HSI. We
construct an instance (II) of EH by setting IT = II;.

= Suppose we have an arbitrary positive instance (II;, II;) of HSI. That means there exists a string I such
that both programs IT; and II; halt on I. We set II = II; so there exists a string I such that II halts on 1.
Due to the fact that in our assumption there exists a string I so that both programs II; and I, halt on 1,
also II; halts on this . We set II = II; so also II halts on this I.

< Suppose we have an arbitrary negative instance (II) of EH. That means there doesn’t exists a string T
such that program II halts on I. Due to the fact we set II; = II, = I it is also a negative instance of HSL

(2)

* We provided a one-to-many reduction from HALTING to HSIL. HALTING is undecidable so alse HSI
is undecidable.

* We provided a one-to-many reduction from HSI to EXISTS-HALTING, so each problem instance
of HSI could be solved by reducing this instance to an instance of EXISTS-HALTING. Given that
EXISTS-HALTING is semi-decidable also HST must be semi-decidable.

Block 2
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2.)

(a) Recall from the lecture that arrays are represented functionally in 7T4. For instance,

write(a.i,e) is denoted by a(i <¢e). Similarly, read(a, k) is denoted by a[k|. Consider
o (alidey(jaf)kl =gnj#kn(i=k—j=k) —alk] =g

If ¢ is T4-valid then provide a proof using the semantic argument method from the

¥ A

lecture. If ¢ is not T4-valid then provide a counter-example. Besides the equality
¥ A J

axioms reflexivity, symmetry and transitivity, you have the following ones for arrays.

i. Va,i,j (.' =j — ali] = alj]) (array congruence)
ii. Ya,v,i,j (i =7 — a(iav)[j] =v) (read-over-write 1)
iii. Va,v,4,j (i #j — ali<v)[j] = alj]) (read-over-write 2)

Please be precise. In a proof indicate exactly why proof lines follow from some other(s)
and name the used rule. If you use derived rules you have to prove them.

(12 points)

Prove by contradiction, that means LHS must hold and RHS must NOT hold.

11 ¥ phi

21+ a(i<e)(j<f) [k] =g & =k & (i=k = j=k)

3l¥alk]l=g

41 r a(i<e)(j<f) kK] =g | 2, semantic of conjunction

51rjl=Kk | 2, semantic of conjunction

61+ (i=k = j=k) | 2, semantic of conjunction

7T1ril=Kk | 5,6 We know thatj!=k from 5soil=k

8 1 r a(i<e) (j<f) [k] = a(i<e)[K]

5, 4, read over write 2 (Modus Ponens)
91 ¢ a(i<e) [k] = a[k]

10 | + a(i<e)(j<f) [k] = a[k]

MIralkl=g
12 L

| must hold for the entailment to hold and so
| also for LHS as a whole to hold (Modus
| Tollens)

| 7, 8 read over write 2

| 5,7,8,9 We know that i'=k and jl=k so it is

| trivial that any write access to i and j will not
| affect k therefore a(i<e)(j<f) [k] = a[k]

| 10,4 transitivity

| 11,3 contradiction

Like the solution from before, but more precise | think
| tried to make more precise what was discussed for the previous solution. Especially the
part marked red is interesting. Happy about feedback :)
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Va,vi|

((#' =)

AL T K ¢ Assemp bion

2. T Elaade)iar)k]= ¢ A J2 b Alrsh->g24) A=

3T Kealkd =g Y=

U T k= aliaed(saf)[kI<s 2.

S T e i#k 2)A

6. L= (=k—>i<k 2y

2 T i=k S}

9 T k=L =k 2 &~
ANO.T = (#4 Q(/dt“)[_\AJ:Q(_L] /{TOWZ
T E @ drae) b =alk] , QAOMP
M T k| §#4 1~ alcaedGar)lk] = G((de)[/fj HowR
13.T = a(cde){iat) U] =a liae)ll] §,M2, MP
A4. T E q{cae)(44f) [kI=q (k] A, A3, trans, P
f‘ T e L o LIS o (a4 AT AG, sy, P
€ Tl alkls =g b, A5, trans, MF
A2 T 1L Z/,/é, (/’O/Jfrq

Line AL

T ) Lk J=al{, )Enj
I3k - afiee)(iaf)lk]=a( ROW2 o finiheoy

e [{{alils e [LTI]

Note that Modus Ponens (MP) has been mentioned in the exercise sheet as well as the
PDF about the semantic argument method. So using it should be OK.

Note 2: Prof. Egly used ROW2 similarly (without referencing a line) in the sample solutions
for the exercise sheet. As far as | see it, referencing lines becomes necessary when
applying MP only:

1. Zla(i<e)[jl]=e—i=jVal[j]=e assumption
2. TEalide)[jl=e 1., —
3. ITW,i=jVa[jl=e 1., —
1. THi=j 3.,V
5. T laljl=e 3.,V
6.1 ZKi#j ROW2, —
62 Tli=j 6.1.. -
6.3 ZE L 4, 6.2., contradiction
7.1 T Ea(i<e)[j] = a[j] ROW2, —
72 T Ealj] =ali<e)[]] 7.1, symm., modus ponens
73 TEalj]l=e 7.2, 2., trans., modus ponens
74 TEL 5., 7.3, contradiction
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Some definitions

Definition

Given a theory T = (X, A).
1. A T-interpretation 7 is a ¥ -structure which satisfies 7T's
axioms, i.e.,

TEe for all p € A

2. A X-formula ¢ is valid in the theory T, or T-valid, if every
T -interpretation satisfies . Notation: T = ¢

3. A X-formula ¢ is satisfiable in the theory 7, or T -satisfiable,
if some T -interpretation satisfies .

Definition
A theory T = (X, A) is
1. complete, if for every closed Y-formula ¢, T |E p or T = —p;

2. consistent, if there is at least one T-interpretation;
3. decidable, if T |= ¢ is decidable for every ¥ -formula .

Formulas ¢1 and > are equivalent in T or T-equivalent if T =
©p1 > 2, ie., T |= o1 iff T = @2 holds for all T-interpretations Z.

Example of a complete theory: Presburger arithmetic

Example of an incomplete theory: Group theory

Block 3
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3.) Let p be the following IMP program:

while y < 5 do

z:=z4+4d*x+ 6
r:=x+2;
y:=y+1

od

where x,y, z are program variables. For each Hoare triple below, prove/disprove its total
correctness. If the Hoare triple is correct, prove its total correctness by providing a formal
proof. If the Hoare triple is not correct, provide a counterexample and justify your answer.

(3a) Hoare triple: [z =2Az=1Ay=1] p[z = 90].
(3b) Hoare triple: [z =2 A

(15 points)

3.a.)

y[n] = y[0]+n =>n =y-1

x[n] = x[0]+2n => n =(x-1)/2 = y-1 => x=2y-1

bc

z[n] = z[0] + 4*x[0] + 4* sum(x[j], j=1 to n-1) + 6n
z[n] =2 + 4*1 +4r + 6n

z[n] =6 + 4*((n-1) + 2 (n?-n)/2) +6n
z[n]=6+4n-4+4n*-4n+6n

Z[n]=4n*+6n + 2

Substitution n=y-1
z=4*y-12 +6%(y-1) + 2=4y>- 2y
y <=5 is also a part of the invariant

Invariant:

I 1&y<=5
Variant:
t=25y

wp(p,B) = |

/I p is the while loop in this case and the weakest precondition of it is .

/[This is different if there are assignments in the code before the loop, see fmi195 for
example.

Step 1)

A =>wp(p,B)

z=2 & x=1 & y=1 = z=4y>-2y & y <=5
z=2 & x=1& y=1=2=4-2&1<=5
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z=2 & x=1&y=1=2=28&1<=5 Valid!

Step 2)
VC(while do ... od, B)

1)

1&-b=B

z=4y?-2y & y<=5 & y>=5 = z=90
((y<=5 & y>=5) = y=9)

z=4y?-2y & y=5 = z=90

z=4*25 - 2*5 & y=5 = z=90
z=90 & y=5 = z=90

Valid!

2)

&b =>t>=0

z=4y?-2y & y<=5 & y<6 = 5-y >=0
(y<=5 & y<b= y<9)

z=4y?-2y & y<6 = 5-y >=0

Valid! Because y<5 and so 5-y >=0

wp(l & t < t0) = wp(z=4y>-2y & y<=5 & 5-y<t0)

= Z+4x+6 = 4*(y+1)? - 2%(y+1) & y+1<=5 & 5-(y+1)<t0
= z+4x+6 = 4y?+8y+4-2y-2 & y<=4 & 4-y<t0

= z+4x = 4y*+6y-4 & y<=4 & 4-y<t0

(remember x=2y-1)

=2z + 8y - 4 = 4y*+6y-4 & y<=4 & 4-y<t0

= z=4y?-2y & y<=4 & 4-y<t0

3)
| & b & t=t0 = wp(p,] & t<t0)

z=4y?-2y & y<=5 & y<5 & t0=5-y = 4y2-2yz= & y<=4 & 4-y<t0

z=4y?-2y & y<5 & t0=5-y = z=4y3-2y & y<5 & 4-y<5-y
Valid!

4)
VC(p,l & t<t0) = true

Valid! Because p is the loop body which only consists of assignments and

VC(assignment,B) is always true.

We proved total correctness.
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t3.b.)
The while loop is skipped, therefore it is totally correct because the precondition is also the
postcondition at the same time. | think it is trivial, still we can prove it via hoare calculus.

(not sure if correct)

[A] skip [A]
rule for skip
[A] skip [B]

[Alp [B]

Another approach, using operational semantics:

By definition of total correctness, the triple [z=2 & x=1 & y=5] p [z=2] is valid only if for all
states o with 0 |= z=2 & x=1 & y=5, there exists a state o' such that <p, 0> -->0"'and o' |=
z=2. Hence, let o be an arbitrary state that satisfies z=2 & x=1 & y=5, i.e. 0 |=z=2 & x=1 &
y=5. Since <"y < 5", 0> --> false, by operational semantics for while loops <p, 0> --> 0.
Thus there exists a state ¢' s.t. <p, 0> --> ¢', i.e. 0'=0. As 0 |= z=2 (by semantics of
assertions), the given triple is valid w.r.t. total correctness.
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Block 4

a)

4.) (a) Provide a non-empty simulation relation H that witnesses My < Ms, where M, and
My are shown below. The initial state of M, is sg, the initial state of Ms is iy

Kripke structure M: Kripke structure Mos:

(4 points)

H ={(s0, t0), (s4,t1), (s1,t5), (s2,t5), (s3,t2), (s3,t3)}
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b)

(b} Consider the following Kripke structure M:

For each of the following formulae o,
i. check the respective box if the formula is in CTL, LTL, and/or CTL*, and

ii. list the states s; on which the formula ¢ holds; ie. for which states s; do we

have M, 5; = 7

W CTL LTL CTL* States s;

Gie) O O O

((a) U (a)) O 0O O

Allane) U (e)] O O O

EG(a A c) O O O

E[(b) U ()] | | O

(5 points)
CTL LTL CTL* States

G(c) X X s3
aUa X X s4,s0
Al(a & c) U] X X s3,s2,s4
EG(a & ¢) X X -
E[b U c] X X s2,83,s4,s0,s1
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c)

(¢) LTL tautologies

Prove that the following formulas are tautologies, i.e., they hold for every Kripke struc-
ture M and every path 7 in M, or find a Kripke structure M and path 7 in M, for
which the formula does not hold and justify your answer.
i. GFGp < FGp
. pU (gAr)e (ppUgA(pU7)
. pU(¢gvr)e(ppUqVvpUr)
(6 points)

i) Tautology

By student:

FGp means there is some state so that all following states satisfy p (p stabilizes).

=> Use equivalence G¢=p A X(G¢) with $=FGp: GFGp=FGp A X(GFGp) and the conjunction
implies the single conjunct FGp.

<= Assume M,T=FGp for all paths 1. Suppose for a contradiction M,TT=~"GFGp. Then by
duality of F and G holds M,m=F=FGp. So by definition there is k>=0: M,TT*k="FGp. But as 1k
is some path in M, this contradicts the initial assumption. Hence, it holds M,TT=GFGp.

ii)
Counterexample:
RHS holds but LHS doesn’t hold

i) Tautology

By student, using the same equivalences as i):

pU(@Vr) = (gqVr)V(p AX(pU(qV1)))=aVrV pAX(pU(qVT))

(note that the previous temporal property is also useful for part b) is equivalent to
(PUQ)V (pUr) = qVpAX(pUq) V rVpAX(pUr)

=qVr V pAX(pUq) V pAX(pUr)

=qVr V pA(X(pUq) V X(pUr))

=gqVr V pAX(pUg V pUr)

=qVr V pAX(pU(qVr))
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Exam 9.6.2020 (fmi202.pdf)

Block 1

1.) Consider the following decision problem:

HALTING AFTER LINE-REMOVAL (HALR)

INSTANCE: A tuple (II, 1), where Il is a program that takes a string as input; I a
string.

QUESTION: Does there exist a line of code in II, such that when the line is removed
from II, the resulting program (a) is syntactically correct and (b) halts on 17

(1) By providing a suitable many-one reduction from the HALTING problem, prove that
HALR is undecidable.

(2) Is HALR semi-decidable? Explain your answer. (15 points)

Solved by student (feedback welcome)
a) We construct a " from an arbitrary instance (I1,1) by setting I'=1 and I1' like the following:

String ' (String s) {

while(true){};

return T(s); // M is hardcoded. We could also hardcode I here, but we
just defined I'=I above.

}

To prove the reduction is correct, we have to show: (I,]) is a positive instance of
HALTING <=> (IT',I') is a positive instance of HALR.

"=>" We assume ([1,1) is a positive instance of HALTING. By the construction of I'T" only the
line "while(true){}" can be removed so that " halts and is syntactically correct. Since we set
I'=1, M(I') terminates by assumption and therefore (1',I') is a positive instance of HALR.

"<="We assume ([T,I') is a positive instance of HALR. By the construction of ", this means
that the line "while(true){}" had been removed, or else ' would not halt (and be syntactically
correct). Since we know [T halts on I' and IN' contains I1(I'), we know that I(I') halts. And by

having set I=I', we know that I(l) halts i.e. (I1,l) is a positive instance of HALTING.
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Alternative "<=" We assume ([1,1) is a negative instance of HALTING i.e. 'l does not
terminate on |. We have to remove "while(true)" in ' to be syntactically correct (and halt).
But since ' contains (1) (via I'=1), which does not halt by assumption, I'T" can't halt either ->
(M',I') is a negative instance of HALR.

b) Yes, HALR is semi-decidable.

We can construct a semi-decision procedure using an interpreter I, (that returns true if the
program terminates after the given amount of steps, false otherwise):

Boolean test(l, I) {
steps = 1;
anyValid = false;
while(true) {
for line = 1 to line <= |M]| {
M' = removeLine(l1, line);
if (validSyntax(l")) {
anyValid = true;
if (Mg (N', I, steps)) {
return true;
}
}
¥
if (lanyvalid) {
return false;
}

steps++;

}

Here we use a kind of diagonalization argument so that we can test multiple lines to remove
and don't run into an endless loop if the resulting program IM' does not terminate.

To summarize:
e |[f there is a line in I so that its removal yields a syntactically correct ', which
eventually terminates, then "test" does find it and return true.
e |If there does not exist a line so that its removal yields a syntactically correct I, "test"
returns false.
e If there exists a line (or more) that yields a syntactically correct I'T" on its removal, but
none of the resulting ' terminate, then "test" runs forever.

This describes semi-decidability and therefore HALR is semi-decidable.
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Block 2

2.) We consider a slightly restricted and simplified form M of the Ackermann-Péter function,
which we discussed in the exercise part.

Algorithm 1: The function M

Input: z, ¥, two posilive integers
Output: The computed positive integer value for z, y
1 if 2 == 1 then
2 | return 2y;
3 else if y == 1 then
4 |_ return r;

5 else return Mz — 1, M(z,y — 1));

(a) Let N denote the natural numbers without 0. Use well-founded induction to show
WV Wy ((:1.' eMAyeN) » Mazy) > 2';;).

(11 points)

Solved by a student. please feedback!

We know that : (NxN,E) is a well-founded with least element (1,1). Let P(x,y):
M(x,y) terminates on inputs (x,y) € NxN and returns a positive integer value.

The proof is by well-founded induction on (NxN,C).

Base case: The least element is (1,1). Then P(1,1) is true because M(1,1)=2 (line2).
Induction Hypothesis: we pick an arbitrary non-minimal element (x,y) and assume that
P(x,y) is true for all (x’,y’) C (X,y).

Induction Step: We want to show that P(x,y) is true. Since x>=1 and y >=1, we have the
following cases:

Case 1: x = 1. Then M(1,y) = 2y (line2) and P(x,y) is true because P(x,y) terminates.
Case 2: x# 1 and y =1. Then x C (x,y). By Induction Hypothesis P(x) is true and M(x,1) = x
(line4). Thus P(x,1) is true.

Case 3: x# 1 and y# 1. Then (x,y-1) C (x,y) and for all z € N, (x-1,z) C (x,y). For all z € N,
P(x-1,z) is true by IH. Therefore, M(x-1, M(x,y-1)) terminates and computes a positive
integer value, thus P(x,y) is true.

We conclude that P(x,y) is true for all (x,y) € N x N.
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Alternative Solution

We know that (¥ x M,C) is a well-founded and lexicographically ordered set with least element (1,1), since
0 is not included in this exercise.

Let P(z,y) denote M(z,y) > 2y. The proof is by lexicographic well-founded induction on (N x N, C).

1 Base case

The least element is (1,1). P(1,1) is true because M(1,1) = 2. Since z == 1 the program returns 2y which
is 2 in our case.

2 Induction hypothesis

We pick an arbitrary non-least element (z,y) and assume that P(z’,y') is true for all (z',3') C (z,y).

3 Induction step

We show that P(z,y) is true. Distinguish the following three cases:

31 Casel: z=1
Since M(1,y) returns 2y in line 2 it trivially holds that M(1,y) = 2y. P(z,y) is true in this case.

3.2 Case2:z#1nry=1

M(z,1) returns = in line 4. Since z # 1 and = € N it holds that = > 2. It holds that M(z,1) > 2, so
P(z,y) > 2y in this case, because y = 1 and M(z,y) > 2.

33 Case3: z#1Ay#1

Since (N x M, C) is well-founded it holds that (z,y — 1) C (z,y) and for all z € M, (z — 1,¥) C (z,y). Then
P(z —1,y) is true due to the induction hypothesis, which means that M(z — 1,y) > 2y and so it holds that
M(z,y) = 2y. P(z,y) is also true in this case.

We can conclude that P(r,y) is true for all (z,y) € N x .

(b) Suppose Mg is an implementation of M in the C programming langnage with = and y of

type unsigned integers of size 32 bit (i.c., of type uint32_t). Is

M(xri yi} =M (‘T".‘} yr}

true for all integers o', 1/ satisfying 1 < 7',y < UINT32 MAX, where UINT32 MAX is the

largest value for a variable of type uint32_t?

If so, then prove this fact. Otherwise provide a counterexample with an exact explana-
tion of what is computed and what is happening. (4 points)

65



(solved by Student, feedback welcome)
Counterexample:

let M(x,y) be +

Xy € N

x=1

y = UINT32_MAX

M(x,y) = UINT32_MAX +1  (there can be no overflow)
Mc(x,y) = 1 (overflow)

M(x,y) 1= Mc(x,y)

(Another solution by Student, feedback welcome)
Counterexample:

let M(x,y) be +

Xy € N

x=1

y = (UINT32_MAX/2) +1

M(x,y) = UINT32_MAX+1 (overflow)

Mc(x,y) =0

M(x.y) != Mc(x,y)
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Block 3

3.) Let p be the following IMP program:

while y < 10 do

ri=x+z+1
zi=z4+2
yi=y+1

od

where z,y, z are program variables. For each Hoare triple below, prove/disprove its total
correctness. If the Hoare triple is correct, prove its total correctness by providing a formal
proof. If the Hoare triple is not correct, provide a counterexample.

(3a) Hoare triple: [zt =0Ay=0Az=0]p [z = 100].
(3b) Hoare triple: [z =0Ay =20Az=0] p [z = 100].

(15 points)

Solved by student:
a)

Using invariant generation ap-proach (Or just look at the values for each iteration..probably
easier in this example):

X[c+1] = x[c] + Z[c] + 1;
z[c+1] = z[c] + 2;
ylc+1] = y[c] + 1;

z[c] = z[0] + 2%c;

ylc] = y[0] + c;

x[c] = x[0] + z[0] + sum(Z[j], j=1 to c-1) + c;
X[c]=0+0+

Variant:

10-y

Using wp and VC we can prove that the tripel is valid.
b)

Not valid! The precondition is actually already the counterexample, since setting o(x)=0,

o(y)=20, o(z)=0 causes the loop body to never be executed and x remains 20.
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Second Solution (with full proof) - please correct me if i am wrong




@ x‘:71/\ \/410 ,\yélO x Y
¥=y'al y €10

{0;7 =P

@ & ('LI /{/\ {ZLéo)
q Cons.sls om‘)r of
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Block 4

4.) (a) Provide a non-empty simulation relation H that witnesses My < Ms>, where My and
M> are shown below. The initial state of My is sp. the initial state of Ms is ty:

Kripke structure M: Kripke structure Ms:

(5 points)

Solved by student:

H = {(s0, t0), (s4, t4), (s3, t3), (s1, t2), (s2, t0)} - Correct. Verified by exam correction. (5/5)

what about H={s8:40)s4 s34 sHt2s64683 ? —see comments
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(b) Consider the following Kripke structure M:

D
@

For each of the following formulae o,
i. check the respective box if the formula is in CTL, LTL, and /or CTL*, and

ii. list the states s; on which the formula ¢ holds; ie. for which states s; do we
have M, s; E @7

P CTL LTL CTL* States s;
X(a Ab) O O a
AX(b) O O 0
EG(a) O O 0
EX(anb) O O a
E[(lanbAe) U (e)] O O a

(5 points)

Solved by student (correct. verified by exam correction):

CTL LTL CTL* States
X(a A b) X X s1
AX(b) X X s1, 82, s3, s4
EG(a) X X -
EX(a A b) X X s0, s1, s2
E@AbACc)U(c)] | X X s0, s1, s3, s4
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(c) LTL tautologies

Prove that the following formulas are tautologies, i.e., they hold for every Kripke strue-
ture M and every path @ in M, or find a Kripke structure M and path 7« in M, for
which the formula does not hold and justify your answer.

L(pU(Xg)Ur<pU|((Xg) Ur)
ii. ((Fp)=4q)= (p= Fg)
(5 points)
i)

Counter example (correct. See exam correction - pencil):

f
(p U (Xq)) Ur=false
P U ((Xq) Ur) = true

ii)
Solved by student:

We look at an arbitrary structure M with state s and path 1 starting at s.
"=>" We assume M,1T = ((Fp) => q)

It follows:

M, = (=(Fp) V q)

M= (Gp V q)

This means either 1) for all i20 M, ' = =p or 2) M, = q.

Proof by contradiction: We assume the right side does not hold.
M, (p => Fq)
M, = ~(p => Fq)

M,T= (p A FQq)
M= (p A Gq)
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This means it must hold that 3) M, = p and 4) M, = G—q (i.e. for all j20 M, ¥ =q)
In case 1) holds, it contradicts with 3) and in case 2) holds, it contradicts with 4). Our

assumption is therefore wrong and the right side must hold. The implication is therefore

valid.
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Exam 27.1.2020 (fmi201.pdf)

Block 1

1.) Consider the following decision problem:

REMOVE VERTEX 3-COL (RV3COL)
INSTANCE: An undirected graph G = (V, E).

QUESTION: Docs there exists a vertex x € V such that the removal of = from
(7 yields a 3-colorable graph.

Formally, does there exist # € V such that the graph (V' \ {«}, F') with E' =
{(u,v) € E'| u# x and v # x} is 3-colorable.

Show NP-hardness of RV3COL by providing a polynomial-time many-one reduction
from the standard 3-COL problem. Prove the correctness of your reduction.

Recall that 3-COL is defined as follows:

3-COL
INSTANCE: An undirected graph G = (V, E).

QUESTION: Does there exist a function g from vertices in V' to values in {0, 1, 2}
such that p(vy) # p(ve) for any edge [vy,v2] € E.

Many-one reduction from 3COL (G = (V,E)) to RV3COL (G’ = (V’, E”)):

V' =V u{vy, vy, V3, V4}
E" = E u {(v1,v2),(V1,V3),(V1,V4),(V2,V3),(V2,Va),(V3,Va)}

=> By adding the subgraph with the four vertices, we force the RV3COL algorithm to always
remove one of the four added vertices. So if the remaining, original graph from the 3COL
problem is a positive instance of 3COL the reduction results in a positive RV3COL instance.
<= Also if the original graph is a negative instance of the 3COL problem, the reduction
results in a negative RV3COL instance. (proof by contraposition)

2. Option <= Let G’ = (V’, E") be a positive instance of RV3COL.

Then there exists a vx € V' which when removed makes G = (V'\ {vx}, E'\ {(v1, v2) € E'|
v1 = vx v v2 = vx}) by definition a positive instance of 3COL (comments requested)
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Alternative Solution

1.) Suppose G = (V, E) is an arbitrary instance of 3-COL. We construct an instance d{V', Ef) as follows:

V' =V U {vnew}
El’ =EU {[Uneu:n Urtew]}

= Suppose G = (V, E) is a positive instance of 3-COL. So there exists a function ¢ : V = {vy,va,...,v,}
with @(v;) # ¢(v;) for each [v;,v;] € E. In G’ we only added one additional vertex vy, with a self-loop

{ [uﬂEU}‘ 1""321{? -

“fe c}eﬁne w as follows:
¢ (v;) = p(v;)

We assumed G = (V| FE) is 3-colorable, so if we remove vertex vne. from G the resulting graph is also
3-colorable.

< Suppose G = (V','Er) is a positive instance of RV3COL. So there exists a Graph G. = (V,, E,) which is
3-colorable. Graph &, is defined as follows:

V.=V {z|lz e V')
E, = {(u,v) € Elu# z and v # x}

Due to the self loop we constructed in E' = E U {[Uy00, Unew]} it is ensured that the removed vertex z
must be the vertex vpew. Assume that the resulting instance G = (V| E) is not 3-colorable. Then there
exists @(u;, u;) for any [u;, u;] € E where plu;) = p(u;). Due to the construction of ¢ there must be a an
[u;,u;-] € E sothat ¢ (u)) = ¢ (uj) Since ' is remove vertex 3-colorable and G, is 3-colorable this would
lead to a contradiction. = G = (V, E) must also be 3-colorable.

Block 2

2.) In the exercise part, we considered the Ackermann-Péter function which is as follows.

Algorithm 1: The Ackermann-Péter function AP

Input: =, y. two non-negative integers
Output: The computed non-negative integer value for =, y
1 if r == 0 then
2 |_ return y + 1:
3 else if y == 0 then
4 L return AP(z — 1, 1);

5 else return AP(z — 1, AP(z,y — 1));

Show, using well-founded induction, that

VzVy ((z € Ng A y € Ng) — AP(z,y) > y)

Basecase:x=0andy=0
Induction hypothesis: Vx Yy (x € N Ay € N) - AP(x, y) >y
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Induction step: see slides ind-proofs, but use P(x,y) as “AP(x,y)>y for x and y from natural
numbers”.tr

| think base case x=0 for Vyy € N is sufficient. 0 andy are N and AP(0,y)=y+1>y
Then assume x,y are N and AP(x,y) >y, show x+1,y are N and AP(x+1,y) > y:

Since x,y are N, so is x+1;

Case 1:y = 0 then AP(x+1, 0) = 2 which > 0

Case 2: y > 0 then AP(x+1, y) = AP(x , AP(x+1, y-1)); Since the output of ap is non-neg
integer and assumption AP(x, y')> y’ Vy’ (here y’ = AP(x+1, y-1)), but that only gives us
AP(x+1,y)>y-1

You can prob. Argue that for y=0 you actually have AP > y+1 so that cancely the > y-1to >y

Other student: Please give feedback

The real argument for the last part could be:

y’ = AP(x+1, y-1) that means: y’ > y-1 that means: y’ >=y
AP(x+1, y) = AP(x, y’) > y’ according to the induction hyp

AP(x+1,y) >y’ and since y’ >=y we also know that AP(x+1,y) >y

Other Student: For the last step do the following

set z=AP(x,y-1) > y-1.

Then clearly z >=y (as z>y-1)

And thus AP(x-1,z)>z>=y.

Therefore AP(x,y)>y holds! (as AP(x,y)>=AP(x-1,z)>y)
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Block 3

3.} (a) Let p be the following IMP program:

while y = n do
z=x+d=y+2
wi=yp+l

od

Prove the total correctness of the following Hoare triple:

[m=10Ax=0Ay =10 p |z = 200]

(10 points)

Solved by student:

Invariants:
y<n

To get the invariant concerning x, we use the invariant calculation from the lecture. | used ¢
as the program counter, since n is already used by p:

x[c+1] = x[c] + 4*y[c] + 2
ylc+1] = y[c] + 1

ylc] =y[0] + ¢

y=c

To get a closed form of x, we need to consider that y is updated by the loop as well, so we
need to use a sum formula. We sum up to only c-1 since we use y before it’'s incremented.
x[c] = x[0] + 4*y[0] + 4*(sum from j=1 to c-1 of y[j]) + 2*c

x=0+0+4*c-1)*(c-1+1)/2 + 2*c

Simplifying and substituting y=c we get:

X = 2*yz

Variant:
10 -y

Proof total correctness using wp and VC as usual.
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Addition from another student:
Complete inductive loop invariant Ashould be A= x=2*y2 Ay<n An=10
And as variantbwe usedb=n-y

This way the last implication A A -b => x = 200 checks out.
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Another more detailed solution by another student (please provide feedback!)







(b) Consider the following proof rule:

{Alz:=0 {B} {BAz<m}pr=x4+1{B}
{A}xz:=a;;whilez <oy domzr=z+lod{BAx=a;+1}

where x is a variable, a), a3 are arithmetic expressions, p is a program, and
A, I are assertions.
Is this proof rule sound? If ves, give a formal proof. Otherwise, give a coun-
terexample.

(5 points)

Solved by student:

Not sound!
Counterexample:
a1=2;a2=0;

The loop is never executed and x stays at 2. This violates the Postcondition: 2 =0 + 1
We conclude that the rule is not sound.

Note how this rule is the same as the “for” Rule in fmi196, with a modified Postcondition,
making the rule not sound.
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Block 4

4.) (a) Provide a non-empty simulation relation i that witnesses M) < My, where
My and M5 are shown below. The initial state of My is s, the initisl state of
Ma 15 £

Kripke structure M;: Kripke structure M;:

{4 points)

H={(s0,10),(s2,t3),(s3,t1),(s4,t0),(51,t3) 452:3)}

The Simulation Relation

Given two models M = (5,55 R, AP, L) and M' = (5, 5, R, AP, L} aver the
same set of atomic propositions AP, we define:

Definition
HE § x5 Is a simulation relation between M and M iff for every (5 5') € H:

s zand &’ satisfy the same propositions

# For every successor t such that (s, t) € R, there is a corresponding
successor t such that (s 1) e R and (L) eH

Mote 1. We do not refer to the initial states in this definition.
Mate 2. For some models there might be more than one simulation.

Flaan uieger rarmcts pithazender et [T
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(b) Consider the following Kripke structure M:

<
Y e G e =L

For each of the following formulae ¢,

i. check the respective box if the formula is in CTL, LTL, and/or CTL*, and

ii. list the states s; on which the formula ¢ holds; i.e. for which states s; do
we have M, s; = ©?

Should be correct based on a corrected exam by a prof.

CTL LTL CTL* States
G(a) X X -
X(a*b’c) X X s3,s4
AF(b) X X s2,50,s4,51,s3
Al(a”c) U (c)] X X s2,s1
E[(b”c) U (b)] X X s2,51,s3
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(¢) LTL tautologies

Prove that the following formulas are tautologies, i.e., they hold for every Kripke
structure M and every path = in M, or find a Kripke structure M and path
in M, for which the formula does not hold and justify your answer.

i. Fp & ((XG—p) = p)
ii. (Xp) Uge X(pUg)
(6 points)

solved by student:
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Other solution for ii:
Please provide feedback!

Not a tautology. Counterexample:8

=0

LHS doesn’t hold on both nodes (only on the one with q)
RHS holds on both nodes
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Exam 10.12.2019 (fmi196.pdf)

B

lock 1

INDEPENDENT DOMINATING SET (IDS)
INSTANCE: A directed graph G = (V, E).
QUESTION: Does there exists a set S C V of vertices, such that

(1) for each (u,v) € E, {u,v} € S;

(2) for each v € V either v € S or there exists an (u,v) € E, such that u € S.

a)

(a) The following function f provides a polynomial-time many-one reduction from IDS to
SAT: for a directed graph G = (V, E), let

flG) = /\ (nTy V Ty) A /\ (zy V V Ty).

(u,v)eE veV (uv)eE

It holds that G is a yes-instance of IDS <= f((G) is a yes-instance of SAT.
Prove the <= direction of the claim.
(10 points)
(b) Given that SAT is NP-complete, what can be said about the complexity of IDS from
the above reduction? NP-hardness of IDS, NP-membership of IDS, neither of them,
or both (NP-completeness of IDS)
(5 points)

Proof:
"<" Assume that f(G) is a yes-instance of SAT:

Consider the propositional atoms x,, and &, which represent the vertices of an edge. x is true iff
is is in 5. To proof a CNF-formula true we have to proof all conjuncted subformulas true.

Now consider since f\{u vjEE(_'zu WV i, ) holds and tells us that only one of the vertices u, v is
allowed to be in 5 at the same time, this implies ¥(u,v) € E, {u,v} € S.

For the second part we know that A\ oy (v V' V (y y)cp Tu) only evaluates to true if either v € S

or any w € .S which is connected by an edge to v. This implies
YveV:iveSviluwv)eE:ues

Therefore we are done.
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We did not show NP-hardness of IDS. This would require a reduction from SAT to
IDS and not the other way around. However, what we proved is NP-membership.
Informally we could say that with reducing IDS to SAT we showed that SAT is at
least as hard as IDS. Since we know that SAT is NP-complete we know that IDS is
at most as hard as any NP-complete problem. Therefore one knows that IDS is in
NP (=“NP-membership”) since NP-completeness requires a problem to be NP-hard
and in NP.

(need confirmation of my proof of Block 1)
Proof was discussed during the Q&A Session WS 2020/21:

(«<=): Suppose f(G) is a yes-instance of SAT. Hence, there exists a
truth-assignment T to the variables in f(G) making this formula true.
We construct a set S = {v € V| T(x,) = true} and show that S
satisfies (1) and (2).

(1): Towards a contradiction suppose (1) is violated by S, i.e. there
exists (u,v) € E such that u,v € S. By construction

T(xy) = T(x,) = true. But then the conjunct (—x, V —x,) in the first
part of the formula f(G) evalutes to false under T and thus T cannot
make f(G) true. Contradiction. Hence, S satisfies (1).

(2): Towards a contradiction suppose (2) is violated by S, i.e. there
exists a vertex v € V such that v ¢ S and for all (v,v) € E, u¢ S. By
construction, we have T(x,) = false and, for all u with (u,v) € E,
T(x,) = false. Since f(G) has as a conjunct x, V' \/(, ,)cg Xu. this
subformula then evaluates to false under T and so does 7(G).
Contradiction. Hence, S satisfies (2).

Our reduction shows NP-membership of IDS.
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T

From the slides:

(«<=): Suppose f(G) is a yes-instance of SAT. Hence, there exists a
truth-assignment T to the variables in f(G) making this formula true.
We construct a set S = {v e V| T(x,) = true} and show that 5
satisfies (1) and (2).

(1): Towards a contradiction suppose (1) is violated by S, i.e. there
exists (u, v) € E such that u, v £ 5. By construction

T(x,) = T(x,) = true. But then the conjunct (—x, V —x,) in the first
part of the formula f(G) evalutes to false under T and thus T cannot
make f(G) true. Contradiction. Hence, S satisfies (1).

(2): Towards a contradiction suppose (2) is violated by S, i.e. there
exists a vertex v € V such that v ¢ 5 and for all (u,v) € E, u¢ 5. By
construction, we have T(x,) = false and, for all u with (u,v) € E,
T(x,) = false. Since f(G) has as a conjunct x, V \/(,, ,jc¢ Xy, this
subformula then evaluates to false under T and so does f(G).
Contradiction. Hence, S satisfies (2).

Our reduction shows NP-membership of 1DS.

Conclusion. If such a problem reduction from B to A exists, then
problem A must be at least as hard as problem B. == This problem
reduction proves the same hardness result for A as for B.

Hardness and Completeness

Remark

From now on, unless explicitly stated otherwise, we only consider
polynomial-time many-one reductions in this lecture and write P <g P’
to denote that problem P can be reduced to P’. Note that <y orders
problems with respect to their difficulty as it is reflexive and transitive.

Definition

Let C be a complexity class and let P be a problem.
P is called C-hard if any problem P’ & C is reducible to P.
P is called C-complete if P lies in C and P is C-hard, i.e.:

completeness = membership and hardness

Important Observation
If problem P is known as C-hard and P < P” then P” is also C-hard.
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Block 2

(a) Let ¢ be the first-order formula

vavy [(r(z,y) = (p(x) = p(¥))) A (r(z,y) = (p(y) = p(=)))] -

i. Is ¢ valid? If yes, present a proof. If no, give a counter-example and prove that it
falsifies .
ii. Replace r in ¢ by = (equality) resulting in 1. Is ¢ E-valid? Argue formally!
(5 points)

Part a)
i) No, it is not valid. Counterexample: U={0,1}, I(r) = U?, I(p) = {0}

Other suggestion for a counterexample:
U={0,1}, I(r(x,y)) = 1, I(p(x)) = 1, I(p(y)) = 0

ii) Yes it is. One can argue via interpretations (assume there is an interpretation that falsifies
the formula,...) using the calculus for T_E validity or show that such an interpretation cannot
exist using the semantic.

Part b)

(b) Show the following:
SPUF s satisfiable iff FCF A flatf is satisfiable.

FCF and ﬂatE are obtained from ¢®UF by Ackermann’s reduction.
(Hint: FCE is the same for oPUF and —pFUF ) (10 points)

Proof is given in hw1.pdf of the supplementary material.
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Block 3

3.) (a) Let p be the following program:

T =3

y:=1

while y > N do
ri=x—4xy+ 2
yi=y—1

od

Give a loop invariant for the while loop in p and prove the validity of the partial
correctness triple {N <0} p{z=2* N+ N —4% N + 3}.
(10 points)

Solution by student:
Invariants:

(ys1) ... not needed
y 2 N-1

To get the invariant concerning x, we use the invariant calculation from the lecture:

x[n+1] = x[n] - 4*y[n] + 2
y[n+1] =y[n] - 1

y[n] =y[0] - n
y=1-n
n=1-y

For the closed form of x we have to consider that y is also updated by the loop, so we have
to use a sum formula. Note that we use the sum up to n-1, as y is used before it’s updated
by the loop. We add an additional “-4*y[0]” to account for the initial value of y.

x[n] = x[0] - 4*y[0] - 4*(sum from j=1 to n-1 of y[j]) + 2*n
Corrected sum calculation (by same student):

x[n] = x[0] - 4*y[0] - 4*((n-1)*1 - (n-1)*(n-1+1)/2) + 2n
X=3-4-4*n-1) + 2*(n%n) + 2n

This simplifies to:

X=2"n*-4"n+3

Substituting n=1-y we get:

91



x =2%(1-y)* - 4*(1-y) + 3
x =2 +1

We can now prove the partial correctness as usual with wip and VC.

Other student, corrected closed form (Note: y[2..n-2] values will be negative, thus their sum
is negative, so the sum has to be added not subtracted , thus + 4} ):

n—2
x[n] = x[0] — 4y[0] + 4 Y y[i] + 2n
i=1

This equation correctly can be simplified to x = 2y2 +1

Full solution from another student. Feedback please =)
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(b) We add for loops with the following syntax to the IMP language.
for v := e; until e; do ¢ od,
where v is a variable, e; and es are arithmetic expressions and ¢ is a program. The
informal semantics of the for loop is as follows.
e v is initialized to ey;
e in every loop iteration, ¢ is executed and then v is incremented, i.e., v := v + 1;
e the loop terminates when v > es.

Stated differently, the above for loop is equivalent to
v:=e¢;while v <es doc;v:=v+1 od.
Prove the soundness of or provide a counterexample to the following proof rule.

{Plov=e {I} {IANv<e}cquvi=v+1{I}
{P} for v:=e; until ex do cod {I Av > e3}

(5 points)

Solved by student:

To prove a rule is sound, assume its premises are provable and show that the conclusion is
provable.

We assume:

1) {P} v:i=e1 {1}

2){I A v=e2}c; vi=v+1{l}

Applying the Rule of While on 2 we get:

3){I} whilev<e2doc;vi=v+1{l A v>e2}
Using Rule of Composition on 1 and 3:

{P} v:=e1; while v<e2doc;vi=vt1 {l A v>e2}

This is by definition equivalent to “for”, so we can derive:

{P} for vi=e1 untile2docod {Il A v>e2}... sowe conclude that the rule is sound.

Block 4
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4.} (a}) Provide a simulation relation & that witnesses My < My, where W) and Ma are shown
below. The initial state of Afy 18 2p, the initial state of My is

Kripke structure M, :

!f Il“!L
Cam ) Cot
| a__.____. W _.1:-_____.!
— ’z‘i_
' sl'_l'h]ﬂ.?x'l
e

Kripke astructure Afy:

l:IH: |I:Ej ““-:ﬁ: -Ihi)

o

a

Y

[ -IH-___-___I

{5 points)

The for every successor t such that (s, t) belongs to R, there is a corresponding successor t’

such that (s’, ') belongs to R’ and (t, t') belongs to H

Lets=s1and s =t5

Lett=s1. (s1, s1) belongs to R, there should be a successor t'=t2 such that (t5, t2) belongs

to R’ and (s1, t2) belongs to H.

H={(s0,10),(s2,t4),(s3,t1),(s4,t1), (1,t5), (s1, t2)}

Feedback?
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(b} Consider the following Kripke structure L

-
& | b, "':'-,..-_ o ——--_hH
S ----H"' g —.\_\_:"I
B iy
e 4: fa, b, cf)
—_Lewy

For each of the following formulase ¢,

i. check the respective box if the formula is in CTL, LTL, andfor OTLY, and

ii. list the states 2, on which the formula ¢ holds; e for which states & do we
have M, &, & @V

T CTL LTL CTL* States s

Fila) 0 O 0

Hibaoe) 0 O 0

AGH Aoe) 0 O 0

AN (a) 0 O O

E|(b) U [a] 0 O O

(5 points)
CTL LTL CTL* States

F(a) X X s3,s4,s2,s1
X(b*c) X X s0,s4,s2,s3
AG(b”c) X X s0,s3,s4
AX(a) X X s1,s2,s3
E[(b) U (a)] X X s2,83,s4, s1,s0
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(¢) LTL tautologies

Prove that the following formulas are tautologies, i.e., they hold for every Kripke struc-
ture M and every path 7 in M, or find a Kripke structure M and path 7 in M. for
which the formula does not hold and justify your answer.
i.
p=TU (LUp)
ii.
gNFGp=q U (Gp)

i.) tautology
p implies true U (false U p) this can be solved by following a few rules from the slides

true U (false U p) can be rewritten as F (false U p)
F (false U p), can be rewritten as F (p), as false will be always be false the validity only
follows p

Now we have p implies Fp, which can be_proven by contraposition
Assume M satisfies p, then the start state sO has to satisfy p (sO sat p) (0)

Now me M not satisfy tr fal r Fp), then for all paths pi from initial
state sO and pi is defined per pi = s0,s1,s2,s3,..,sn

For every k>=0, it holds that pi(k) not sat p. This contradicts 0, as pi(0) satisfies p, as itis a
state formula, s0O sat p

=> tautology

v

ii.) not a tautology, see counterexample
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Exam 18.10.2019 (fmi195.pdf)

Block 1

1.) Counsider the following decision problem:

REACHING LINE in LESS STEPS (RLLS)

INSTANCE: A tuple (II;,115, I, 1, n2), where II;, IIs are programs that take a string
as input, I a string, and ni,ne integers.

QUESTION: Does II; when applied to I reach line ny (of the source code of 111) in

strictly less computation steps than Ils when applied to I reaches line ngy (of the source
code of 1I3)?

Remark: If neither II; reaches line nq nor Il; reaches line ng, we have a negative instance of

RLLS.

(1) By providing a suitable many-one reduction from the HALTING problem, prove that
REACHING LINE in LESS STEPS is undecidable.

(2) Is REACHING LINE in LESS STEPS semi-decidable? Explain your answer.
(15 points)

Solution by student: (Please provide some feedback)
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Different approach by student

(PI, 1) is instance of Halting, (PI1, P12, n1, n2, I') is an instance of RLLS.
let PI1=PIl and I’=l, n1 = number of last line of PI, PI2=never terminating while loop, n2 =
number of last line in P12, which is never reached because of the never terminating loop

(Pl, l) is a positive instance of Halting =>
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P12 never stops, n2 is never reached, as Pl terminates on |, PI1 terminates as well, ie
reaches n1 with less computational steps than PI2, n2 (which is never reached by
construction), therefore (PI1, P12, n1, n2, I') is a positive instance of RLLS

<= (PI1, PI2, n1, n2, I) is a positive instance of RLLS

by construction PI2 never stops (n2 is never reached). As the tuple is a positive instance of
RLLS, PI1 reaches n1 with less computational steps than PI2, n2. As n1 is set to be the last
line of P11 (return statement, when the program terminates), it is guaranteed that P11
terminates, as PI1 = Pl and I=I’, Pl terminates as well, which means Pl is a positive instance
of halting

Block 2 (missing)

2.) (a) Consider ¢: afi] = e — afige) = a. If p is Ty -valid then provide a proofl using
the semantic argument method from the lecture. If ¢ is not T, -valid then provide a
counter-example. Besides the equality axioms, you have the following ones for arrays.

i. Va,i,j (i =j — ali] = alj]) (array congruence)
ii. Va,v,4,7 (i =j — a{i<v)[j] =) (read-over-write 1)
iii. Va,v,i,7 (i # 7 — ali<v)[j] = alj]) (read-over-write 2)
iv. Va,b ((Vi alj] = blj]) <> a=0b) (extensionality)

Please be precise. In a proof indicate exactly why proof lines follow from some other(s).
If you use derived rules you have to prove them. Recall that a counter-example has to
satisfy all axioms and falsifies .

(11 points)

(b) First define the concept of a theory and of a T-interpretation. Then use them to define:

i. the T-satisfiability of a formula;
ii. the T-validity of a formula.

Additionally define the completeness of a theory T. (4 points)

102



Block 3

',..ZGO‘:?..CQ'-,’-F w.?i};; ; é?’c? e b e et s e
) —
: ?vcwz paCR Zn:tf.d."..ﬂﬂt Yz %42 /v,%"...-‘.. e I
..... X[fr’ = XIHH:(}

\"r".] ‘& ‘_!:I_“' N XIJ;'J]"-.S‘-LJ = oJ ""Sé _p(gré‘] =2+ r,é

.Xe) =2 b i e e SORR CE eet k. b’ ...... .-U"dz
@AY Clh e =B A ] czg-g_{ _____

- ) —C?‘

103



VC e vp

| 2
’ gf -~ M { 7 4 _.c‘; __:‘-' wl O ,f’/;(_ P i_'_*'
L&-Ld;{{ J/&) G/] I/J) .)L,) A (/,ﬂ, 0) =0 ?Z_, Za / -/‘ﬁ{)}lg / Y G.»)

l‘){_f]‘?é) .Rffx

<4 = ""5“"!"2
xﬁ.i“’w *—)Af_"?}t-ﬂ «U— ) X d

..2.(.--1"‘.?(?1_._" ., o
]

A TAr Y oy

X’J*f{j—c)/l cHINCrR =74t WO

(2 ,,,,, SR R

@ Inbat =t 2 mplp, lat<to) "

x‘zﬁ{ﬁ )/n czonerenl>Ta 2 wp (x-ws aap(cw v /z? 2 z’«}f
X>= .1*7'& C—(Jretzan pTy

S —

)(*.; f_J[g 1Y, ,1‘. 172 A J.JC_ < Zo

e *-"(ff i
%45e -us(gfw) . -
cro 2&iy0 «

j c*‘?f :’£.+c: ;(1&9/
5) Yy m:zé/ T e
Ve ’j f; Jat<te) a. '/c( Yexss, w;:(wf’fw?))

B l___'Q_L_' i sAn: jr,wh__ -
kg ) o
| Velcrn ixwa, whid ..o ). ... {' %W >
'i A o G N7 N VC(’ }5)114‘? > wel2,2))
Wl ) nts ] \»m

[5‘) V"((w/-,(i X )’4,! C= C- fao/'l) Made with Scanner for Me
‘ r-ﬁ,/.w_,(*ii? (2) (5];\#"}/J)|

104



g -

o anol 4 (x)<a. Thbn,
A) = it U{ﬁ.L{L A S8 ks ié[_(‘(;{#ﬁi ervalod
Tl tux o paxety ame T gp o bod

bl . |
Thuppe s [a ‘Ld .. ool f”"‘{‘e/ e

o~

g
Q). bEM pl) Y. A (T 1 ped

Lrjzac,cw{ fﬂ(‘o‘wal'(_;"m %-_ BUA" C KP_I:; N?‘*".fﬁ ]2 _V*‘fé,-'/

f‘
P

2

105




Block 4

4.) (a) Provide a simulation relation H that witnesses M; < Ms, where M) and M2 are shown
below. The initial state of M is sp, the initial state of Ms is fq:

Kripke structure M;: Kripke structure Ma:

Comd o o

(5 points)

H={(s0,t0),(s1,t2),(s3,t2),(s2,t14),(s4,t3)}
Other solution:

H={(s0,t0),(s1,t 2),(s3,t2),(52,t4),(54,t3),(s2,t1),(s4,t5)}

4b) Consider the following Kripke structure M
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S T

‘or each of the following formulae ¢,

i. check the respective box if the formula is in CTL, LTL, and /or CTL*, and

ii. list the states s; on which the formula ¢ holds; i.e. for which states s; do we

have M, s; = ¢?

%) CTL LTL CTL* States s,
G(a) O O O
((ane) U (a)) O g O
AF(anc) O O O
AX(b) O O O
E[(c) U (b)] O O O

Formula CTL LTL CTL* States
number

1 X X -

2 X X s0, s2, s3, s4
3 X X s3, s4

4 X X s0, s1

5 X X s1
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4c) LTL tautologies
(¢) LTL tautologies
Prove that the following formulas are tautologies, i.e., they hold for every Kripke struc-
ture M and every path 7 in M, or find a Kripke structure M and path 7 in M, for
which the formula does not hold and justify your answer.
i.
F(FpAGq) = FpAFGg
i.
F(FpAGq) < FpAFGgqg

4c i) F(Fp and Gp) => Fp and FGq
i | think this is a tautology, but | cannot prove it nicely. =)

Student:

F(Fp and Gp) => Fp and FGq

Meaning of F(Fp and Gp) : There exists a i>= 0 such that M,Pi*i |= Fp and M,Pi*i |= Gp
Meaning of FP and FGq: There exists a k>=0 such that M,Pi*k |= p and there exists a j>=0
such that M,Pi*j |= Gq

Assume M,Pi |/=Fp and FGq
|’=FGq < |=not (Fp and FGq) < |=not Fp ornot FGq < |= G not p or G not (Gq)
& |=GnotporGFnotq

|= G not p contradicts with “There exists a i>= 0 such that M,Pi%i |= Fp and M,Pi"i |= Gq”
|= G F not g contradicts with “There exists a i>= 0 such that M,Pi*i |= Fp and M,Pi%i |=
Gq”

Therefore F(Fp and Gp) => Fp and FGq _is true

Another student:
Let M be an arbitrary Kripke structure with starting state s0. Let 1 be some path -> s0, s1, ...

Let’s try to prove this is a tautology by contradiction. Let's assume LHS is true and RHS is
false. Thus for LHS it is true that (1 i (i > 0) for wh=ich M, 1%i |= Fp (0) and M, i |= Gq (1).
Since we assumed RHS is false, it holds that ![] j (j >= 0) for which M, T4} |= p (2) and M,
™ |= Gq (3). (0) and (1), as well as (2) and (3) clearly contradict each other.

4c ii) F(Fp and Gq) <= Fp and FGq
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ii is not a tautology.

Counterexample: sO(p) -> s1(q)selflooped

RHS is true, since “p in future” holds, actually right now in s0, and “globally q in future” holds
in s1. But LHS is false, since “p in future” holds in s0, but “globally q” holds only in the next
statement.
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Exam 28.6.2019 (fmi194.pdf)

Block 1

1.) Consider the following decision problem:

EXACTLY-ONE-HALTS (EOH)

INSTANCE: A tuple (114, 2. 1), where 11y, [z are programs that take a string as input.,
and [ is a string.

QUESTION: Does either 11 halt on { or IIy halt on I (but not both halt on I)?

(a) By providing a suitable many-one reduction from the HALTING problem. prove that
EXACTLY-ONE-HALTS is undecidable.
(10 points)

Solved by Student:

Let (Pi, I') be an arbitrary instance of Halting and Pi1 = Pi && | = I’ && Pi2 hardcoded never
terminates (endless loop)

Positive instance of halting < Positive instance of EOH

“=>" assume (Pi, I') is a positive instance of halting, i.e. Pihaltson I'. As Pi1 =Pi & | = I’ we
know that Pi1 must halt on |. Due to construction of Pi2 we know it never halts -> pos
instance of EOH

“<="assume (Pi1, Pi2, ) is a positive instance of EOH. Due to our construction we know
that Pi2 never halts on I'. Therefore Pi1 must halt on I'. As we have Pi=Pi1and | = I’ we
have that Pi halts on I’ and therefore pos instance of HALTING

(h) Is EXACTLY-ONE-HALTS semi-decidable? Explain vour answer.
(5 points)

Not semi-decidable; We can not build an interpreter for this. Interpreter has to return true on
all positive instances and might not terminate on negative instances.

We have two programs and one is supposed not to halt. If we call Pi1 before Pi2 and Pi1
does not halt we would never reach any statement after the execution of Pi1.

Same with Pi2 first.. Therefore it would not return/terminate on a positive instance of EOH
— not semi-decidable;

Note: even in parallel execution one of the calls has to run forever to determine if a program
is not halting.
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Block 2

2.) (a) Consider TP{A: which is Peano arithmetic with the axioms

Vo —(r+1=0) (zero)
VeVy(r+1l=y+1—=r=y) (successor)
FO] A (¥r (Fle] = Flze +1])) = Vo Flx] (induction)
Vrjr+0=ux) (plus zero)
VeWVy (x+(y+1)=(r+y)+1) (plus successor)
Vi (- 0=0) (times zero)
VeVy (z-(y+1)=(r y)+x) (time successor)
together with the following additional axioms:
v (29 =1) (exp zero)
Vo Wy (x¥H =2V 1) (exp suee)
Va Wz (expy(x.0.2) = z) (exp, zero)
Vi Vy ¥z (eapg(a,y+ 1, 2) = expg(z,y, o - 2)) (exps succ)

Show by induction that @: VaVy (expg(r.y. 1) =x¥ - 1) is Tpt,l—vﬂlid. Use the semantic
argument method from the lecture to formally prove the formula in the base case and in
the step case. In order to slimplify the proof, you may use the formulas (L): Vo (1.0 = )
and (A): VaVyVz (x - (y-z) = (x-y) - z) as additional lemmas.

Please be precise and indicate exactly why proof lines follow from some other(s). More-
over, recall that equality handling is performed using equality axioms.

Hint: You Il‘.l‘.ltl to prove a stronger f:Ul'IIlll].El fl"UIIl \\"h.il:h e f()l].‘.)\.\"."i.
I g=] h
(12 points)

See Block 2 from 03.05.19
Suggestion: Stronger formula ¢’ with general z instead of 1. z=1 is just a specific case, so if
we can prove @’ for all z, then ¢ with z=1 follows. z is also a free variable.

(b) Apply the Ackermann reduction to the formula
;,;EHF‘. F(F(ry)) =Gas, Glay,a3,24), Flaa)) = plxy,y)

and obtain the validity-cquivalent formula @, (3 points)
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Solution 15.

First, we replace the predicate (as described in the lecture) and obtain:

¢ F(F(x1)) = Gz, G(x1, 23, 24), F(22)) = Hp(21,y) = T).

Label-ling function occurrences inside-out yields:
¢ Fy(Fi(z1)) = Gaag, Gi(a1, 23, 24), F3(22)) — Hp(x1,y) = ).
The propositional skeleton is:
flat? = fo =gy = h, =1,
FCOF is the conjunction of the following functional constraints:

r1=fi—= fi=fo
Ty =x2 = f1 = [f3
fisza— fa=f3
(re=x1ANg1 =13/ f3=124) = g1 = g2

Note that there are no constraints for hy, since it only occurs once in ¢’. Finally, oF is
FCE - flat?.

192

Same as in HW from SS2019 (Solution in VoWi):

First, we replace the predicate (as described in the lecture) and obtain:
¢"F(F(x1))=G(x2,G(x1,x3,x4),F(x2))—Hp(x1,y) =xp

Label-ling function occurrences inside-out yields:
¢":F2(F1(x1))=G2(x2,G1(x1,x3,x4),F3(x2))—Hp(x1,y)=xp.

The propositional skeleton is:

flatE: f2=g2—hp=xp

FCE is the conjunction of the following functional constraints:
x1=f1—-f1=f2

x1=x2—f1=f3

f1=x2—f2=f3

(x2=x1 Ag1=x3 Af3=x4)—g1=g2

Note that there are no constraints for hp since it only occurs once in @'. Finally, 9E is
FCE—flatE.

Solution by student. Needs to be approved
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Block 3

Note that all programs within this exercise are programs over the intesers, that iS._ every
=] .
TOEraim variable can I.'.lll].]r" take illl(.‘gﬂl‘ values.

(a) Show that the Hoare triple {a = 0Ab = 0} p {fa — b+ c—d = 0} is valid with respect
to partial correctness where p is the following program:

=0

d = a;

while b < d do
di=d—b
cr=c—+1;

od

(& points)
olved by Student

.. Invariant
b...loop condition

B

... postcondition

A...
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precondition

Invariant:
D[n] =d0 -nb
C[n]=c0 +n
C[n]=n

D[n] a-cb because D[n] = a-nb, d0 -nb = a-nb and C[n] = n

Invariant: d = a-cb

1

Step 1

A = 1|[d/a][c/0] (or equivalently A=> wip(c := 0, wip(d := a, wip(loop, B))))
(a>=0 & b>=0) = d = a-cb | plugin initial values
(@a>=0&b>=0)=a=a-0

Trivially true

Step 2
VC(while..)

&b =B &

| & b = wip(p,i) &
VC(p,l)

1&!b=B
d = a-cb & b>d = a-bc-d = 0 tautology (we can ignore b>d)

| & b = wip(p,l)
Lhs = (d-b) = a- (c+1)*b
= (d-b) = a-(bc+b)
= d-b = a-bc-b | +b both sides
= d=a-bc
Tautology

VC(p,l) true
All true -> valid

(b) Is the Hoare triple from Exercise 3a totally correct? If yes, provide a variant, otherwise
provide a counterexample. In both cases, justify your answer!

(2 points)
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Solved by Student
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(¢) Let p be a program and let A, B € Assn. Is the following Hoare rule sound/admissible?
If ves. provide a proof. Otherwise. provide a counterexample and argue why it is a
{A} skip: p {B}
{A} p {B}

Coll 11{‘1'{‘)[&[1[1})1{‘ .

(5 points)

Solved by Student - please confirm (I doubt my hoare calculus is correct, bc | am not sure
when | should use the consequence here...)
If premise can be derived from known rules it is sound/admissible;

{A} skip {C} {C} => {A}

cons
{A} skip {A} {A} = {C} {C}p{B}
skip cons

{A} skip {C} {C}p{B}

seq

{A} skip; p {B}

{A} p {B}

It is admissible because we have {C} => {A} and {A} => {C} which is {A} & {C} soifA
holds, C also holds. And {A} p {B} therefore becomes valid.

What about this?:

skip
{A} skip {A} {A} p {B}
seq

{A} skip; p {B}

{A} p {B}
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Another student attempt, in a similar way as in the solved exercise sheets (no idea if
correct, feedback welcome!):

Since Hoare Logic is sound, it suffices to show that it {A} skip;p {B} is provable, then so is
{A} p {B}. Hence, assume |- {A} skip;p {B}. By the Hoare rule for sequential composition,
there exists assertion C s.t. 1) |- {A} skip {C} and 2) |- {C} p {B}. By the Hoare rule for skip,
we know that 3) A => C must hold. We use the rule of consequence for 2) and 3) and arrive
at |- {A} p {B}.

Block 4

4.) (a) Provide a non-empty simulation relation H that witnesses My < M, where M and
Ms are shown below, The initial state of My 1s sp. the initial state of M2 1s tg:

Kripke structure M;: Kripke structure Ms:

<> Gron)
e G Cad
G Gap

(4 points)

H ={(s0,t0),(s2,t4),(s1,t1),(s3,t3),(s4,t3)}
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(b) Consider the following Kripke structure M:

For each of the following formulae o,

1. cheek the respective box if the formula is in CTL, LTL, and/or CTL*, and

ii. list the states s; on which the formula ¢ holds: ie

have M, s; | 7

for which states s; do we

i CTL LTL CTL* States s

F(a) O O O

((bre) U (e)) O O O

AXanh) O O O

EG(c) O O 0

E[(a nbAe) U (a)] O O O

(5 points)

phi CTL LTL CTL* States
F(a) X X s1,s3
((b&c) U (c)) X X s1,s2
AX(a&b) X X ———
EG(c) X X s2
E[(a&b&c) U (a)] | X X s1,s3
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(c) LTL tautologies

Provide a Kripke structure, which satisfies all of the following CTL* formulas:

-q
AGp=gq
EFp
EFG—p

(6 points)

Provide a Kripke structure, which satisfies all...

Solution:
p(selflooped) — q&!p — !q(selflooped)

Iq: for all paths starting at state s lead to Iq

AGp = qg= I(AGp)vq=EF!lpvaq:

For all paths, where every state has p is followed by q = there exist a state in the future
where Ip OR q

EFp: there exists a path, where at some state we have p

EFG IP: there exists a path, where at some state all following states !p

Other solution:

Other solution:
(sO: {p}) --> (s1: {}) --> selfloop s1

1q: true (s0, s1)

AGp => q: ( AGp false, implication always true ) (s0, s1)
EFp: true (s0)

EFGlp: true (s1)
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Status: Solved by student

Solved by student:

S =(s0, s1)

R ={(s0, s1), (s1, s1)}
L(sO)=p

L(s1)=q

* not q - satisfied by sO

* EFp - satisfied by sO

* EFG(not p) - satisfied by s1

*AGp => q = not(AGp) or q = not(not(EF) not(p)) or g = EGp or q - satisfied by s1

Solved by another student:

->(s0: ) -> (s1: p) -> (s2, q) -> selfloop s2

Solved by another student:
Every state is satisfying every given CTL* formula. Note: s1 could also be empty
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Exam 03.05.2019 (fmi193.pdf)

Block 1-

1.) An undirected graph is called a non-2-degree graph if no vertex in the graph has exactly two
edges to other vertices.
Examples: ({a,b,c,d},{[a,b],[b,c],[b,d]}) is non-2-degree, while ({a, b, ¢, d}, {[a, b], [b, ¢], [c,d]})
or ({a,b,c}, {[a,b], b, |, |a,c]}) are not.

Consider the following problem:

3-COLORABILITY-N2D
INSTANCE: A non-2-degree graph G = (V, E).

QUESTION: Does there exists a function p from vertices in V' to values in {0, 1,2} such
that p(v1) # p(ve) for any edge [vq,v2] € E.

Use the fact that the standard version of the 3-COLORABILITY problem is NP-complete
to prove that 3-COLORABILITY-N2D is NP-complete as well. Give a brief argument
for NP-membership and show NP-hardness by providing a many-one reduction from the
3-COLORABILITY problem. Prove the correctness of your reduction.

Recall that 3-COLORABILITY is defined as follows:

3-COLORABILITY
INSTANCE: An undirected graph G = (V, E).

QUESTION: Does there exists a function p from vertices in V' to values in {0, 1,2} such
that p(vi) # p(ve) for any edge [v1,v2] € E.

Solution: see slides below

(
Solved by student (pls check)

G = arbitrary pos instance of 3-colorability;

Construct G* as non-2-degree by using G as base:

For each vertex with degree 2 add edge + new vertex;

Assign color to the new vertex by using one of the 2 remaining colors;

As we added new vertices with different colors, we preserve the 3-colorability of the base;
(See 2-colorability to 3-colorability reduction)

)
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(
Solution by other student (pls check):

NP-membership: 3COL-N2D is in NP, since it is a special case of 3COL
which is in NP (i.e., each instance of 3COL-N2D is also an instance of
3COL, thus 3COL-N2D cannot be harder than 3COL).

NP-hardness: We provide a polynomial-time reduction from 3COL. Let

G = (V; E) be an arbitrary instance of 3COL. We construct an instance

G = (V’; E’) of 3COL-N2D by setting V'’ =

;v1;v2 | v EYV)and

E’ = E U {[v, v1], [v, v2]}. By definition, each such G’ is a

Non-2-degree graph thus the reduction yields the correct objects for the

problem 3COL-N2D. (Because every vertex has at least an edge and when we add two
more edges,it will become a N2D graph) We next show the correctness of the reduction.

The rest is the same as in 3 COL NT
)
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Formale Methoden der Informatik 1. Sample Solutions

Exercise 6

An undirected graph is called a non-2-degree graph if no vertex in the
graph has exactly two edges to other vertices.

Examples: Graph ({a, b, ¢, d},{[a, b], [b, c], [b, d]}) is non-2-degree,
while graphs ({a, b, ¢, d}.{[a, b], [b, c], [c, d]}) or

({a, b, ¢}, {[a, b], [b, c]. [a, c]}) are not.

Consider the following problem:

3-COLORABILITY-N2D (3COL-N2D)
INSTANCE: A non-terminal graph G = (V, E).

QUESTION: Does there exist a function p from vertices in V to values
in {0, 1,2} such that pu(v1) # p(v2) for any edge [vi, vo] € E.

Use the fact that the standard version of the 3-COLORABILITY
problem is NP-complete, to prove that 3COL-N2D is NP-complete as
well.

WS 2019
Formale Methoden der Informatik 1. Sample Solutions

Solution to Exercise 6
Recall that 3-COLORABILITY is defined as follows:

3-COLORABILITY (3COL)
INSTANCE: An undirected graph G = (V, E).

QUESTION: Does there exist a function 1 from vertices in V' to values
in {0,1,2} such that pu(vi) # p(v2) for any edge [vi, vo] € E.

To show NP-completeness of 3COL-N2D we need to prove
NP-membership and then NP-hardness for the problem.

NP-membership: 3COL-N2D is in NP, since it is a special case of 3COL
which is in NP (i.e., each instance of 3COL-N2D is also an instance of
3COL, thus 3COL-N2D cannot be harder than 3COL).
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Formale Methoden der Informatik 1. Sample Solutions

Solution to Exercise 6 (continued)

NP-hardness: We provide a polynomial-time reduction from 3COL. Let
G = (V, E) be an arbitrary instance of 3COL with U C V being the
vertices that have degree 2 in G. We construct an instance
G'=(VUU' E’) of 3-COLORABILITY-N2D with U’ = {v" | u € U}
and E' = EU{[u, U] | v € U}. By definition, each such G is a
non-2-degree graph, thus the reduction yields the correct objects for the
problem 3COL-N2D. We next show the correctness of the reduction.

Assume G is a positive instance of 3COL. Then there exists a function p
from vertices in V' to values in {0, 1,2} such that u(v1) # p(v2) for any
edge [v1, v2] € E. Consider now p* : VU U’ — {0, 1,2} defined as
follows: for each v € V, u*(v) = u(v) and for each u € U:

p(u') = (p(u) + i) mod 3.

We have to show that for any [x,y] € E/, u*(x) # u*(y). We have the
following cases: (1) x,y € V: then by construction and assumption that
G is 3-colorable, p1*(x) # p*(y); otherwise x € U and y = x’; by
definition of u*, we then have p*(x) # p*(y) as well. Hence, G is
3-colorable and thus a positive instance of 3COL-N2D.

Formale Methoden der Informatik 1. Sample Solutions

Solution to Exercise 6 (continued)

Assume G’ is a positive instance of 3COL-N2D. Then G’ is 3-colorable
and since G is a subgraph of G’ it is clear that also G is 3-colorable.
Thus G is a positive instance of 3COL.
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Block 2
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2.) (a)

Consider 7;’:4, which is Peano arithmetic with the axioms
Vo —(zx+1=0) (zero)
VeVy (x+1=y+1—xz=y) (successor)
FO]A (Vz (Flz] = Flz +1])) = Va F[z] (induction)
Vo (x +0=ux) (plus zero)
VeVy (z+ (y+1)=(z+y)+1) (plus successor)
Vz (z-0=0) (times zero)
VeVy (z-(y+1)=(r-y) +x) (time successor)

together with the following additional axioms:
Va (20 = 1) (exp zero)
Vo Vy (¥ = 2¥ - 2) (exp succ)
Vo Vz (exps(x,0,2) = 2) (exps zero)
Vo Yy Vz (exps(z,y +1,2) = expy(z,y,x - 2)) (exp4 succ)

Show that VaVyVz (ezps(z,y,2) = ¥ - z) is Th,-valid. Perform an induction proof and
use the semantic argument method from the lecture to formally prove the formula in the
base case and in the step case. In order to simplify the proof, you may use the formulas
(L):Vz (1-xz==z)and (A): VaVyVz (z - (y-z) = (z - y) - ) as additional lemmas.

Please be precise and indicate exactly why proof lines follow from some other(s). More-
over, recall that equality handling is performed using equality axioms.

(a) Check HW of Block 2 or extra sheet on stepwise induction over list; (discussed the
exam with him; pointed me to assignments/extra sheet for solution)

Solved by student (please confirm):

We have to perform stepwise induction over lists;

Further, we will perform the induction over y:

Base Case [FO0]

For the basecase we have (according to induction axiom) F[0] to prove validity, we will
assume an interpretation where F[0] does not hold;

So let x and z be arbitrary values (so we can omit the forall operator; but assume on both
sides x=x and z=z) and y = 0:

11% exp3(x,0,z)=x"z assumption

21 ¥ exp3(x,0,z)=1*z 1, exp zero

31~ exp3(x,0,z) =z 2. Apply (L)

41kz=2 3, exp3 zero

51 contradiction because z =z

Induction Hypothesis: Let's assume F[y] is true;
Induction Step: we have to prove that F[y+1] holds given the IH holds, we will work
towards a contradiction to prove that F[y+1] holds. We do this by assuming there is no
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interpretation where F[y+1] holds.
Again we assume arbitrary values for x and z but on both sides x=x and z=z

11 ¥ exp3(x, y+1,z) =x"*"1* z assumption

21~ exp3(x, y+1, z) = X' *xz 1, exp succ, (A)

3 |1 = exp3(x,y, xz) = XY *xz 2, exp3 succ

41 xXY*xz= x¥*xz 3, IH

5 1 contradiction equality axioms

(b) Show the soundness of the following variant of the resolution rule.

CvpVvVg DV—-p EV-—q
CVDVE

(b)) Cvpvq IpvD
transitivity of v

CvqvD Evlqg
transitivity of v

CvDvVE
Alternative: find assignment where only C v D v E remains...
Solved by student (no plan if this is a proof.)

(Cvpvg)A*(Dv!g)*(Ev!g)=(CvDVE)

=I[(Cvpvag)*(Dvig)*(Ev!g]v(CvDVE) ... implication def.

=(ICrlprlg)v(D*g)v(IE*q)V(CVDVE) ... de morgan
laws

=(ICvIDvIE)v(CvDVE) ... some crazy resolution stuff

= true

Other solution: simply use resolution.
C1=CVpVg;C2=DVp;C3=EVq
r1 =res(C1,C2,p)=CVDVq

r2 =res(r1,C3,q)=CVDVE

Proof by contradiction (semantic argument method) (solved by student):
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Block 3

3.) Note that all programs within this exercise are programs over the integers, that is, every
program variable can only take integer values.

(a) Show that the Hoare triple {x = 6 Ay = 9} p {y = 0} is valid with respect to partial
correctness where p is the following program:

while z > 0 do
Ti=x—2;
=y —3;
od

Solved by Student:

This is my actual solution of the exam + corrections; i got a copy of the old exam and just
adapted my solution according to the marking of the tutor; (basically it was correct, but i
missed to strengthen the invariant (-4p), which i did here). So i assume it is completely
correct now - if not please say so

Invariant: 2y = 3x & x >= 0;
How?
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X[n] = x0 -2n | resolve recurrence using index notation
Y[n] = y0 - 3n;

X =6 - 2n |rewrite without index + start values;
Y=9-3n

N = 3- x/2 | apply some simple math to get n (from x)

Y =9-3(3-x/2) |apply to y

Y =9-9+ 3(x/2) | do some math
Y = 3(x/2)

y/3 = x/2

= 2y = 3x

We get the x> = 0 intuitively by looking at the loop condition.

Step 1:
Check if Invariant can be established by precondition (note the “x>=0" needed later)
P=1:x=6 & y =9 = 2y=3x & x>= 0 (obviously this is true)

Step 2:

Using WLP/VC
1)1&!b=B&

2)1 &b = wip(p,l) &
3) VC(p,I)

Solving implication 1):

Invariant and negated condition implicate postcondition (without the strengthened invariant,
it would not be possible to do this):

[&b=B:2y=3x&x>=0&x<=0=y=0

x>=0&x<=0—-x=0;

2y=3"0=y=0

Solving implication 2):

Invariant and condition implicate wip(p,l)
| & b = wip(p,l)

wip(p,l) := 2(y-3) = 3(x-2)& (x-2) >= 0
Rewrite as: 2y - 6 = 3x-6 & (x-2) >=0
Use simple math: 2y = 3x & (x-2) >=0

So we have:
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&b = 2y =3x& (x-2)>=0

2y =3x & x>0 =2y =3x & (x-2)>=0

x> 0 and later x-2 >= 0 is sound due to properties of integers (they let that argument count -
not sure though)

Solving 3)
VC(p,l) = true;

Everything evaluates to true -> VALID;

(b) Let p be the program below. TIs the Hoare triple [n > 10 A2 < a < 10] p [n < 0] valid
with respect to total correctness? If yes, prove its validity using the Hoare calculus. Oth-
erwise, provide a counterexample — that is, a state that does not satisfy the correctness
assertion — and argue why it is a counterexample.

while n > 0 do
n:i=n-—a;
if n =0 then
abort
fi
od

Solved by student:
I's not valid, because it’'s possible to reach “abort”.

Not Valid: Counterexample.

n=12
a=6

(c) Is the following alternative rule for assignment sound/admissible? If yes, provide a
proof. Otherwise, provide a counterexample and argue why it is a counterexample.

F {true} z:=e {z =e}
Solved by student:
Counterexample by setting e to an arithmetic expression: x+1

{true} x := x+1 {x = x+1} ... here the postcondition is obviously false. True = False

139



Other counterexample (solved by student): integer division

e =x/2

If x is odd it will be rounded to the nearest integer; ie: x = 5 = after the execution x = 2;
while e will evaluate to 2.5; postcondition is therefore false, as 2 1= 2.5;

Block 4

4.) (a) Consider M; shown below with initial state .
Provide a Kripke structure My such that
e My < My and
e )5 has at most 3 states.

Furthermore provide a non-empty simulation relation H that witnesses M; < M.

Solved by student:

140



with initial state s0
H = {(t0, s0), (t1, s1), (t4, s0), (t2, s1), (13, s1)}

(b) Consider the following Kripke structure M:

> @@w@

For each of the following formulae ¢,

i. check the respective box if the formula is in CTL, LTL, and/or CTL*, and

ii. list the states s; on which the formula ¢ holds; i.e. for which states s; do we
have M, s; = 7

@ CTL LTL CTL* States s;
X(e) o O O
((a) U (e)) O o O
AG(bAc) O O O
EX(c) O O O
O O O

E[(aAc) U ()

Solved by student

phi CTL LTL CTL* States

X(c) X X s1,s2, s3
((@) U (c)) X X s0,s1,s4,s3
AG(b A c) x x ]

EX(c) X X s1,82,83
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E[(@a*c)U(c)] |x X s0,s4,s3

(¢) LTL tautologies

Prove or disprove (e.g. by providing a counter-example) the following CTL formula:

(AGpAEFq) = (AF(p = q))

Solved by student:

Counterexample:
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Exam 15.03.2019 (fmi192.pdf)

Block 1
(@)

1.) Consider the following decision problem:

AT-MOST-ONE-HALTS (AMOH)

INSTANCE: A tuple (IIy, Iz, I'), where Iy, I are programs that take a string as input,
and [ is a string.

QUESTION: Does either 11y (I') halt, IIo() halt, or none of the two halt?

(a) By providing a suitable many-one reduction from the CO-HALTING problem, prove
that AT-MOST-ONE-HALT'S is undecidable. Recall that CO-HALTING is given

as follows

CO-HALTING
INSTANCE: A (source code of a) program I, an input string /.
QUESTION: Does I1(I) run forever (i.e., does Il not terminate on I)?

(10 points)

concept solution by Student (pls check)
Everything is an endless loop:

We construct P1 = P2 =P and input .
Further P’ as instance of AMOH:

P’(String 1){

P1(1)

P2(1)

}
=> assume P is pos instance of co-Halting ie. P does not halt on I. As P1 = P2 = P nothing
halts. Therefore it is a positive instance of AMOH (would not matter if P2 halts or not;
because P1 does not therefore we fulfilled the properties of AMOH)
<= P1 and P2 pos instance of AMOH ie. neither P1 nor P2 halt. As P1 = P2 = P we know
that P does not halt on | — positive instance of co-Halting

Other solution by Student (pls check)
Arbitrary Instance of CO-HALTING (P,1)
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Construct Instance of AMOH with (P1,P2,I’) where P1 = P, I’=l and P2 is a program that
halts immediately

=> assume P is pos instance of CO-HALTING, i.e. P does not halt on |. As P1=P and I'=l,
also P1 does not halt on I'. Therefore this is also a positive instance of AMOH (P2 does not
matter, since it is sufficient that P1 does not halt)

<= assume P is pos instance of AMOH, i.e. P1 and/or P2 does not halt on I'. Since by
construction P2 always halts, P1 must not halt on I'. As P1=P and I'’=l, also P does not halt
on |. Therefore this is also a positive instance of CO-HALTING

(b) Recall that CO-HALTING is not even semi-decidable. Given a reduction from CO-
HALTING to AT-MOST-ONE-HALTS, what can we say about semi-decidability
of AT-MOST-ONE-HALTS?

Solved by Student: | would say it is not semi-decidable; as we can not build an interpreter...

Block 2

2.) (a) Show that a[i] =e — a(i<e) = ais T4 -valid using the semantic argument method from
the lecture. Besides the equality axioms, you have the following ones for the arrays.

i. Va,i,j (1 =j — ali] = a[ﬂ) (array congruence)
ii. Va,v,i,j (i =j — al(i<v)[j] =v) (read-over-write 1)
iil. Va,v,4,j (i # 7 — a(i<v)[j] = alj]) (read-over-write 2)
iv. Va,b(Vj (alj] =b[j]) ¢ a=0b) (extensionality)

Please be precise and indicate exactly why proof lines follow from some other(s).

a) See Block 2 of fmi 191

(b) First define the concept of a T-interpretation. Then use it to define the following:
i. the T-satisfiability of a formula;
ii. the T-validity of a formula.

Additionally define the completeness of a theory 7. (4 points)

(b) See definition in slides:
Given a Theory T = (Z,A):
T-Interpretation: A T-interpretation | is a Z-structure which satisfies T's axioms ie.: | = ¢ for
alp e A
T-Satisfiability: A Z-formula ¢ is satisfiable in the theory T or T-satisfiable, if some
T-interpretation satisfies ¢

T-Validity: if every T-interpretation satisfies ¢@. Notation T = ¢
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Completeness: if for every closed Z-formula @: T = @ or T = ¢ ie. Presburger arithmetic
(incomplete example: group theory)

Block 3

Invariant: a = b*b (for short b?)
As b[n] =0+ n — b =n apply to postcondition— a = b?

P = {n>0}
b={b!=n}
B={a=n?}

First test if invariant is strong enough: Precondition = |
n>0 = a=b?

Using a0 and b0:

n>0 = 0 =0?

(ANYTHING implying true is true)

Show partial correctness using wip/vc:
MI&b=B &
(2) 1 & b = wip(p,I) & (3) VC(p,I)

Implication (1):
a=b? & b=n = a=n?
Tautology this is true;

Implication (2)

wlp(p,l): use values of assignment in | —
a+2b+1 = (b+1)(b+1) //rhs is a binomial formula
a+2b+1 =b? +2b+1 | -2b |-1

a=b?

= wip(p.l)

| & b!l=n = a=b?

a=b? & bl=n = a=b?
Tautology this is true;

Part (3)
VC(p,l) = true
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(1) & (2) & (3) = true & true & true
This is valid with rp to partial correctness;

(b) Let p be the program from exercise 3a. Is the Hoare triple [true] p [a = nxn| valid with
respect to total correctness? If yes, prove its validity using the Hoare calculus. Oth-
erwise, provide a counterexample, that is, a state that does not satisfy the correctness
assertion.

HT not valid.

Counterexample: set n < 0; we will never leave the loop (because b starts at b0 :=
0;);

it will not terminate

(c¢) Is the following Hoare triple valid with respect to total correctness? If yes, prove its
validity using the Hoare calculus. Otherwise, provide a counterexample, that is, a state
that does not satisfy the correctness assertion.

[n > 0] if n > 0 then m := 2 xn else abort endif [m = 2 xn|

HT not valid.
Counterexample: n = 0; we enter the else branch, which performs abort; then the
postcondition is not satisfied — not a valid HT w.r.t. total correctness

146



Block 4

4.) (a) Provide a non-empty simulation relation H that witnesses M; < Ms,, where M; and
M are shown below. The initial state of M; is sg, the initial state of M5 is ty:

Kripke structure Mi: Kripke structure Mj:

4z

Solved by student:

H={(s0,t0), (s3, t2), (s2,t4), (s1,t3), (s4,t14) , (s3, 13) }
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(b) Consider the following Kripke structure M:

>

For each of the following formulae ¢,

i. check the respective box if the formula is in CTL, LTL, and/or CTL*, and

ii. list the states s; on which the formula ¢ holds; i.e. for which states s; do we
have M, s; = ¢?

@ CTL LTL CTL* States s;
G(c) O O O
F(a) o o O
AF(b) O O O
EX(aAb) O O O
E[(and) U (a)] | O a d

Solved by student

phi CTL LTL CcTL* States
G(c) X X s2,s1,s3
F(a) X X s0,s4,s1
AF(b) X X s4,s1,s3
EX(a”*b) X X s4
E[(@*b)U (a)] |x X s0,s1
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(¢) LTL tautologies
Prove or disprove (e.g. by providing a counter-example) the following LTL formulas:
i.pU(qUr)e-(pU(gUr)
ii. GFp= G(—p U p)

(i) would say this is not a tautology; as the first one basically says we have p until we have
anything else than q until r... the negation in front of the whole term changes the whole
expression;

counterexample : state p with selfloop -> r

(i) this is a tauology: for every i at pi[i] there exists a k >= 0 & i<= k where pi = p < For all
paths there exists a k st pi[k] is p and for all i s.t O<i<k pi[i] = !p;

New try on a proof:

“sat” is used for satisfy

Assume M sat GFp and every path pi starting from s0, pi=s0,s1,..,sn
holds pi sat Fp, such that E i >= 0, pi(i) sat p (0)

Towards a contradiction it is assumed, that M not sat G (not p U p).
For every path pi from s0, it holds that pi not sat G (not p U p).

s.t. for all k >=i >= 0 pi(k) not sat (not p) and pi(i) not sat (p).
simplified there is no i, s.t. pi(i) sat p.

this contradicts the assumption (0).

therefore it is a tautology.

Solution above formalized:
Assume that M, w = GFp
Proof by Contradiction:

1. M, m ¥ G(—pUp)
o.M, m ¥ GFp
3. M, 7= GFp

Since —pl/p <= (G F'p we can rewrite 1. to 2. and because of our assumption 2. contradiets 3. Therefore

GFp +— G(—plUp) holds.
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Exam 25.01.2019 (fmi191.pdf)

Block 1

(a) Consider the following decision problem:

AT-LEAST-ONE-HALTS (ALOH)

INSTANCE: A tuple (II;,1I,, I'), where II;, IIs are programs that take a string as
input, and [ is a string.

QUESTION: Does either 11 (/) halt, II5(7) halt, or do both halt?

By providing a suitable reduction from the HALTING problem, prove that AT-
LEAST-ONE-HALTS is undecidable.

Solved by Student (pls check)
Let (P,I) be an arbitrary instance of the Halting problem.
We construct P2 (of the input for P’) in a way it will never terminate (endless loop)
Further, we set P1 =P.
Flnally P’ as instance of ALOH:
P'({
P(l) // I is hardcoded
P2(1)
}
=> (P,l) is a positive instance of Halting ie. P halts on I. As P2 runs forever and P1=P (which
halts) it is a positive instance of ALOH.
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<= Assume (P1, P2, 1) is a positive instance of ALOH. As we constructed P2 to never
terminate, P1 must terminate on I. As P1 = P we have that (P, |) is a positive instance of
Halting

Solution (Checked from TA)
H (P, I) is an instance of HALTING
ALOH (Pl, P2, I) is an instance of AT-LEAST-ONE-HALTS

H (P, I) {
return ALOH (P, P, I)

Being P the same, either both halt or none, hence for (b) we have the same decidability of
Halting.

> TA: [This solution] should be fine (and is probably the easiest one).

Formale Methoden der Informatik 1. Undecidability

(1) We provide a many-one reduction from HALTING. Assume an
arbitrary instance (M, /) of HALTING. We construct an instance

(Mq, M2, 1") of ALOH by setting My =, M5 to a fixed program that runs
into an infinite loop, and I = |/.

We show the correctness of the reduction, i.e. (I1,/) is a positive instance
of HALTING iff (M, My, /") is a positive instance of ALOH.

(=) Suppose (1,1) is a positive instance of HALTING, i.e. N =T,

halts on / =/’ in a finite number of steps. By definition, (M, M, /")
is a positive instance of ALOH.

(«=) Likewise, if (I, /) is a negative instance of HALTING, then

My = I does not halt on | = I’. Since N, does not halt on I’ either
by construction, (M1, My, /") is thus a negative instance of ALOH.

(2) Yes. Consider an interpreter program that runs both My and My on /,
starting with a step for 1y, then doing a step for Iy, etc. The interpreter
halts and returns YES as soon as either I1; or 1, halts on /. It is clear
that this yields a semi-decision procedure for ALOH.

Woltran Oct 16, 2019

(b) Is AT-LEAST-ONE-HALTS semi-decidable? Explain your answer.
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Solved by Student:
Yes. It is possible to build an interpreter that terminates as soon as P1 or P2 terminates
(whichever is first, or both at the same time). By simulating P1/P2 alternately step-by-step.

A noond A ) o-tormin o

when P1 halts.

Block 2

2.) (a) Show that afi] =e — afi<e) = ais T -valid using the semantic argument method from
the lecture. Besides the equality axioms, you have the following ones for the arrays.

i. Va,i,j (i=j — ali] = alj]) (array congruence)
ii. Ya,v,i,j (i=j — a(iav)[j] =v) (read-over-write 1)
iii. Va,v,i,5 (i #j — a{i<v)[j] = a[j]) (read-over-write 2)
iv. Va,b(Vj (alj] =b[j]) <> a=0) (extensionality)

Besides the axioms, you are allowed to use modus ponens and modus tollens.

Solved by Student

p=alil=e—a(i<e)=a
To proof that ¢ is T_A=-valid we assume an interpretation | where ¢ is not valid towards a
contradiction:

Another solution by student
g=alilj=e—a(i<e)=a
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We prove that ¢ is T_A=-valid by contradiction. We assume ¢ does not hold, thus LHS (a[i]
= ¢e) holds and RHS (a(i <e) = a) doesn’t hold.

1.1-¢ assumption
2. 1rafi]=e 1, semantics of —
3.1~ a(i<e) =a 1, semantics of —

4.1 #vj (a(i<e)[j] = alj]) 3, apply extensionality

5. 11 ¥ a(i<e)[k] = alk] 4, Vv, for some k 2 U; 11 = | {j« k} (informal explanation: we get rid of
“for all j”, k is some concrete number. If it works for this concrete case, it should work for all |
as well.)

6. 11 + a(i<e)[k] # a[K] 5, semantics of negation

7.1 ri=Kk 6, read-over write 2 and modus tollens
8. 11 + a[i] = a[k] 7, array congruence

9.11 r a(i<e)[k] = e 7, read-over-write 1

10. 11 r e =alK] 2, 8, symmetry and transitivity

11. 11 F a(i<e)[K] = a[K] 9,10, transitivity

12.11 ¢ L 6,11, contradiction

(b) Let f(x1,z2) =x1 @ a9 and f(z1,...,2p+1) = f(21,...,2n) B xpyq forn > 2.

(i) What is the number of clauses in a satisfiability-equivalent CNF version of f(z1,...,zy).
(ii) What is the number of clauses in a logically equivalent CNF version of f(xzy,...,z,).
Explain and justify your answers in detail. (3 points)

Tseitin Transformation - see sample solution exercises of Block 2 SS19 Ex. 2.3:

https://vowi.fsinf.at/images/6/69/TU_Wien-Formale Methoden_der_Informatik_VU_%28Edl
v%29 - Fminf-ex-block?2_sol.pdf

So, i) We get two clauses from encoding equivalences of the form li < xi , four clauses from
encoding an XOR operator, and one clause as the final clause representing the output of
the function, i.e., 1+2xn+4x(n-1)=6n-3.

il A v se-fereveryrewtermicwe-get 2 elauses bl —a—
2*a{retsure-though)

The formula is exponential in size. 2*(n)

— Actually it is 2*(n-1)
https://www.wolframalpha.com/input/?i=a++X0OR+b++XOR+c+XOR+d
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Block 3

3.) (a) Consider the program p:

r:=0;
=0
s:=1;

while 7 < n do

ri=1r4s;

s:=s+2;

ti=141
od

Let p’ = while i < n do...od be the while loop of the program p. Give an inductive
invariant for p’, such that the Hoare triple {true} p’ {true} is valid with respect to
partial correctness. (2 points)

3.a.)
Trivial solution: I = true;

(Or use invariant from (b) )

(b) Let p be the program from exercise 3a. Show that the Hoare triple {n > 0} p {r = nxn}
is valid with respect to partial correctness. The program p is given again for your

convenience:
r:=0;
1 :=0;
s =1

while i < n do

rTi=7r4+S:

§:=542;

ti=1+1
od

3.b.)
Solved by Student (please check)
Invariant: i=i0+n—i=n, s=s0+2n - s=1+2n —» s = 1+2j
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For the r part | just wrote down the first few loop runs by hand and then quickly found
r=i% Sothe full Invariantiss=1+2i&r=i*i&i<=n (The last part is derived from the
loop condition and the fact that each loop increments by 1)

Annotation calculus (This is the old method by Prof. Salzer, | believe there is a new one
since WS2018 but | haven't looked into that yet):

{n >=0}

F10: {Inv}[s/1][i/0][r/0]

r:=0

F9: {Inv}[s/1][i/0]

i:=0

F8: {Inv}[s/1]

s:=1

F1: {Inv}

While i <ndo
F2: {Inv&i<n&t=10}
F7: {Inv & t < tO}[i/i+1][s/s+2][r/r+s]
r=r+s
F6: {Inv & t < tO}[i/i+1][s/s+2]
s=s+2
F5: {Inv & t < tO}[i/i+1]
i=i+1
F3: {Inv & t < t0}

od

F4: {Inv & !p}

{r=n*n}

Now we need to show:
Pre ->F10: {n>=0}— {s=1+2i&r=i*i&i<=n}s/1][i/0][r/0]
F2->F7:{s=1+2i&r=i*i&i<=n&i<n&t=10} > {s=1+2i&r=i*i&i<=
n & t < tO}ifi+1][s/s+2][r/r+s]
F4 ->Post: {s=1+2i&r=i*i&i<=n&i>=n}— {r=n*n}

{n>=0}—> {s=1+2i&r=i"i&i<=n}[s/1][i/0][r/0]
{n>=0}-> {1=1+20&0=0*0& 0 <=n}
{n>=0}— {0<=n} Tautologie

{s=1+2i&r=i*i&i<=n&i<n&t=10} > {s=1+2i&r=i*i&i<=n& t<
tO}[i/i+1][s/s+2][r/r+s]

Skip t0 (not sure, but | believe it's only necessary for absolute correctness)
{s=1+2i&r=i*i&i<=n&i<n}— {s+2=1+2(i+1) &r+s=(i+1) * (i+1) & (i+1) <=
n}
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{s=1+2i&r=i"i&i<=n&i<n}— {s+2=1+2i+2&r+s=i2+2i+1 &i<n}
{s=1+2i&r=i*i&i<=n&i<n}— {s=1+2i&r+1+2i=i2+2i+1 & i<n}
{s=1+2i&r=i*i&i<=n&i<n}— {s=1+2i&r=i*&i<n} Tautologie

{s=1+2i&r=i*i&i<=n&i>=n}— {r=n*n}
i<=En&i>=n<==>i=n

{s=1+2i&r=i"i&i=n}— {r=n*n}

{s=1+2n&r=n*n&i=n}— {r=n*n} Tautologie

Alternative solution by student (new semantics: wip & VC):

Note: Using wilp you have to memorize the implications for the while loop; for partial
correctness it is wip and for total wp & the ones for total correctness include the use of a
variant.

For partial correctness no variant needed.

I... Invariant; b... loop condition; B...Postcondition; A... Precondition
Here: partial correctness.

tep 1: Finding invariant
Write everything in index notation:
R[n+1]=r[n] +s
S[n+1] = s[n] +2
[[n+1[]=i[n] + 1

So how to get to the n?
R[n] =r0 + n*s
S[n]=s0 + 2n
I[N]=i0+n

Sowe knowiln]=nasi0=0

So we can put “” in s[n] = 1+2i
And from the postcondition we know r = n?

“n

So we can use the “i” again in the postcondition and the whole invariant would be:
r=i2& s = 1+2i

Step 2: VC for while loop

Alternative invariant calculation (by another student):
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(Note that the variable n used here is not the same as the variable n in the program. We should
probably pick another auxiliary variable to model the program counter, but | stayed with n to stay
consistent with the other approach.)

| think the problem in the above approach is that r[n+1] uses the variable s incorrectly.
Instead of:

rMn+1] =r[n] +s

It should be:

rin+1] = r[n] + s[n]

Note that | used s[n] instead of s, since s is also updated by the loop and used by r before
(1) it's incremented.

To now get a closed form of r[n+1] we can't just use n*s like above, since s does not stay
the same for all iterations of the loop. Instead we need to use the sum of all s[j] for j=1 to
n-1.

We use n-1 because r[n] uses the value of s of the previous iteration, i.e., n-1, as mentioned
above.

With s[n] = 1 + 2n we get:
r[n] = r[0] + s[0] + sum (j=1 to n-1) s][j]
r[n] = r[0] + s[0] + (n-1) + 2*(n-1)*(n-1+1)/2

Which simplifies to:
rMn]=0+1-1+n?2=n?
r=n?

Substituting i = n:

r=i2

A less formal way to infer this invariant is to just write down the values of each variable for
multiple iterations, to quickly see that r is always the square of i.

With this invariant you still have to prove if the precondition establishes the invariant AND
that the invariant & b is strong enough to establish the postcondition.

By looking at the loop condition i<n we can see that it might be necessary to strengthen the
invariant to r=i? & s=1+2i & i<=n

Why? Invariant needs to stay true before, within and after the loop, the loop condition
implies, that after the last run i=n as i<n requires the program to stop as soon as i is equal to
n

(if you cannot solve 1&!b=>B, check if you can still strengthen the invariant to get to the
solution)
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Step 2: Precondition establishes invariant:
n>=0=>r=i2 & s=1+2i & i<=n

Put in initial values:
n>=0=>0=0?&1=1+2"0 & 0<=n
This is trivially true.

t o wi Vi
To prove the partial correctness of a while loop, you need the VC and wip rules from the
slides. Just recursively apply the rules.
For partial correctness VC(while loop):
(1) 1&b=>B&
(2) 1 & b =>wlp(p,l) &
(3) VC(p, 1)

(1)

r=i2 &s = 1+2i & i<=n & l(i<n) =>r = n? | apply negation
R=i#&s=1+2i & i<=N & i>=n =>r =n?| i<=n & i>= n is same as i=n
R =i & s=1+2i & i =n => r=n?

Tautology this is true

(2)
r=iZ & s=1+2i & i<=n & i<n => wlp(p,l) |Ihs simplified
R =i & s=1+2i & i<n => wlip(p,) |

Calculate wip(p,l):

(i.e. just put in the values they would have in the next iteration into the Invariant:)
r->r+s

i-> i+1

§-> s+2

(r+s) = (i+1)* & (s+2) = 1+2(i+1) & (i+1)<=n |crazy math stuff aka algebra

R+s =i2+ 2i + 1 & s+2 = 1+2i +2&(i+1)<=n | for easier reading i will split this

wip(p,l) =
R+s=i2+2i+1 &=
S+2=1+2i+2 &
(i+1)<=n

More algebra:

-2 on both sides of s, we get s = 1+ 2i which we can put into the equation for r, then -s on
both sides and we get:
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wip(p,l) =

R=1” &
S=142i &
(i+1) <= n

R & s part are a tautology in rhs and |hs

And if we have i<n on one side and (i+1) <=n on the other side, this is trivially true due the
properties of integers (if it was less than n before adding +1, it now has to be either equal or
still less than n)

(3) VC(p.I)
According to the rules, this is true. If p would contain more than assignments, we would
have to do the whole procedure again; (same in wip(p,l))

If all evaluates to true, the program is partial correct.
(For total correctness (TC), we would have to check the appropriate VC for TC and include
variant rules.)

(c) Is the following Hoare triple valid with respect to total correctness? If yes, prove its
validity using the Hoare calculus. Otherwise, provide a counterexample, that is, a state
that does not satisfy the correctness assertion.

[n > 0] if n =0 then abort else m :=n [m = n]

3.c.)
Solved by Student:
Nope: we can enter the abort if n=0 due to the precondition n>=0.

Solved by (other) Student:
Counterexample:

Say m:=1 and n:=0. Fhenthe-H-brarch-has—abert—so-theprogramierminates—and-afteri
the-pesteenditionfm=n}weould-be-[4=0}-whieh-isfalse. Therefore, this HT is not valid w.r.t

total correctness.
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Block 4

4.) (a) Show that the simulation relation for Kripke structures is transitive, i.e., if A < B and
B < C for some Kripke structures A, B,C, then A < C.

(2 ~2d )
Solved by student:
As we know, for every state a € A there is (a, b) € R, with A< B

Further, for every state b € B there is (b,c) € R' with BSR,C.

Therefore, we can construct R” so that V(a,b) € Rand Vb = b', (b',c') € R'we add

(a,c") € R". (Note that this means we could add multiple (a,c) for one (a,b) relation, as there
could be (a,b1), (a,b2), ... contained in R.)

Thus the simulation relation is transitive.

(b) Consider the following Kripke structure M:
TR D e D
€T e BB,

For each of the following formulae ¢,

i. check the respective box if the formula is in CTL, and
ii. list the states s; on which the formula ¢ holds; i.e. for which states s; do we
have M, s; = ¢?
Recall that for an LTL formula ¢ it holds that M,s | ¢ <= M,s = Agp.

2 CTL States s;
X(a) 0
((b) U (a)) O
AF(bAc) O
Al U (0] | O
EF(c) |

b) Solved by student (please check)

phi CTL States
X(a) s1
bUa s0, s1, s3
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AF(b * c) X s0, s1, 83, s4

Ala U b] X s0, s4, s1, s3

EF(c) X s0, s1, s2, s3, s4

(¢) LTL tautologies

Prove or disprove that the following formulas are tautologies, i.e., they hold for every
Kripke structure M and every path m:
i.
(GFp) A (GFq) = G(p U q)
ii.
((G=p) Up)A=p=(Gq) V(=g Ur)

Solved by student:

i. is not a tautology.

Counterexample (solved by student): ((GFp) and (GFq) holds, but G(pUq) does not hold):

ii. Is a tautology. Proof (maybe):
((G 'p) U p) and !p can never hold at the same time, because: assume !p holds on every

path. Therefore p can not hold. This implies that ((G !p) U p) can not hold, because there
must exist a k >= 0 such that M, phi(k) satisfies p. This contradicts with the assumption that
Ip holds on every path and therefore p cannot hold. Therefore the premise is always false.
Since the premise is false, the implication is always true.
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Exam 11.12.2018 (fmi186.pdf)

Block 1
(@)

INDEPENDENT DOMINATING SET (IDS)

INSTANCE: A directed graph G = (V. E).

QUESTION: Does there exists a set § C V of vertices, such that
(1) for cach (u,v) € B, {u,u} £ 5;

(2) for cach v € V cither v € § or there exists an (u,v) € E, such that v € S.

The following function f provides a polynomial-time many-one reduction from IDS to

SAT: for a dirccted graph G = (V, E), let

f@y= N (zavoz)A N@z.ov \/ z).

(u,w)eE vel (uw)eE

It holds that G is a yes-instance of IDS <= f((G) is a yes-instance of SAT.
Prove the = direction of the claim.

(1.a.) Suppose G=(V,E) has an IDS S,V has i vertices |V|=i. We define a truth assignment T
by setting the vertices in S to true and the vertices vi €{V/S} (i.e. the set V without S) to
false, so that every vertex in the set V can only be signed to true or false, but not both.

To show that f(G) is evaluated true under T, it’s sufficient to say the sub-clauses evaluate to
true under T.

1. if (u,v) €E, —(xuAxv), which means they must not belong to the S at same time.
According to the definition of the S and the construction of the T this must be true.

2. all vi eV,

case 1: if there is no edge connected to it, vi must be in S. Then vi is signed with true,
because the (clause?) and the whole formula is evaluated to be true.

case 2: if there are some edges connected to it, vi must belong to S or the vertices that
connect with it must belong to S.

Both cases correspond to the definition of S.
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(1.b.)

Given that SAT is NP-complete, what can be said about the complexity of IDS from
the above reduction? NP-hardness of IDS, NP-membership of IDS, neither of them,
or both (NP-completeness of IDS)

(1.b.) Solved by student

| would argue that IDS lies in NP, but is not necessarily NP-hard. For NP-hard we would
have to show that any problem in NP is reducible to IDS which we didn’t. However, as IDS
is reducible to SAT it means we have an algorithm within NP (the SAT algorithm) which is
able to solve it. Therefore it can’t be more difficult than NP as we could always reduce it to
SAT and then use the SAT algorithm.

More detailed explanation from other student
From the slides: "If this problem solving strategy works, we say that problem A is reduced

to problem B. => Problem A is not harder than problem B."

So yeah it should be in NP, since a problem in P is also in NP. All problems in P are
considered to be in NP, but NOT the other way around.

But we can NOT show NP hardness with that reduction, we would need a reduction from
SAT to IDS to show IDS to be NP hard. (because SAT is NP complete)

Block 2
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(a) The topic of this exercise is translation validation (discussed in the fifth lecture of the
second block). Given a statement in a source program of the form

z=(p*x)+ (y2* ) (S)
and the result of the compiler optimization of the form
up =y +y2, Uz =up kT, (0)

the goal is to check the correctness of the translation.

i. Formulate the verification condition.

(VC)

ii. Formulate the abstract verification condition (using uninterpreted functions).

(AVC)

iii. Prove the correctness of the translation process (using the semantic proof method
from the third lecture (on First-order Logic and Theories), or present a counter-
example for (AVC). The symbols w1, us, x, 41, y2, z are all free variables!

Hint: Do not use Ackermann!

(6 points)

a)

i) u1=y1+y2/\uzzul*xAZ:u2—>Z=(yl*x)+(y2*x)

ii) u, = P(yl,yz) Au, = M(ul,x) ANz=u, —>z= P(M(yl,x), M(yz’x))

iii)  The EUF formula is not valid. The equivalence relies on the distributivity of +
and * which is lost as soon as UFs are used. The following Interpretation
provides a counterexample:
Let U = {1, 2}be a domain
Let fbe a function with f(x,y) = 1for every x andy
Let g be a function with g(x,y) = 2for every x and y
Let abe a variable assignment with a(x) = 1for every variable x
Let I(P) be fand I(M) be g
Then the formula is not satisfied under the interpretation ] =< U,I,a >

Proof:

JPG,y,) =IPYI@E)) = fla),aw,)) = F(1L1) =1

JM@u,0) = JMJ@) @) = gla),a®) = g(1,1) = 2

JPM(y ), M(y, ) = J(PYIM(, ), J(M(y, %)) =

pUMDUY I, JMUE,).I0)) = F(galy,), a@), g(@ay,), a@))) = f(g(1, 1), g(1, 1) = 1
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Therefore
u1:1/\u2:2/\Z=u2—>Z=1

This leads to a contradiction of the transitivity axiom

(b) Let @ be the first-order formula
Vavy [(r(z,y) = (p(x) = p(y))) A (r(z,y) = (p(y) = p(2)))] -

i. Is ¢ valid? If yes, present a proof. If no, give a counter-example and prove that it
falsifies .
ii. Replace r in ¢ by = (equality) resulting in 9. Is ¢ E-valid? Argue formally!

Same as in fmi196 Block 2 and fmi152 Block 2

Block 3

(a) Show that the assertion

{F: y>0}
x = U
=y

while 7 > () do

ri=x+2
t:=1—1
od

{G : z=2xy}

is correet with respect to partial correctness.

Solved by student (check please):

wlp(x:= 0; i:= y; whilei > 0dox:=x+ 2, i:=i—1,x=2%*y)
= wlp(x:=0; i:=y, wip(whilei > 0dox:=x+ 2;i:=i— 1, x=2%*y))
wlp(whilei > 0dox:=x+ 2; ii=i— 1, x=2*y) = EIj(j>0/\Fj)

FO:iSO/\x=2y
Fl: i>0 Awlhp(xi=x+2;i:=1i—1;, x = 2y)
=i>0 A x=2y[i/i — 1][x/x + 2]
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=i>0Ax=2y—2
F}_: i>0 AN x=2y—2j
Fj+1:i>0/\wlp(x:=x+2;i:=i—1;x=2y—2j)
=i>0 A x=2y—2j[i/i — 1][x/x + 2]
=i>0Ax=2y—2j—-2
=3jG>0AiI>0 A x=2y —2))
=i>0Ax=2y—2
=wlp(x:=0,i:=y,i>0 A x =2y — 2)
={>0 A x =2y — 2)[i/y][x/0]

=y>0Ay=1

Solved by student (Prof. Kovac new approach)

Check via VC: Inv: i>=0*x =2 (y - i)

Solved by student:

(b) Consider the program g below.

y:=1
while = > 0 do
if y > 0 then

T:i=x—1;

y=y—1
else

y:=y+5

od

Find a loop variant ¢ that is positive at the start of ecach loop iteration, and strictly
decreases with cach loop iteration.

Solved by student:

t=5x-(y+x+1)

Idea towards a formal explanation (please double check):
The requirement is that tnﬂ, -t >0 forallj > 0

There are two cases:
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(y>0)
In this case X "X = land Yoo1 ~ YV, = 1. Therefore

5xn+1—(xn+1+yn+1+ 1) —an—(xn+yn+ 1)=5(xn+ 1)—(xn+1+yn+1+1)—an—(xn+

(y<=0)
In this case X "X = O0and Yoo1 ~ YV, = 5. Therefore

5x+1—(xn+1+yn+1+ 1) —an—(xn+yn+ 1) =5

n

Hoare Rules for - {A} p {B}

{B|x/a]} x := a{B} {A} skip {A} {true} abort {B}

{A} p {C} {C}p={B} {Anb} pi {B} {AA-b}p2 {B}
{A} p1; p2 {B} {A} if b then p; else p, {B}

77
{A} while bdo pod {B}

A=A {A}p{B} B =B
{A} p{B}
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Block 4

4.) (a) The Kripke structure My = (S, Sy, R, AP, L) is depicted below, with Sy = {#1,#2} and
AP = {K,pa, A, x}.

i. Find a Kripke structure My with the smallest number of states and transitions, for

which My < M, and write down a witnessing simulation relation.

Show that there exists no Kripke structure My with fewer states than My, for which

My < Mj.

iii. Does My < M; hold?

1.

ii.

S

®

L] b3

d 1

A christmas tree...
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Confirmed by prof.:

i)
Minimal M2:

H ={(t1, v0), (t2, v0), (t3, v0), (t4, v0), (b1, v1), (c1, v1), (a2, v2), (b2, v2), (c2, v2), (a3, v1),
(b3, v1), (s, v3)}. You can also add (a1, v1) and (d1, v1) to H, but it is not necessary
because these states are not reachable in M1. You can add them because the exercise
does not require H to be minimal.

ii) There are no state iterations in M1 so the minimum height of the tree structure in M1 is
the shortest path between the nodes t1 and s which is 6.
The amount of nodes of M2 is 6, so there exists no smaller path for M2.

i) Let M3 be an arbitrary Kripke structure such that |S3| < |S2|, where S3 denotes the
states in M3 and S2 denotes the states in M2. Since |S2| = 4, |S3| is at most 3. Because
|AP| =4 in M1, not all AP of M1 are reachable in M3. Therefore M3 cannot simulate M1.

iii) solved by student
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No, because the states a1 and d1 are not simulated in M2.
No, because (t4, v1)

Solved by other student:
Counter example: vO*

(b) Consider the following Kripke structure M:

For cach of the following formulac ¢,

i. check the respective box if the formula is in CTL, and
ii. list the states s; on which the formula ¢ holds; ic. for which states s; do we
have M, s; |= 7
Recall that for an LTL formula ¢ it holds that M,s = ¢ <= M,s |= Ayp.

© CTL States s;
X (a) O
AG(bAe) O
AX(aNc) O
Al(b) U (c)] O
E[(bAc) U (a)] | O

Confirmed by Prof.

phi CTL States si
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X(a) s0,s1,83
AG(b"c) X -

AX(a”c) X s0,s1,s3

A[(b) U (c)] X s0,s1,s2,s3,54
E[(b”c) U (a)] X s1,52,s3

(¢) LTL tautologies
Prove or disprove that the following formulas are tautologies, i.c., they hold for every
Kripke structure M and every path #:
i
XFXp <= XFp
ii.

Solved by student:
1. No, the following Kripke structure is a counterexample

Way to the solution:
XFp means for all paths m. 1'[1| = Fpwhich means

all paths m. there existsak = 1 suchthat na | =0p

FXp means for all paths m. there existsak = 0. na | = Xpwhich means

for all paths m. there existsak = 0 such that ! | =p
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Therefore XFXp means for all paths m. there exists ak > 1 such that ! | =p
If one chooses k=1 now, the first formula is fulfilled whereas the second one is not

(yet).

2. Is actually a tautology
=> direction: G-pmeans foralli = 0, M, ni| = —p. G-pUpmeans
1. thereexistsak = 0suchthat nk| = pand
2. forall0 <j <k MT[} foralli =0, M,T[il = —p
any index j = Owould contradict 1.Therefore k must be 0 which means p is fulfilled
everywhere

<= direction: if p is fulfilled, condition 1 of G—pUpis fulfilled for every k. Therefore there is no
j<k and condition 2 is fulfilled trivially.

Exam 19.10.2018 (fmi185.pdf)

Block 1

Consider the following decision problem:

TRANSFORMED INPUT

INSTANCE: A tuple (I1, I, I), where IIy, Ils are programs and [ is a string. II;
takes a string as input and outputs a string, and it is guaranteed that II; terminates.
115 takes a string as input.

QUESTION: Does II5(11;(1)) hold, i.e. does 115 hold on the string that is delivered
by 1I; when called with string 7

1. By providing a suitable reduction from the HALTING problem, prove that the
problem TRANSFORMED INPUT is undecidable.

2. Is TRANSFORMED INPUT semi-decidable? Explain your answer.

Block1:
Solution by student:
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1)
Let (IT,1) be an arbitrary instance of HALTING.
We construct an instance (111,112,1') of TRANSFORMED INPUT:
LetTi2=Tland I'=1.
Further T11:
String T11(String S) {
return S;

}

Proof:
(I'T1,1) is a positive instance of HALTING & (T11,112,’) is a positive instance of
TRANSFORMED INPUT

=>: Assume TIT halts on I.

Due to our construction we have that TT11(I’) returns I, therefore the input of T12 is I.
Further, because we set T12 =TT and I’ = | we have that T12 halts on I'.

It follows that T12(TT1(I’)) halts and (T11, T12, I') is a positive instance of TRANSFORMED
INPUT.

<=: Assume (I11, T12, I) is a positive instance of TRANSFORMED INPUT, i.e. TI2(TT11(I'))
halts.

Again, due to our construction we have that T11(I’) returns I’ and the input of T12 is I.

l.e. T12 halts on I'. Because of T12=IT and I'=1 it follows that TT halts on I.

Hence (1T, 1) is a positive instance of HALTING.

2)

We create a semi-decision procedure TTint:

Bool TTint(String T11, String T12, String 1) {
String Out = simulate(IT1, 1);
simulate(T12, Out);
return true;

Proof that it is a correct semi-decision procedure:
e Case 1: Assume (IT1, T12, 1) is a pos instance of TI: Then T12 will halt on String Out
and TTint returns true.
e (Case 2: Assume (IT1, T12, 1) is a neg. Instance of Tl: Then T12 will not halt on String
Out and TTint will also not terminate, which is correct behavior for a semi-decision
procedure.
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Block 2

Exercise 2.1

The topic of this exercise is translation validation (discussed in the fifth lecture of the
second block). Given a statement in a source program of the form

z=(z1+ 1) * (T2 + y2) (8)
and the result of the compiler of the form
Ul =T1+Y1; Uz =To+ Y2y 2z = U kuy. (0)
The goal is to check the correctness of the translation.

1. Formulate the verification condition.

(VO)

2. Formulate the abstract verification condition (using uninterpreted functions).

(AVC)

3. Prove the correctness of the translation process (using the semantic proof method
from the third lecture (on First-order Loge and Theories), or present a counter-

example for (AVC).

2.1) status student (with doubts)

21.1) z= (x14y1) * (x2+y2) -> u1=x1+y1 A u2=x2+y2 A z=u1*u2

2.1.2) z= M(P(x1,y1), P(x2,y2)) -> u1=P(x1,y1) A u2=P(x2,y2) A z= M(u1,u2)

2.1.3)

Towards a contradiction assume there exists a T-interpretation | which does not satisfy
(AVC).

1. 1AVC assumption

2. | z=M(P(x1,y1), P(x2,y2)) 1. Semantics of impl

3. 1= u1=P(x1,y1) A u2=P(x2,y2) A z=M(u1,u2) 1. Semantics of impl

4. 1+ u1=P(x1,y1) 3.Sem. of A

5. ¥ u2=P(x2,y2) 3.Sem. of A

6. |¥z=M(u1,u2) 3.Sem. of A

7. 1=z=M(P(x1,y1),P(x2,y2)) 4+6 sym.+trans., 5+6
sym.+trans.

8. |+ L 2,7 contradiction

Therefore (AVC) is valid.
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Exercise 2.2

Prove: During the run of a SAT solver, the implication graph G}, at step k is acyclic.
Hints:

1. Perform a proof by induction on k.

2. Consider the following events that can occur:
a) making a decision,
b) unit propagation (one step of BCP),
¢) a clause is unsatisfiable,

d) backtracking.

2.2) Same as exercise 14, sample solution from SS18:

Let

P(n) be the property that G,, is acyclic.

Base case, n = 0: Gy is the empty graph, hence it is acyclic. Therefore P(0) holds.

Induction Hypothesis: Let n be an integer > 0 and suppose P(0),...P(n) is
true.
Step: Consider P(n + 1) which we have to show to be true. By (IH) it holds that

Gi = (Vi, E;) is acyclic (0 < i < n). We continue by a case distinction wrt all
possible steps of the SAT solver.

(i)
(if)

(iii)

(iv)

“Making a decision™ wlog. let the decision be X = f@d. Then V,,4; = V,,U{X}
and E, .1 = E,. Since G,, is acyclic, G411 = (Vj,41, E,41) also is acyclic.

“A clause is unsatisfiable™ wlog. let the unsatisfiable clause be (£, V...V £,,),
then Vy1 = Vo U{k} and E,y1 = E, U {(¢;.5) | 1 <5 < m}. Note that no
new edge has been added other than those pointing to x. Hence Gp41 only
contains a cycle if G, contains a cycle. By (IH) G, is acyclic and hence also
Gn+1 1s acyclic.

“Unit propagation™ wlog. let the unit clause be ({; V...V £,;,) and let £, be
the unassigned variable. Then V1 =V, U{{;} and E,; = E, U{({;, () |
1 < j <m — 1}. Since all added edges point to the newly added node £,,, it
follows by (IH) that G, is acyclic.

“Backtracking™: since backtracking only removes a part of the implication
graph G, = (Vy, E,,), we have that G411 = (V, \ V', E, \ E') for some sets
V' cV,,E' C E,. Removing edges can not make a graph cyclic. Therefore, by
(IH) follows that G,,4; is acyclic.

Since P(n+ 1) holds for any step under the assumption that (IH) holds, it therefore
follows that P(n) holds for any n > 0. Consequently, the implication graph Gy at
step k is acyclic.
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Block 3

Exercise 3.1

Show that the following correctness assertion is true with respect to total correctness:

{F:2z>0Ay>0}

=1

n:i=x;

while n > 0 do
ri=r+2;
n:=mn-—1;

od

{G: r=2xz+y}

Use the formula r = 2xzxz4+y—2%xn A0 < n as loop invariant and choose an
appropriate variant.

{F: x>0 Ay>0}
{F8: Inv [n/X][r/y]} as

r=y;
{F7: Inv[n/x]} as
n:=x;
{F1: Inv} wht
While n>0 do
{F3: Inv An>0 A t=t0} wht
{F6: F4[n/n-1][r/r+2]} as
r=r+2;
{F5: F4[n/n-1]} as
n:=n-1
{F4: Inv A 0<t<t0} wht
Od
{F2: Inv An<0} wht
{G: r=2x+y}
Proof:
1) F->F8
x>0 Ay>0 -> (r=2x+<-2n A 0=n)[n/x][r/y]
y=2x+y-2x A 0<x
True because x>0 implies 0=x.
2) F3->F6
r=2x+y-2n A0O<=n An>0 An=t0 -> Rhs
Rhs:
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(r=2x+y-2n A 0<=n A 0<=n<t0)[n/n-1][r/r+2]
r+2=2x+y-2n+2 A 0<=n-1 A 0<=n-1<t0
r=2x+y-2n A0<=n-1<n |[removed duplicate expr. + t0=n

r=2x+y-2n is already in premise -> true, n-1<n is true, 0<=n-1 is implied by n>0 in
premise -> true.
3) F2->G
r=2x+y-2n An<=0 An>=0 -> r=2x+y
True because n=0 in premise.

Block 4

Provide a simulation relation H that witnesses M; < My, where M; and My are shown
below. The initial state of M, is sg, the initial state of My is fg:

Kripke structure Mj: Kripke structure Ms:

Solved by student:

H={ (s0,t0) , (s1,t2), (s4,12), (s2,t1), (s3,t4) , (s2,13), (s3,t5)) }
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For each of the following formulae ¢,
1. check the respective box if the formula is in CTL, LTL, and/or CTL*, and

2. list the states s; on which the formula ¢ holds; i.e. for which states s; do we
have M, s; = ¢?

Note that by a CTL* formula, we here mean a CTL* state formula or a CTL* path
formula. Also recall that for an LTL formula ¢ we have M, s |= ¢ if and only if 7 |= ¢
for all paths in M that start at s.

Solved by student

phi CTL |LTL |CTL* | Statessi
G(a) X X -
G(b) X X -
G(c) X X -
G(a”hb) X X -

Lets get crazy and solve them all (the ones satisfying no states are omitted)

All LTL:

F(a): s0,s1,s2,s3,s4 | F(b): s1,s2,s3,s4 | F(c): s2,s3,s4 | F(aADb): s1,52,s3,s4 | F(@Ac): s3 |
F(bAc): s2,54 | X(a):s3,54 | X(b): s2,s3,54 | X(c): s2 | X(aAb): s3,s4 | X(bAc): s2 |

aUa: s0,s1,s2,s3 | bUc: s3,s4 | cUa: s0,s1,s2,s3,s4 | aAbUc: s3,s4 | aAcUc: s3,s4 |
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bAcUc: s3,s4 |aAbAcUb: s1,s4

All CTL (Except A, which should be the same as the LTL formulae above):

AlaUc]: s2,s4,s3 | AlbUa]: s2,s1,s4,s3 | A[(@aAb)Ual: s0, s1,s2,s3 | A[(aAc)Ua]: s1,52,s3 |
A[(bAc)Ua): s1,s2,s3,s4 | A[(aAbAc)Uc]: s3,s4

EF(a): s0,s1,s2,s3,s4(all) | EF(b): all | EF(c): all | EF(aAb): all | EF(aAc): s3 | EF(bAc): all |
EX(a): s0,s1,s3,s4 | EX(b): all |

EX(c):s0,s1,s2 | EX(aADb):s3,s4 | EX(bAc): s0,s1,s2 |

E[aUa]: s0,s1,s2,s3 | E[bUa]: all | E[cUc]: s3,s4 | E[aAbUc]:s1,s3,54 |
E[aAcUa]:s0,s1,52,s3 | E[b AcUc]: s3,s4 | ElaAbAcUb]: s1,s4 | EG(a):s0,s1,s3 | EG(b):
s1,54 |
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Exercise 4.3

LTL tautologies

Prove or disprove that the following formulas are tautologies, i.e., they hold for every
Kripke structure M:

1.
(Gp) U (pAq) — F(q U p)

GpA-Gg—p U —g

Solved by student:

A
) —)—)

Other opinion: 1 is valid. Let M be an arbitrary Kripke structure and m an arbitrary path in
M. If

Gp U (p * q) does not hold in t, then the implication holds in T since the left hand side is
false.

Therefore it is left to show that if Gp U (p * q) holds F(q U p) holds as well. If Gp U (p * q)
holds in m, then there exists a mk such that n*k |=p * q. Trivially "k |= p and therefore "k
|= q U p. Since 'k is a subpath of m we have that  |= F(q U p). Therefore the implication is
valid.
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—— D

Siprheldsand=Glaralse-holds
ButpU=g-dees-rothold

Don’t think the above is right:

G(p) holds in sO and s1

=G(q) = F(mq) and holds only in sO

pU~—q also only holds in sO

So in this example in s0 the implication holds and s1 is not a counterexample...

Other opinion: | think the proof that it actually is a tautology looks something like this: Gq
means foralli = 0, Mni| = q . Therefore =-Gq means
there existsai = 0suchthat M, T[i| = —q. The definition for pU—gqis

there existsak = 0 such that M, nkl = —qand forall0 < j <k, M,T[jl = p. The first part
is guaranteed by —~Ggand the second part is guaranteed by Gp
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Exam 29.06.2018 (FMI.184.pdf)

Block 1

1.) Consider the following decision problem:

[ DIFFERENT RUNTIME T 7]
| INSTANCE: A tuple (II, I;, I2), where II is a program that takes a string as input, and

| I, I, are strings.

LQI'}CS'I'I()‘\‘: Does IT hold on I; within a different number of computation steps than
on [p?

Remark: If a program II neither terminates on I; nor on I3, we say that Il requires the same
number of computation steps (i.e., infinitly many) for I; and I3.

(1) By providing a suitable reduction from the HALTING problem, prove undecidability
of DIFFERENT RUNTIME.

(2) Is DIFFERENT RUNTIME semi-decidable? Explain your answer. (15 points)

Similar to Exam 26.01.2018 Block 1

Status: CONFIRMED by Prof.
(1)

(T, 1) arbitrary instance of HALTING

(Tr, 11, 12) instance of DIFF RUNTIME, let I1=1, 12 # I1

(I {
/IPi, 11, 12 hardcoded
if(1'==11)
T1(I1)
else
while(true){}
}
2)

Let Pi_int be an interpreter that takes as input a source code Pi and strings I1, 12. Pi_int
simulates the run of Pi(l1), Pi(12) step by step alternating between the two program calls. If
one of the program runs halts but the other is not finished in the same amount of steps,
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return true, else false. Pi_int returns true for every positive instance of DIFF-RUNTIME,
therefore it is semi-decidable.

We argue that such an interpreter Pi_int is a semi-decision procedure for DIFF-RUNTIME.
We distinguish the following cases:

e C(Case 1:
Suppose that (P1’, 11, 12) is a positive instance of DIFF-RUNTIME i.e. Pi’ takes a
different number of computation steps with input 1, than with 12,
Then Pi_int will return true as soon as one program finishes but the other one needs
more steps.

e (Case 2.1:
Suppose (P1’, 11, 12) is a negative instance and Pi’(11), Pi’(12) halt with the same
number of computation steps. Then Pi_int returns false.

e (Case2.2:
Suppose (Pi’, 11, 12) is a negative instance and both Pi’(I1), Pi’(12) don’t terminate.
Then the simulation of this computation by Pi_int will not terminate either. Hence
Pi_int will run forever on the negative instance (Pi’, 11, 12), which is a correct
behavior for a semi-decision procedure.

Block 2

2.) (a) Recall that arrays are represented functionally. For instance, write(a,i,e) is denoted

by a(i < e). Similarly, read(a, k) is denoted by a[k]. Show that the following formula
afi<e)(jafilk] =gAj#kAi=jAalk| # g is Tacunsatisfiable. Please justify any
step in your proof in detail.

Besides the equality axioms, you have the following ones for the arrays.

i. Va,i,j (i =j — afi] = a[j]) (array congruence)
ii. Va,v,4,7 (i =7 — a(i<v)[j] = v) (read-over-write 1)
iii. Va,v,1,7 (1 #7 = a(iqav)fj] = a[j]) (read-over-write 2)

(12 points)

Similar to Exam 4.5.2018 - Block 2
@ = a(i <eXj <NK] =g A jZk A i=j A a[K]#g

© NGO RWN =

(L7 assumption

I Fai <e)j<fk] =g 1. Semantics of A

[+ j#k 1. Semantics of A

| Fisj 1. Semantics of A

| ¥ a[k]#g 1. Semantics of A

I Fai <e)j< k] =ali <e)k] 2., 3. Read-over-write 2

I Fadi <e)k] = alk] 3. Read-over-write 2
| = alk]=g 7., 6., 2. Transitivity
I+ L 8., 5. contradiction
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(b) Show the soundness of the following variant of the resolution rule.

CVvpVgqg DV-p EV-—q

CVDVE
(3 points)

It should suffice to give an informal argument like the following:

If all premises are true then the conclusion is true in the same interpretation.
As not both p, =p and both g, —q can be true, at least C or D or E have to be true.

Other solution: simply use resolution.
C1=CVpV(g;C2=DVp;C3=EVq
r1 =res(C1,C2,p)=CVDVq

r2 =res(r1,C3,q)=CVDVE
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Block 3

3.) Prove that the following correctness assertion is true regarding total correctness. Use the
invariant £ *m < n < y *m Am > 0. Describe the function computed by the program, if we
consider  and n as the inputs and z as the result.

Some annotation rules you might need:

{F}v:=ew— {F}v:= e{(Flv/v']| Av=e[v/V])}

if e then {F} ... else {G} +— {(e = F) A (me = G)}if e then {F}--- else {G}

{F}if e then --- else — {F}if e then {F Ae}--- else {F A —e}

while e do - - -od — { Inv }while e do { InuAeAt=tq } - - - { InuA(e = 0<t<to) }od{ InuA—e}

{m>0An>0}

y:=n+1
while z + 1 # y do
z:=(z+y)/2;

if z*xm > n then

else

fi
od

{zxm<n<(z+1)*xm}

(15 points)

Solution status student (with doubts, please check)

{m>0 A n>=0}
{F10: Inv[y/n+1][x/0]} as
x:=0;
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{F9: Inv[y/n+1]} as
y:=n+1;
{F1: Inv} wht
While x+1 1=y do
{F3: Inv Ax+1!=y At=t0} wht
F8: F7[z/(x+y)/2]} as
Z:=(x+y)/2;
{F7: (zm>n -> F6) A (zm<=n ->F5)} fi
If zm>n then
{F6: F4[y/z]} as
y:=z
Else
{F5: F4[x/z]} as
X:=z
Fi
{F4: InvA (x+1!=y -> 0<=t<to} wht
Od
{F2: Inv Ax+1=y} wht
{xm<=n<(x+1)m}

Variant t: y-x-1

Proofs: 2) F3 = F8

F3: x*m <=n<ym A m>0 A x+1#y A y-x-1=t0

F6: x*m <=n <zm Am>0A (x+1#z = 0<=z-x-1 <10 |F4[y/z]

F5: z*m<=n <ym Am>0A (z+1#y = 0<=y-z-1 <10 |F4[x/z]

F8: ((z‘m>n = x*m <=n <zm Am>0A (x+1#z = 0<= z-x-1 < t0) A (z‘m<=n = z*m<=n
<ym Am>0A (z+1#y = 0<= y-z-1 < 10))[z/(x+y)/2]

(splitting F8 up and applying [z/(x+y)/2])

F8a: ((x+y)/2)*m>n = x*m <=n < ((x+y)/2)*'m A m>0A (x+1#(x+y)/2 = 0<= (x+y)/2 -x -1 <
t0)
F8b: ((x+y)/2)*m<=n = (x+y)/2)*m <=n < y*mA m>0A ((x+y)/2 +1#y = 0<=y -(x+y)/2 -1 <
t0))

F3 = F8a:
x*m <=n<ym A m>0 A x+1#y A y-x-1=t0 = (((x+y)/2)*m>n = X*m <= n < ((x+y)/2)*'m A
mM>0A (x+1#(x+y)/2 = 0<= (x+y)/2 -x -1 < y-x-1))

If (x+y)/2)*m>n is true it follows that the same expression on rhs is true. x*m <= n is in
premise. m>0 is in premise

Remains to show: F3 = (x+1#(x+y)/2 = 0<= (x+y)/2 -x -1 < y-x-1):

y/2-x/2-1 < y-x-1 is true
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0<= (x+y)/2 -x -1

x+1 <= (x+y)/2

2X+2 <= x+y

X+2 <=y

from the premise we have y>x (bc: xm<=n<ym and m>0) and y#x+1, therefore y>= x+2
holds

F3= F8b: should be the same

Proofs 1) +3) should be easy to prove.
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Block 4

H = {(s0, t0), (s1, t4), (s4, t4), (s3, 13), (s2, t5), (s3, t2)}

H = {(s3, t2), (s2, t5)} musste auch passen, da auf der Folie mit der Definition (4-3/p10)
extra steht, dass Startzustédnde nicht bertcksichtigt werden

b .
(b) Consider the following Kripke structure M:

For each of the following formulae ¢,

1. check the respective box if the formula is in CTL, LTL, and/or CTL*, and
ii. list the states s; on which the formula ¢ holds; i.e. for which states s; do we
have M, s; = ¢?
Note that by a CTL* formula, we here mean a CTL* state formula or a CTL* path
formula. Also recall that for an LTL formula ¢ we have M, s |= ¢ if and only if 7 |= ¢
for all paths in M that start at s.

@ CTL LTL CTL* States s;

G(c)

((a) U (a))

AAF(aANc)

AX(aAb)

E[(bAc) U (c)]

(5 points)
Status: confirmed by Prof.

® CTL LTL cTL* states
G(c) X X s0, s1
((a) U (a)) X X s1,s2,s3
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AAF(a " c) s2, s1
AX(a " b) s2, s4
E[(b % c) U (c)] s0, s1, s4

c)

(¢) LTL tautologies

Prove or disprove (e.g. by providing a counter-example) the following LTL formulas:
i.
~(p U q) = (=Gp vV =Fq)
ii.
G(pUgq) —Gp
iii.
F(p Ugq) = Fq

Solved by student. A have an exam of a friend of mine, so i and iii are tautologies, ii not,
this is for sure. The explanations are not so great though, so | came up with my own.

i. Is a tautology!

Let’s first try to interpret the statements:

I(p U q) means there is no i, i>=0, so that state si|=qand no0 <=k <isothatsk |=p

IGp means p is not globally, so there is an i, i>=0, so that si |= !p, meaning !Gp «—— Flp

IFg means there is no i, i>=0, so that state si |= q, meaning 'Fq «—— Glq

Formal arguing:

Let M be an arbitrary Kripke structure with starting state s0. Let 1 be some path -> s0, s1, ...
Let’s try to prove this is a tautology by contradiction. Let’s assume LHS is true and RHS is

false. Thus, for LHS it holds that ![1 i (i >= 0) for which M, i |= q (0). In order for the RHS

to be false, both (!Gp) and (!Fq) sides of the disjunction have to NOT hold. For IFq to NOT
hold, it should be true that (] j (j >= 0) for which M, %} |= q (1). The claims (0) and (1)
clearly contradict each other, therefore, it is a tautology.

ii. No, it is not. A counterexample:

(s0:q)selflooped

We take the only case when the whole statement is false: RHS is true and LHS is false.

So LHS, G(p U q), holds, because globally is g. Since p before q is optional, it is fine there is
no p at all.

RHS does not hold, because p is clearly not globally true. It is in fact never true.
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iii. Yes, it is a tautology.

Formal arguing:

Let M be an arbitrary Kripke structure with starting state s0. Let 1 be some path -> s0, s1, ...
Let’s try to prove this is a tautology by contradiction. Let's assume LHS is true and RHS is
false. Thus, for LHS it holds that [ i (i >= 0) for which M, 1% |= q (0). In order for the RHS to
be false, Fg should NOT hold. For Fq to NOT hold, it should be true that ![J j (j >= 0) for
which M, T4 |= q (1). The claims (0) and (1) clearly contradict each other, therefore, it is a

tautology.
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Exam 04.05.2018 (EML.183.pdf)

Block 1

1.) An undirected graph is called a non-terminal graph if each vertex in the graph has at least
two edges to other vertices. Examples: ({a.b,c}.{[a.b], [b.c].[a.c|}) is non-terminal, while
({a.b,c}. {[a.b].[b.c]}) or ({a.b,e,d}. {[a.b].[b.c], [a,c|}) are not.

Consider the following problem:

3-COLORABILITY-NT
INSTANCE: A non-terminal graph G = (V| E).

QUESTION: Does there exists a function g from vertices in V' to values in {0, 1, 2} such
that p(vy) # p(vs) for any edge [vy,v2] € E.

Use the fact that the standard version of the 3-COLORABILITY problem is NP-complete,
to prove that 3-COLORABILITY-NT is NP-complete as well. Give a brief argument for
NP-membership and show NP-hardness by a reduction from 3-COLORABILITY.

Recall that 3-COLORABILITY is defined as follows:

3-COLORABILITY
INSTANCE: An undirected graph G = (V, E).

QUESTION: Does there exists a function p from vertices in V' to values in {0, 1, 2} such
that p(vy) # p(vs) for any edge [vy,v2] € E.

Hint: When reducing from 3-COLORABILITY to 3-COLORABILITY-NT, replace
(certain) vertices by a triangle.

(15 points)

Replace vertices with only one edge (or zero edges) to other nodes with a triangle which
itself is a pos instance of 3-col.
Certificate Relation?

Block 2

a) Just apply read-over-write 2 two times and use transitivity.

Status: solved by student
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SN~ WDN =

o

@ = a(i <e)j < Hk] =g A j#k A i=j — a[k]=g

|~ @

|« = {a(i < e)j < Ikl =g A j#k A i=j} v alk]=g
I +adi <e)j<hk] =g A j#k A i5j A a[k]#g
| = adi < e)j<hHk] =g

| ¥ j#k

| Fisj

| + alk]#g

I+ ai < e)j < Hk] = ai < e)[k]

I+ adi < e)[k] = a[k]

.1+ alk]=g

Symm.

1M1.1¢ L

Status: solved by student

194

assumption
1. Semantics of —
2. Semantics of ~

3. Semantics of A

3. Semantics of A

3. Semantics of A

3. Semantics of A

4. Read-over-write 2
8. Read-over-write 2
9., 8., 4. Transitivity,

10., 7. contradiction



Block 3

See Block 3 - fmi161 and Block 3 - 27.1.2017

Block 4

a)

4.) (a) Provide a non-empty simulation relation A that witnesses M, = M5, where M) and
M2 are shown below. The initial state of M) is s, the initial state of Afz is tp:

Kripke structure A : Kripke structure Af.:

-

(4 points)

Solved by student:
H={(s0,t0),(s3,t5),(s4,t5),(s1,t4),(s0,t2),(s2,t4)}
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b) Verified by Kripke Builder:

G (b) LTL, CTL* s0, s1

AF(c) CTL, CTL* s4,s2,s3,s0,s1
((c) U (a)) LTL, CTL* s4,s2,s0

EG (c) CTL, CTL* s4, s3

E[(a & b) U (c)] CTL, CTL* s3, s4, sO

(c) LTL tautologies

Prove or disprove (e.g. by providing a counter-example) the following LTL formulas:

i

(p U —q) = (-Gg)
ii.
(FGp) — (GFp)
iii.
FXp - XGp

(6 points)

c) i) True, is a tautology, ... i>=0 s.t. M,Pi_i |= Iq for both
ii) True, is a tautology: Let 1 be a path that satisfies FGp. This means there is
some k=0 such that for all j 2 k, 77 |= p. From this follows that for all i = 0 there exists some |
> (e.g., max(i,k)) such that 1 |= p. This means 1 |= GFp.

iii) Counterexample:
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Exam 16.03.2018 (EML.182.pdf)

Block 1

1.) Consider the following problem:

EXACT HITTING SET (EHS)
INSTANCE: A collection C of sets of elements.
QUESTION: Does there exist a set S of elements, such that for each C € C, |SNC

i.e. each set in C contains exactly one element from g7

_]1

Example: Consider C = {{a,b,d}, {b ¢}, {c,d}}. S = {a, ¢} witnesses that C is a positive
instance of EHS. On the other hand, ¢’ = {{a, b,d}, {a, b, ¢}, {e,d}} is a negative instance.

By providing a suitable reduction from the 1-IN-3-SAT problem, prove that EXACT-
HITTING-SET is an NP-hard problem. Argue formally that your reduction is correct.

Recall that 1-IN-3-SAT is defined as follows:

1-IN-3-5AT
INSTANCE: Boolean formula ¢ in 3-CNF.

QUESTION: Does there exists a satisfying truth assignment 7' on ¢, such that in each
clause of ¢, exactly one literal is true in 77

Hint: For each variable » in ¢, use two elements v and —» in your definition of C.
(15 points)

Solved by Student:

We construct C in a way that each clause in phi is a set of elements in C.

If a clause in phi contains a negated variable we change that to a new variable nv
(negatedVariable) in C

Additionally for every variable you need the additional set that includes the positive and
negative instance of said variable. E.g. {{a, an}, {b, bn}, ...} so that the variables can not be
true and false at the same time.

C={{v, v-o} | Va € Var} U {{v,, v, v,} | ¥ clauses in phi where x, y, z are the 3 variables
or negated variables}
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Eg:
phi=(avbve)A(av-dve)Aa(-evbvc)
T={a,-b,-c,d, -e}
C={{a,b,e}, {a,dn,e}, {en, b, c} {a, an}, {b, bn}, {c, cn}, {d, dn} }
S={a,bn,cn,d,en}
Iff Phi is a positive instance of 1-IN-3-SAT C is also a positive instance of EXACT HITTING
SET and vice versa.

Formal proof => and <= is missing.

Block 2

2.) (a) Show that blj] = f — b(j < f) = bis T valid.

Besides the equality axioms, vou have the following ones for the arrays.

i. Ya,i,j (i =j — ali] = alj]) (array congruence)
ii. Ya,v,i,j (i =7 — a(i<v)[j] =) (read-over-write 1)
ii. Va,v,1,J {i #q7 aliav)|j] = r;|j|) (read-over-write 2)
iv. Ya,b(Vj (alf] = blj]) < a =D) (extensionality)

(12 points)

(b) Consider the clauses C4,...,Cy in dimacs format (in this order, shown in the box; recall
that 0 indicates the end of a clause) which are given as input to a SAT solver.

¢ Apply CDCL using the convention that if a variable is as

signed as a decision, then it is assigned ’true’. Select vari-

-140
ables as decisions in increasing order of their respective 450
integer IDs in the dimacs format, starting with variable 1. -5 -4 6 0
& When the first conflict occurs, draw the complete implica 3 -670
tion graph, mark the first UIP, give the derivation of the 790
learned asserting clause that corresponds to the first UID, =5 =6 -7 -9 0 |

and stop CDCL. You do net have to solve the formula!
(3 points)
2.a. Proof by contradiction (solved by student):
Suppose there is a T, -Interpretation | =(U, |,a)
1:1-b[j]=f>Dbj<f)=b

2:1=Db[j]=f From 1 left side of implication
3:1eb(j<afy=b From 1 right side of implication
4: 1 Vi ((b<Hi] =b[i]) From 3 apply extensionality
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5: 1, ¥ (b(j < H[j] = b[j] From 4 take only the jcase:j € U, I, = I{j « i}
6: I, - = DbJj] From 5 because of read-over-write 1

7 1, eb[j]=f From 6 because of reflexivity(equality axiom)
Conflict at 7 and 2. Therefore it is T,™-valid.

It is done similarly in FMI.181. Not sure mine is also correct

Alternative solution by student:
Proof by contradiction: Suppose there is a T, -Interpretation | =(U, I,a)

1:1b[j]=f=Db{<fH=Db

2:1=b[j]=f From 1 left side of implication
3:1eb(j<afy=b From 1 right side of implication
4: 1= Vi ((b{<Hi] = bli]) From 3 apply extensionality

5:1; ¥~ (b(j < H)[k] = b[K] From 4 , v, forsome k € U: |, = l{i — k}
6:,¥j #k 5, read over write 2, modus tollens
7:1Fj=k 6, = (negation)

8: 1, E b[j] = blK] 7, array congruence

9: I, - f=Db[K] 2, 8, transitivity

10: I, =b{j < k] =f 7, read over write 1

11: 1, = (b(j < H[K] = b[K] 9, 10, transitivity

12: contradiction between 11 and 5

2.b.
Too much work to get the graph here, but my conflict was at f;, my UIP was at f; and my
conflict clause was c;: f; V =fy V =f,. Would be great if someone could verify that

Checked (other student): — got the same result, also see Block 2 from 5.5.2017
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Block 3

3.) Show that the following correctness assertion is true with respect to total correctness. De-
seribe the function computed by the program if we consider k as its input and m as its
output.

Hints: Use the formula m? <k <n?A0<m<n<k+1 asloop invariant. Depending
on how you choose the variant, use one of the following annotation rules:

while € do---od — { Inv }while e do { Invnent—ty }---{ Inv A 0<t<ty }od{ InvA—e }
while e do- - - od + { Inv }while e do { InvAent—ty }---{ Invi(e — 0<t<ty) }od{ nvi—e }

{(F:k>0} %

m = ()
ni=k+1;
while m + 1 # n do
l:=(m+mn)/2
if I < k then
=1
else
=1
fi
od

{G:m?2<k<(m+1)?}

(15 points)

Solution by professor (dvsw-solutions.pdf, Exercise 10, SS18):
x=K, y=m, z=n, |=t
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{Fi:z=0}
{Fis: Inv[z/z +1][y/0]}  (as?)

y =0
{Fu: Invlz/z+1]}  (ast)
zi=r+1;

{ Fy: Inv } (wht")
while y + 1 # 2z do
{Fa:Invhy+1#£2Ns=s0} (wht")
L= (y+2)/2
{Firui: InvAy+1#zAs=sNt=(y+2)/2} (as])
if 2 < x then
[{Fio:InwAy+1#£zAs=sNAt=(y+2)/2At2 <2}
{Fo: (Inv A0 < 5 < s0)[y/t] } (ast)
Y=t
{Fe:Inv A0 <s< s} (fi1)
else
[Fis:InvAy+1#z2As=s0Nt=(y+2)2At2 >z}
{Fio: (Inu A0 <s<sp)[2/t]}  (ast)

z:=t
{Fg: Inv A0 < s <5} (fit)
fi
[{Fs: Inu A0 <5< sp} (wht")
od

{Fe: InvAy+1==z2} (wht")
{Fry?<z<(y+1)°}
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We choose the invariant Inv =y < 2z <x+ 1A y2 << 2? and the bound function
g§:=z —y. We have to prove the following implications:
Fi:x>0= Fi5: Inv[z/z + 1][y/0]
Fip: v Ay+1#2At=(y+2)/2A12 <2 = Fy: Invfy/t]
Flo:Iwvhy+1#zAt=(y+2)/2A2 <z = Fyp: 0 < s[y/t] < s
Fia: v Ay+1#2At=(y+2)/2A > 2= Fig,: Invfz /i]
Fiao:Invhy+1#2At=(y+2)/2A2 > 2= Figp: 0< sz2/t] < s
Fp:lwAy+l=z=F:y’ <r<(y+1)°

x = 0= Inv[z/z + 1][y/0]
r>0=0<z+l<z+1A0<z<(z+1)°

The conditions on the richt-hand side are obviously true. Note that 0 < x4 1 and
0% < 2 hold because of z > 0.

F12=':-Fga:
InwAy+1£2at=(y+2)/2At2 <z
= Inv(y/t]

y{zgm+lhyggxngh*y+1%zht=[y-i—z)f?htgg:r

stz <r+ AL <z <2’

The conditions on the right-hand side also occur on the left-hand side except ¢ < 2,
which we therefore have to prove. Since y < 2 (first condition on the left-hand
side) holds, the value of t = (y +2)/2 isat most (z —1+2)/2=2—1, hence f < z
holds.

Fia = Foy:
IwAay+1#2at=(y+2)/2nt2 <z
=0<sly/t] <s
y<z<r+lay<z<2lAy+l#zat=(y+2)/2At’ <z
=0<z2—1t<2—1y9

The conclusion can be written as y < t = z. In the proof of the implication
12 = 9a we show ¢ < 2z, hence we also have ¢ < 2. Moreover, in the proof of
implication 13 = 10a we show y < t using only premises also oceurring in formula
12,
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Fi3 = Fipa:
InvAy+1#£zAt=(y+2)/2At2 >z
= Inv|[z/t]
y{zix+1ﬂy2£I{zghy+l7ézht=[y+z}j2ﬁt2::=:r.
sy<t<z+lay<z<t’

The conditions on the right-hand side also oceur on the left-hand side except
y <t < x4+ 1, which we therefore have to prove. The condition £ < x 4+ 1 holds,
since t < 2 (see argument above) and 2 < r+ 1 (second condition on the left-hand
side). To show y < t, note that y < 2z and y+ 1 # 2, i.e., 2 = y + 2. Therefore the
value of (y 4+ 2)/2 is at least (y+ v+ 2)/2=y+ 1, hence y < ¢.

Fi3 = Fios:
IwAy+1#£2At=(y+2)/2At2 >z
= Inv[z/t]
y{z£x+1h'y2£r{zgﬂy+l?&zht=[y+z}j2ht2}:r.
=0<t—y<z2z—1y
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Block 4

4.} (a) Provide a non-empty simulation relation H that witnesses My < Ma, where M, and
My are shown below. The initial state of M, is sy, the initial state of M is £

Kripke structure MM : Kripke structure Ms;:

(4 points)
Solved by student: H={(s0, t0), (s2, t1), (s1, t2), (s4, t5), (s3, t2), (s2, t5)}
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(b) Consider the following Kripke structure M:

@ @ @ @ =

For each of the following formulac ¢,

i. check the respective box if the formula is in CTL, LTL, and for CTL*, and

ii. list the states s; on which the formula ¢ holds; ie. for which states s; do we
have M, s; | 7

-:';'_I CT]J ]JTIJ m];* Sl«':‘l.t.'ll‘h" &g
Flaab) Ll Ll L
AX(b) [ (H [
AX(bae) ] 1 ]
EF(c) Ll L1 Ll
El|(anb) U (b)) W O |
(5 points)
Solved by student, verified by Kripke Builder:
F(a&b) LTL, CTL* s3
AX (b) CTL, CTL* s0, s2, s1
AX (b & c) CTL, CTL* s0, s2
EF (c) CTL, CTL* s0, s1, s2, s3, s4
E[(a & b) U (b)] CTL, CTL* s3, s4, s2
(¢) LTL tautologies
Prove or disprove the [ollowing LTL [ormulas:
L (-Gg) = (p U )
ii. (GFp) - (FGp)
iii. FXp = XFp
(6 poinis)
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Solved by student:
i) False:
7(Gq) = Fq
M,Tr F F-q ¢ there exists a k>=0 such that M,m*~ =q
M, ~ (p U ~q) ¢ there exists a k>= 0 such that M, ¢~ =q and for all 0<=j<k, M, T/ ~p

Thus the implication would only hold in the other direction.

M, % =F=q but M,m°~p U ~q

ii) False:
Counterexample which holds for G F p but not for F G p

iii) True:

M, = FXp ¢ there exists a k>=0 such that M,m*= Xp
M,TT* = Xp © M, p

M, = XFp & Mm'= Fp
M,Tr" = Fp ¢ there exists a k>=1 such that M, "~ p
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Exam 26.01.2018 (EMI.181.pdf)

Block 1

1.) Consider the following decision problem:

HALTING IN LESS STEPS

INSTANCE: A tuple (I1y, 115, I), where I1;, II5 are programs that take a string as input,
and [ a string.

QUESTION: Does II; hold on [ in strictly less computation steps than Il; does on 17

Remark: If a program IT terminates on an input I and a program II' does not terminate on
I, we say that IT holds on [ in strictly less computation steps than IT". In case both programs
do not terminate, it is not the case that IT holds on I in strictly less computation steps than
IT" on 1.

(1) By providing a suitable reduction from the HALTING problem, prove that HALTING
IN LESS STEPS is undecidable.

(2) Is HALTING IN LESS STEPS semi-decidable? Explain your answer. (15 points)

CONFIRMED by Prof.

student attempts (1):

For an instance of HALTING with program 1 and input I, build an instance for HALTING
IN LESS STEPS as 11 =11, 12 = [program that never halts] I’ = I.

=> assuming 1 and | is a yes-instance of HALTING, then 1 halts on |. Because
[program that never halts] is defined to need more than finite steps we have
a yes-instance for HALTING IN LESS STEPS.

<= assuming 11, 12 and | is a yes-instance of HALTING IN LESS STEPS, then 111
halts in less steps than 112. Either both halt or T2 does not halt while 111 does

halt. (why? because only a finite number of steps is strictly less than infinite

steps) direct consequence -> 1 = 11, | = | is an instance of HALTING.

(2)
is wrong in this picture (the reduction only looks at instances where Pi2 does not halt). We
need to provide a Semi-Decision Algorithm:
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We can create an Interpreter that executes one Step from 11 and then one from 112 until
one of them halts (Or an interpreter that runs both in parallel and aborts 1 as soon as 12
holds should also be a possibility).

One should probably argue like in the example slides and list the_distinct cases for the

interpreter function:

Case 1: pos instance of HLS

Case 2.1: neg instance of HLS and Pi2 halts on I.

Case 2.2: neg instance of HLS and Pi2 does not halt on | (and because neg. instance also
Pi1 does not halt)

Block 2

2.) (a) Show that afi] =e — a(i<e) =ais T -valid.

Besides the equality axioms, you have the following ones for the arrays.

i. Va,i,j (i =j — ali] = a[j]) (array congruence)
ii. Va,v,i,j (i =j — a{iav)[j] =v) (read-over-write 1)
iii. Va,v,i,j (i #j — a{iav)[j] = alj]) (read-over-write 2)
iv. Va,b(Vj (alj] = b[j]) <> a=b (extensionality)

(12 points)

(b) Answer the questions about the CDCL algorithm and justify your answers in detail.
i. Suppose that CDCL is applied to solve a propositional formula ¢ in CNF, and a
clause C is learned. Does ¢ = ¢ A C' hold?

ii. Consider a run of CDCL on a given CNF F, and suppose that the run has ter-
minated. What is the current decision level in CDCL at the time when CDCL
terminates?

(3 points)

(a) Same Example as presented in slides fminf_sat3.pdf. Just perform the extensionality
axiom on the right hand side of the implication and you lead to the formula below.

b)

i) Yes, because C just avoids truth-assignments which would lead to a conflict. CDCL does
not affect soundness or completeness. Each learnt clause can be inferred from the original
clauses and other learnt clauses.

ii) If F is unsat decision level will be 0, else DL < amount of distinct variables -1 (from a
comment at Block 2 of 30.6.2017)
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Block 3

3.) Counsider the following modified while-rule:

{Inv ANe}p{Inv}
m
{Inv A e } while e do p od { Inv A —e }

w

(a) Show that this rule is admissible regarding partial correctness. (5 points)

(b) Show that the Hoare calculus for partial correctness is no longer complete, if we replace
the regular while-rule by the modified one. (10 points)

See 4.12.2015 Block 2
OR

Solution for similar exercise by professor (dvsw-solutions.pdf, Exercise 6):

Consider the following modified while-rule:

{ Inv}p{ Inv}
{ Inv } while e do p od { Inv A —e }

W
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Solution

(a) We have to show that the conclusion { Inv}while ¢ do p od{ Inv A —e} is true
whenever the premise { Inv } p{ Inv } is true, for all formulas Inv, e and programs p.
This can be done by deriving the conclusion from the premise using rules that are
already known to be admissible, like the regular rules of Hoare caleulus.

(Invne)= Inv {Inv}p{Inv}
{Invnelp{Inv}
{ Inv } while e do p od { Inv A —e }

wh

The formula (Inv A e) = Inv is a tautology. Therefore, by the correctness of the
Hoare calculus, the conclusion { Inv } while ¢ do p od { Inv A —e } is true whenever
the premise { Inv } p{ Inv } is true.

(b) To show the incompleteness of the modified Hoare caleulus we give a counter-
example, which consists of a concrete correctness assertion that is true with re-
spect to partial correctness, but which cannot be derived in the modified caleulus.
Consider the assertion

{z=0}whilez >0dor:=r—1lod{x=0Ax 20} .

This assertion is true as can e.g. be shown by deriving it in the regular caleulus:
valid as
rz0hr>0=22x-120 {r—-120}r=x-1{z=0}
frz0nrAz>0}r=2—-1{z2=20}
{r=0}whiler >0dor:=x—lod{x=0rx#0} b

h

But this assertion cannot be derived in the modified ecaleulus as we will show by
contradiction. Suppose it can be derived. Then the derivation must have the form

some derivation of {Flr=z—-1{F}
{Flz=xz—-1{F} o
rz0=F {Flwhler>0doxr=cr—-1od{FAzz0} (Frzz0)=(zz0nz#0)
{rZz0}whilexr >0dor:=r—1lod{z=0nz %0}

le

for some suitable invariant F. Note that lc and mw are the only rules that can have
our counter-example as conclusion. Moreover, mw has to be applied once sinee it is
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the only rule that can introduce a while statement. (In fact, the logical consequence
rule can be applied several times, but the effect of several applications can always
be achieved with just one application. )

Now, if such a derivation indeed exists, then the formulas x = 0= F and (F A x #
0) = (z = 0Ax # 0) are valid and the correctness assertion { F }z =2 —1{ F}
is true (since it can be derived). We show that this cannot happen simultaneously,
hence the derivation does not exist. This means that the caleulus is incomplete,
since we have found a true correctness assertion that cannot be derived.

Consider a state o with o(z) = 0. Since r = 0 = F is supposed to be valid and
r = 0 is true for ¢, F must also be true for . Since { F }x: =z — 1{ F} is true,
we conclude that F is also true for o', where o'(x) = —1 (state after executing the
assignment). But the implication (F Az # 0) = (z = 0A x # 0) does not hold
for o”: The premise is true since o'(xz) # 0, but the conclusion z = 0 A x # 0 is not
true, since o' does not satisfy = = 0.

211



Block 4

4.) (a) Provide a non-empty simulation relation H that witnesses M; < M, where M; and
Mo are shown below. The initial state of M is sq, the initial state of Ms is ty:

Kripke structure M;: Kripke structure M;:

Solved by student: H = {(s0,t0), (s3, t1), (s2, t2), (s0, t3), (s1,t3), (s4, t1)}
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(b) Consider the following Kripke structure AM:

Coo D)
D

For each of the following formulae ¢,
i. check the respective box if the formula is in CTL, LTL, and/or CTL*, and

ii. list the states s; on which the formula ¢ holds; i.e. for which states s; do we

have M, s; = @7

@ CTL LTL CTL* Statess;
G(c) O O O
(@U@) | O O ©
AF(b) O O O
EG(b) 0 O O
O O O

E[(b) U (a)]
(5 points)

Solved by student, verified by Kripke Builder:

G(c) LTL, CTL* s4, s0, s2, s1
((a) U (a)) LTL, CTL* s4,s2,s3

AF(b) CTL, CTL* s0, s4, s1, s2, s3
EG(b) CTL, CTL* -

E[(b) U (a)] CTL, CTL* s4, s2, s3, s0
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(¢) Consider the LTL formulas GF(pUgq) and GFq. Prove that they are equivalent or give
an example showing that they are not equivalent.

(6 points)

Solved by student:
| think they are equivalent.

“=>": Assume we have an M, such that M |= GF(pUq). This means for every initial state s of
M and every path 1 starting at s and every i >= 0, M, |= F(pUq). This further means that
there is some k >= i, such that M, |= pUq. This means that there is some n>=k, such that
M, " |= q (and also some k<=j<n such that M, 10 |= p, but this doesn’t matter in this case).
This means that M,m"|= Fq and also M,mr*|= Fq and also M,mr'|= Fq and as such M, |=
GFq. As 1 was chosen arbitrarily, M |= GFq also holds.

“<=": Assume we have an M, such that M |= GFq holds. This means for every initial state s
of M and every path Tt starting at s and every i >= 0, M, 11" |= Fq. This means that there is
some k >=i such that M,mi* |= q. But then also M, |= pUq and by the definition of “F” M,
|= F(pUq) and M, T |= F(pUq) and M, T |= GF(pUq). Since 1 was chosen arbitrarily, M |=
GF(pUq) also holds.

214



Exam 12.12.2017 (FMI.176.pdf)

Block 1

1.) Consider the following problem:

3-COLORABILITY-MIRROR
INSTANCE: A pair (G, z) with G = (V, E) an undirected graph and = € V a vertex.

QUESTION: Is it true that G* = (V*, E*) is 3-colorable, where G* is defined via vertices
V*=VU{v' |v eV} and edges E* = EU{[v/,v'] | [u,v] € B} U{[z,z']}?

By providing a suitable reduction from the standard 3-COLORABILITY problem, prove
that 3-COLORABILITY-MIRROR is an NP-hard problem. Argue formally that your
reduction is correct.

Recall that 3-COLORABILITY is defined as follows:

3-COLORABILITY
INSTANCE: An undirected graph G = (V, E).

QUESTION: Does there exists a function g from vertices in V' to values in {0, 1,2} such
that pu(vy) # pu(ve) for any edge [vy,v2] € E.

Hint: If there is a valid coloring u for a graph G then there is also also a valid coloring u'

for G which “swaps” colors (i.e. p(v) # p'(v) for each vertex v in G).

Status: solved by student

=> Let G be an arbitrary positive instance of 3-colorability, with p(v1) # p(v2) for any edge
[v1, v2] € E. G* contains G as a subgraph by construction, so half of G* is already
3-colored. The other half can not simply use u as a coloring function because of the edge [x,
X’] € E*. Let therefore u’ be a “swaping coloring function” with u’=(u(v)+1 % 3) (we
swap/rotate the initial coloring by one). p’(v1’) # p’(v2’) for every v EV* and (v’ )#u(v) for
every VEV*and v € V. Use |’ for the second half of G* and the 3 coloring property is still
preserved for G and further G*.

<= Let G* be an arbitrary positive instance of 3-colorability-mirror. G* contains by definition a

subgraph G=(V,E) which has also to hold that it is 3-colorable (otherwise G* would not be
3-colorable). From that we know G is a positive instance of 3-colorability.
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Block 2

2.) (a) Usecascmantic argument to prove the Ty-validity of the following ¥ 4-formula, or provide
a counterexample (i.e., a falsifying T4-interpretation):

alide)jl=e—=i=jVa[j]=c¢
(8 points)

Status: solved by student
p=a<i<e>[]=e—i=jvaljl=e

1. lkg assumption

2. l|=a<i<e>j]=e 1. Semantics of —

3. I¥i=jVa[jl=e 1. Semantics of —

4. ||=i# Aa[jl#e 3. Semantics of -

5 1]=i# 4. Semantics of A

6. I|=a[]#e 4. Semantics of A

7. 1 |=a<i~< e>[jl=a[j] 5. Read over write 2

8. I|=al]=e 2., 7., Symmetry, Transitivity
9. I|=1 6., 8., contradiction

Formula is T_A-valid.

(b) Is the following ¥ 4-formula T-valid? Justify your answer.

a(ige)jl=e—s1=7
(1 point)
(c) Is the following ¥ 4-formula Ta-valid? Justify your answer.
al{i<ge)[j] =e—alj] =¢
(1 point)

b) No, this implication only holds in the other direction (read-over-write 1). i # j would still
allow the given implication.

c) No, if i =, then a]j] could be anything, therefore the implication does not hold.
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(d) Let v be a propositional formula in CNF and let S := {C € ¢ | £ € C'} be the set of all
clauses C' in 9 that contain ¢, where £ is the literal of some arbitrary but fixed variable.
Assume that literal —f does not occur in any clause in .

Let 9" be the CNF obtained from ¢ by removing all clauses in S: ¢/ ;==\ S.
Give a detailed proof of the following statement:

1) is satisfiable if and only if ¢ is satisfiable.

(5 points)

d) Status: solved by student- not sure if formal enough (it is very similar to 171 - Block
2)

=> assume Y is sat, this means that in each clause of W there is at least one literal to make
the conjunction over all clauses true.

Case 1: If every clause in W contains the literal L, then W’ = {} and the conjunction of an
empty set is always true.

Case 2: If W contains clauses which do not have L in them, they need some other literal L’
to make them true (because of the assumption W is sat). In W’ there are only these clauses
left with the literal L’ which makes them true under W. So W’ is also sat.

<= assume YV’ is sat.
Case 1: W' = {} the conjunction of an empty set is always true. This means that W consists
only of clauses where L is present. Let L = true and this makes ¥ sat.

Case 2: V' # {} so we have some clauses C’ with literals L” which have to be true to make
Y’ sat. Because W’ is a subformula of W and W additionally only has clauses where we
have the literal L (and the negation of L is never in this set), then let this literal L = true. This
makes WV sat.

Block 3

3.) Let w be the program T=T— Y, Yy =T+, r'=y—T .

(a) Specify a correctness assertion stating that this program swaps that values of the vari-

ables x and v. (1 point)
(b) Prove the correctness assertion using weakest preconditions. (5 points)
(c) Prove the correctness assertion using strongest postconditions. (9 points)

a) {x=x0 and y=y0} x=x-y;y=x+y;x=y-x {x=y0 and y=x0}
b)
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i)  Calculate wp(x=x-y;y=x+y;x=y-X, x=y0 and y=x0) = wp(x=x-y, Wp(y=x+Yy,
wp(x=y-x, x=y0 and y=x0)
i) show {x=x0 and y=y0} => wp

c)
i)  Calculate sp(x=x0 and y=y0, x=x-y;y=x+y;x=y-X) = sp(sp(sp(x=x0 and y=y0,
X=X-Y), y=X+Y), X=y-X)
i)  show sp => {x=y0 and y=x0}
Block 4

Same as Exam 20.10.2017
Block 4 - 175 - 20.10.2017

Exam 20.10.2017 (EMI.175.pdf)

Block 1

Solved by student:

Assuming G is a positive instance of the 2-COLORABILITY problem, then there is a coloring
function y, such that u(vi) != p(vj) for all (vi, vj) of E. Now let these colors be the values
“true” and “false”. This means that y assigns every vertex either the value “true” or the value
“false”. We can represent this using variables of the form xi, that represent the truth-value of
the vertex vi.

Obviously, since p is a valid 2-coloring, (xi or xj) and (not xi or not xj) is valid for all (vi, vj) of
E, and hence PhiG is satisfiable.
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Solution from Exercises(Examples) SS2018:

Solution to Exercise 5
Suppose G is a positive instance of 2-COLORABILITY. We have to
show that ¢ is satisfiable.

By assumption, there is a color assignment f : V — {0, 1} such that
f(vi) # f(v;) for all [v;, vj] € E.

To show that ¢ is satisfiable, we define a truth assignment T as
follows. For all i € {1,...,n},

m 7(x) = true if f(v;) = 1, and
m 7 (x;) = false if f(v;) = 0.

It remains to show that ¢ evaluates to true under T.
Solution to Exercise 5 (cnt'd)

Take an arbitrary edge [v;, v;] € E. It remains to show that (x; V x;) and
(—x; V —x;) both evaluate to true under T.

Due to the assumption that f is a proper 2-coloring of G, we have

F(vi) # f(v)).

Then due to the definition of T we have T(x;) # T(x;). We are left with
two possible cases:

m 7(x;) = true and T(x;) = false. Then trivially both clauses (x; V x;)
and (—x; V —x;) evaluate to true under T.

m T (x;) = false and T(x;) = true. Again, both clauses (x; V x;) and
(—x; V —x;) evaluate to true under T.

Block 2

a) Solved by student: (not sure if formal enough)

For @Ff to be E-satisfiable there has to be an assignment making all conjuncts true. If at
least one conjunct is not satisfiable, the whole formula becomes E-unsatisfiable.

The conjuncts of @FYF

C1: x=y

C2: f(x) = g(y)
C3: z =g(f(y))
C4: z 1= g(f(x))
C5: P(g(f(y)), x)

are listed in the following.

From C1 it follows that x equals y.
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Using this information in combination with C2 leads to f(x) = g(x).

The functional consistency axiom now says that the functions f and g need to be equal.
Substituting z in C4 with the z given by C3 leads to formula (VI): g(f(y)) = g(f(x)).

As we stated above x =y and g(x) = f(x).

So the formula (V1) can be simplified to f(f(x)) != f(f(x)). This is obviously a contradiction.

Using the first four clauses it was possible to show that there cannot be a valid assignment
for this EUF-formula. Therefore it is E-unsatisfiable.

b) Solved by student:

e x=x A flx)=glyl A z=g(fly)) A z#g(flx)) A Plglfly)).x)

After removing the uninterpreted predicate:
W x=x oA flx)=gly) A z=g(f(y)) A 2z glf(x)) A Fplg(fiy)),x)=x,
Calculating the flat:

flat“(W™ )= x=y A fi=g, A z=8, A z2# g A fi=x,

Calculate functional constraints:
FCE(IPELF): Fci(wEl;F) A FCE(I‘JELFJ A FC:—-F(IPELF]

FCE‘(WEUF)3 x=y = 1=/,

FCAW™ ) y=f.—>8=8: A y=f1=8=8 N f=f1— g.=g

FC ip( W ): // Tassume this term is empty. Confirmation / correction would be appreciated.
The functional constraints therefore are:

FCH (9™ ): (x=y = fi=fa) A (y=Ffa=8=8) A (y=fi—g=g) A [fo=F = g.=g))
The equality logic formula " is SATiff " is SAT:

wE: FC.E(w.EbF) A ﬂma[wsr,f‘]

’UJE: ((x=y = fi=f) Aly=Ff.—8=8) Ay=Ffi— 8 =8 A (f2=F1 = 8.,=835)) A
(x=y A fi=g A z=g A z2#g A f3=x,)
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Block 3

A & b see 144 - Block 3

c) Characterize all programs p that satisfy wp(p, true) = true, i.e. specify a condition such
that the equation holds exactly when p satisfies the condition.

p must be a program that terminates, i.e. not run into an abort or endless loop.

Argument (please check)
e True ist the weakest formula, it is implied by everything.
e By definition, Sin p Sout is totally correct, iff Sin => wp(p, Sout).
e As everything implies “true”, Sin => true and thus p is totally correct.

Block 4

a)

(a) Provide a non-empty simmlation relation A that witnesses A4y, < Ao, where M, and
Mo are shown below. The initial state of A, is s5. the initial state of M5 is £

Kripke structure A : Kripke structure Af.:

wo

Solved by student:
H: {(307 1:0)! (821 t5)’ (841 t4)7 (83! tO)’ (81, t5)}
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b) Solved by student:

CTL LTL CTL* states
F(b Ac) X X {S0,51,52,53,54}
X(a A b Ac) X X {}
bUb X X {s1,5,,54}
EGc X X {s0,81}
E(@Ab)Ua) |X X {S0,52,83,84}

c) Solved by student:
i) Mark all states where p is valid
i) Unmark all states that do not have a marked successor
iii) Repeat Il until nothing changes anymore. (fixpoint)
Now all marked states satisfy p and have a successor satisfying p. So on every marked

state a path starts satisfying p.

Alternative solution (maybe a very inefficient one, but efficiency is not required):
1) Mark all states satisfying p

2) Run through all paths between s1 and s2, for each s1, s2 in S and s1, s2 satisfying p
and s1!=s2
a) If there is no state on the path between s1 and s2 not satisfying p, then add
s1 to the result list
3) Repeat 2) until all states have been tried -> Result-List contains all s satisfying EGp
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Exam 30.06.2017 (FMI.174.pdf)

Block 1

1.) Consider the following problem:

LOOPS-OR-HALTS (LOH)

INSTANCE: A tuple (114,11, I1, I5), where I, I, are strings, and I1;, 11, are programs
that take a string as input.

QUESTION: Does at least one of the following conditions hold? The conditions are:
(a) II; does not halt on I;

(b) II, halts on I

Provide a reduction from co-HALTING to LOOPS-OR-HALTS. Argue formally that
your reduction is correct.

HINT: Recall that co-HALTING is defined as follows:

co-HALTING

INSTANCE: A pair (I, I'), where I is a string and II is a program that takes a string
as input.

QUESTION: Is it true that II does not halt on I?

Status: solved by student (please approve if correct)

e Let (MMy,l;) be an arbitrary instance of co-HALTING.
e Let (IM,,l,) be a positive instance of co-HALTING (I, does not halt on |,).
e We construct an instance of LOH as follows: (I14,M,,14,15)

Due to the construction, condition (b) can never be true (as I, does not halt on 1,), hence it
remains to show that (I,,l,) is a positive instance of co-HALTING < (I1,,I,,1,,1,) is a

positive instance of LOH.

= If (M4,l,) is a positive instance of co-HALTING, 1, does not halt on |, and therefore
condition (a) is fulfilled and (I14,I1,,14,1,) is a positive instance of LOH
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< If (M4,M,,14,15) is a positive instance of LOH, condition (a) has to be true (as condition (b)
cannot be true due to our construction). Therefore N does not halt on I, and (14,l,) is a
positive

instance of co-HALTING.

Block 2

(a) Let ©F be any F-formula with Boolean variables by, ..., b,,. Construct an E-formula
YE without any Boolean variable by replacing each b; (i = 1,...,n) by an equality e; of
the form v; = w;, where vy, wq, ..., U, W, are new distinct term variables (identifiers).
Prove: F is E-satisfiable if ¢ is E-satisfiable. (11 points)

Solution by professor:
Tuwel -> block 2 -> supplementary material folder -> extra-sheet4-1a.pdf

(b) Answer the following questions to the CDCL algorithm and justify your answers in
detail.

i. Suppose that CDCL learns a unit clause C'. Given C, to which decision level does
CDCL backtrack?

ii. Consider a run of CDCL on a given CNF F, and suppose that the run has ter-
minated. What is the current decision level in CDCL at the time when CDCL
terminates?

Student solution:

i) To the second highest decision level in the learned clause (without erasing that decision).
Then, the clause should get unit.

Algorithm 2.2.2: ANALYZE-CONFLICT

Input:
Output: Backtracking decision level 4+ a new conflict clause

. if current-decision-level = 0 then return -1;
cl := current-conflicting-clause;
while (=STOP-CRITERION-MET(cl)) do
lit := LLAST-ASSIGNED-LITERAL(cl);
var := VARIABLE-OF-LITERAL(/it);
ante := ANTECEDENT(l#t);
cl := RESOLVE(cl, ante, var);
. add-clause-to-database(cl);
. return clause-asserting-level(cl); > 2nd highest decision level in ¢l

N giE W

[=les]

ii) If CNF F is unsatisfiable, then -1 [il, otherwise TODO

Not a solution but a thought towards the remaining TODO - discussion welcome
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If we are at decision level x with the first conflict clause, in the worst case we have to
backtrack n-times to the second highest DL. under the assumption F will become SAT at
some point, in the worst case we backtrack to the n™ second highest DL from the first
conflict clause.

Block 3

ro-a
10BJ:

Solution by student:

Counter example:
{F}: {x=1}

{G}: {x =2}

p: X:= x+1

q: xX:= x+1

It remains to show that {F} p {G} and therefore {F} q {G} holds (via Hoare calculus or WLP).

(b) Characterize all programs p that satisfy wp(p,true) = false, i.e., specify a condition
such that the equation holds exactly when p satisfies the condition. (4 points)

Solved by student:

Solution
1:t/images/fif4/TU_Wien-Formale_Methoden_der_Informatik_VU_%28Egly%29 - Sample_
Solutions_SS18 Block_3 Additional_Exercises.pdf — BX | # &

Programs p which do not terminate, i.e. p hits an abort statement or runs into an infinite loop
on whichever input is supplied.

More formally:

wp(p, true) = false means that there are no such F-states such that the execution of p terminates and
we end up in a state where true holds, i.e. any state.

Therefore programs which do not terminate satisfy the condition.

See also Exercise 6 (“A program p satisfies this property iff it does not terminate for any
input.”, Similar questions also answered in this exercise)
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Solution 2: (informal argument from Solution 1 but a bit more formal)

The weakest precondition (call it F’) for any program p and postcondition G (wp(p,G)=F’)
must be implied by any other correct precondition F

So for every {F}p{G} where after executing p G holds, F => F’

Since we have given that the wp(p,true) = false, we have to find a precondition F that
satisfies F => false.

Obviously the only possibility for F is false, therefore wp(p,true) = false can only hold for
programs p that are totally correct if and only if the weakest precondition is false.

Only two cases satisfy this requirement, the ABORT statement, and endless loops.

Total correctness requires termination, so for programs that don’t terminate (or abort) the
precondition must be false

For all other programs, some F can be found (actually i think for every terminating program
{true} p {true} is valid) such that F =/=> false (e.g. true =/=> false) and therefore false can
not be the weakest precondition.

Solution 3: Solution by Prof. Salzer when showing example during lecture

Formal Methods in Computer SC|ence Block 3 (Recap1 vom 2018- 05 -09)

2b- af24 5a4c60df63cb (ab 01:23: 49 )

For which programs p do the following statements hold?

wp(p, true) = true;

LY
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(c) Characterize all programs p that satisfy wlp(p,true) = false, i.e., specify a condition
such that the equation holds exactly when p satisfies the condition. (4 points)

Alternative solution (same argumentation as solution 2 above):

wlp(p,true) = false can only hold for programs for which false ({false} p {true}) is the only
possible precondition. However unlike for total correctness, {true} abort {true} is partially
correct, and also an endless loop ({true} while 1 do skip od {true}) is also partially correct
Therefore for any program a precondition F can be found (again, true is a possible
precondition) such that F =/=> false

Conclusion: There is NO such program p
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Block 4

(a) Provide a non-empty simulation relation H that witnesses M; < M, where M; and
M are shown below. The initial state of M; is sg, the initial state of M5 is tq:

Kripke structure M;: Kripke structure Ms:

solved by student:

H = {(S0, to), (81, t4), (S2, t2), (S5, t2), (84, ts)}
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(b) Consider the following Kripke structure M:

For each of the following formulae ¢,

i. check the respective box if the formula is in CTL, LTL, and/or CTL*, and

ii. list the states s; on which the formula ¢ holds; i.e. for which states s; do we
have M, s; = ¢?

@ CTL LTL CTL* States s;
G(c) O O O
F(a) O O O
AX(c) O O O
((anc) U (b)) O O O
EF(a) O O O

solved by student:

phi CTL LTL CTL* states

G(c) * * )

F(a) * * s0, s2

AX(c) * * s1,s2,s3

[(a &c) U (b)] * * s3

EF(a) * * s0 ,s1, s2, s3, s4
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Given a graph, write a C program such that CBMC can determine whether the given
graph is 3-colorable. Augment the given code corresponding to the following subtasks.
The 2-dimensional array graph encodes the adjacency matrix.

#define TRUE 1
#define FALSE O

#define RED 0
#define GREEN 1
#define BLUE 2

#define N 4 // Number of nodes in the graph

int graph[N]J[N] = { {0, 1,0, 1}, {1,0,0,013}, ...}
int coloring[N];

int nondet_int();

i. Write a loop that nondeterministically guesses a coloring for the graph. A coloring
assigns to every node of the given graph either the color red, green, or blue.

ii. Write a loop that checks whether the coloring assigns to every node in the graph
a color that is different to the colors of its neighbors. Furthermore, ensure that
CBMC reports a 3-coloring of the graph in case there exists one.

Approach by student:

// each node gets exactly one color
for(int i=0; i < N; ++i) {
coloring[i] = nondet_int() % 3;

}

int three_colorable = 1;

for(int i=0; i < N; ++i) {
for(int j= 1i+1; j < N, ++j) {
if( graph[i][j] == 1 && coloring[i] == coloring[j]) {
// nodes are connected and same colour
three_colorable = 0;

}
// report if 3-colorable (assert that we did not find a solution)
assert(!three_colorable);
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Exam 05.05.2017 (FMI.173.pdf)

Block 1

HALTING-NO-INPUT
INSTANCE: A program II where II takes no input.
QUESTION: Does Ilterminate?

By providing a reduction from HALTING, prove that HALTING-NO-INPUT is
undecidable. Argue formally that your reduction is correct.

SOLUTION: Let (mr, 1) be an arbitrary instance of halting. We build an instance (r") of HNI
by constructing m" as follows:

m(){
n(l);
return;

}

To prove the reduction we have to show that (m, |) is a positive instance of Halting < (') is
a positive instance of HNI.

=> Assume (m, |) is a positive instance of Halting. This means that m terminates and ’
reaches the return statement. Therefore i’ is a positive instance of HNI.

<= Assume (rr’) is a positive instance of HNI. This means that i’ reaches the return

statement. This means that m has to terminate and therefore has to be a positive instance of
Halting.

Block 2

a) Same as 174/2/a (proof by prof in supplementary materials: extra-sheet4-1a.pdf)

b) Solution suggested by student:
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conflict clause = (-e v -f v =g}

Block 3

a) {x=1}x=2{x=1and x=2} x=1 and x=2 is obviously wrong

h) Use weakest preconditions to compute a description of all states from which the following
i L=
program will terminate.

y = Jx;

while 2z £ y do
r=r+2
y=y+1

od

(10 points)

First of all we have to calculate the wp of the while loop:
wp(while..., G)=FOVvF1vF2vF3....=3i(i>=0 A Fi)
FO=-e A G

Fi+1 =e A wp(p,Fi) (i>=0)

FO:2x =y
F1:2x+3 =y
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F2:2x+6 =y

F3:2x+9 =y

Guess Fi: 2x + 3i=y

Prove by Induction:

Base case:

FO: 2x + 3*(0) =y

FO:2x=y Fine

Induction Step Fi+1:

Fi+1 =e A wp(p,Fi)

Fit1 =2x!=y A 2x+ 3 * (i+1) =y Fine
wp(while..,G) = 3i(i>=0 A 2x+3i=vy)

=3i(>=0 A i=2)

=L >=0 A 3i(i=L%)

— Y=2x
= >=
3 0

Danach muss nur noch y:=3x berlcksichtigt werden und wir sind fertig:
wp(y:=3Xx, -%Zx >=0)==+>=0
Somit ist unsere Weakest precondition:

{F}= {% >= 0}, x muss also ein Vielfaches von 3 sein (0, 3, 6, 9, ...)
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Block 4

a)

Kripke structure M;: Kripke structure Mj:

H*f(so;‘eh (S'if‘f?), (4, *”Jr (St‘f* ﬁ)!
(53[#3)‘} N

(4 points)
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b)

phi CTL LTL CTL* states
F(a&b&c) * * s0,s1
AG(b) - * {

AX(a&c) * * s2,s4

Al(a & b) U (a)] * * s0,s1,s2,s3
E[(a) U (b)] * * s0,s1

@ CTL LTL CTL* States s;
FlaAbhe) O B ot M{f Jo !.I'/f
AG(b) & O v
AX(ahc) @ O fx s}
Aarb) U@ | @ O ® £5139s2,63}%
E[(a) U (b)] & O 3 1,50 1
f a |r -g v (5 points)
c)

Status: solved by student
Ga->Fb=aU(bv!a)
i) IfK,s0 |= Ga-> Fbthen K,;s0 |=a U (b v !a)

Let p =s0,s1... be some path starting at sO. Since K,s0 |= Ga -> Fb we know that there can
be the following cases:
e There is some state si for i >= 0 such that K,si |= b holds and for every j <= i we
know that at least K,sj |= a holds.
e There is some state si for i >= 0 such that K,si |= !a holds and for every j < i we know
that K,sj |= a holds.
Now consider the second formula where it clearly holds at either i>= 0 K,s0 |= b and hence
K,sO |= Fb or there is some state si for i >= 0 such that K,si |= !a and for every state j <i K,
sj |= a holds and hence the formula defaults to true.
Since p was chosen arbitrarily K,sO |=a U (b v !a).
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i) If K,sO |=a U (bv!a)then K,;sO |= Ga -> Fb

Let p = s0,s1... be some path starting at s0. Since K,s0 |=a U (b v !a) we know that there
can be the following cases:
e There is some state si for i >= 0 such that K,si |= b holds and for every j <= i we
know that at least K,sj |= a holds.
e There is some state si for i >= 0 such that K,si |= !a holds and for every j < i we know
that K,sj |= a holds.
Now consider the second formula where it clearly holds that either at some pointi >= 0 K, si
|=!a holds and hence K, s0 |!= Ga can’t hold or there is some i >= such that K,si |= Fb
holds.
Since p was chosen arbitrarily K,s0 |= Ga -> Fb.

Status: solved by student, verified with Kripke Builder
Proof that the following LTL formulae are not equivalent:
(Fa) & (XGa) = Fa
Let's suppose (Fa) & (XGa) = Fa is true and the following Kripke structure is given:

(SO: b) -> (S1: @) -> (S2: b) -> ...

Fa is obviously true for SO but Fa & XGa does not hold in SO. Hence the equivalence of the
2 formulae can not hold.

Exam 17.03.2017 (FMI1.172.pdf)

Block 1

Status: solved by student, please verify

Let G = (V, E) be an arbitrary instance of the 2-COLORABILITY problem. We construct an
instance of the 3-COLORABILITY problem as follows:

G’ = (V’, E’) where V’ will contain a new vertex w, i.e. V' =V u {w} and E’ will contain new
edges from all vertices in V to w, i.e. E'= E u {[vi n, w] | vi el V}. Later on, we will adapt the
coloring of the 2-COLORABILITY problem p s.t. The new coloring p’ will assign the 3rd color
only to the new vertex w.
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It remains to see that G = (V, E) is a positive instance of 2-COLORABILITY iff G’ = (V’, E’) is
a positive instance of 3-COLORABILITY:

=>: Assume that G is a positive instance of 2-COLORABILITY, then there exists a y that
assigns different colors to adjacent vertices. Based on the construction of G’, we construct a
valid 3-coloring for G’ by constructing a y’ that assigns the same color to the same vertices
as in V plus the new (3rd) color to the newly introduced vertex w. Due to the fact that no
other vertex in V had the new color, and that y was a valid 2-coloring for G, it must be the
case the [’ is a valid 3-coloring for G'. Hence, G’ is a positive instance of 3-COLORING.

=>: Assume that G is a negative instance of 2-COLORABILITY, then there does not exist a
valid p that assigns different colors to adjacent vertices. By construction of G’, it is
impossible that G’ has a valid coloring either. Assume there exist a 3-coloring p’ for G’.
Then, it must be the case that all vertices from V have only the first two colors assigned
(remember, we added edges from all vertices in V to the new vertex w). Hence, there is a
2-coloring for the subset of vertices and edges coming from G, which result in a valid
2-coloring for G. However, this violates the assumption that there exists a valid 3-coloring
for G’. Therefore G’ is also a negative instance of 3-COLORABILITY.

alternative <=: Assume that G is a positive instance of 3-COLORABILITY. As by the
construction of G’ and ', only a single vertex has the new color (3) assigned. This means
that removing this vertex and the edges involving it, leaves a graph in which all adjacent
vertices get a different color from {1, 2} assigned by p which makes G, a positive instance of
2-COLORABILITY by definition.

Block 2
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(a)

Clarify the logical status of each of the following formulas. If one is T2

coms-valid or
TE .-unsatisfiable, then prove it using semantics. If one is T, . -satisfiable but not

TE -valid, then present a satisfying and a falsifying interpretation. Argue formally
that the formula evaluates to true resp. false under the constructed interpretations.

i. wo: cons(car(z), cdr(z)) = cons(y, z) A cons(car(z), cdr(z)) # © — x # cons(y, z)
il. p1: —atom(z) A car(z) =y A cdr(z) =z A x # cons(y, z)
. @o: car(z) =y A cdr(z) =2z A x # cons(y, z)

Besides the equality axioms, the following axioms of T.Z,, may be helpful.

e Vr,ycar(cons(z,y)) ==z (left projection)
o YV, ycdr(cons(x,y)) =y (right projection)
e Yo —atom(z) — cons(car(x), cdr(z)) = x (construction)
o Vo, y—atom(cons(z,y)) (atom)

a) Status: solved by student, please verify

Clarify the logical status of the following formulas. If one is T%_.-valid or TF_ -unsatisfiable,
then prove it using semantics. If one is TE,.-satisfiable but not T, -valid, then present a
satisfying and a falsifying interpretation. Argue formally that the formula evaluates to true

resp.

. o=

false under the constructed interpretations.

cons(car(x), cdr(x)) = cons(y, z) A cons(car(x), cdr(x)) # x — X # cons(y, z)

Proof by contradiction: Suppose there exists a TF,, interpretation with | |# ¢,:

1.
2.

6.
7.
8.

|| @ assumption

I |= cons(car(x), cdr(x)) = cons(y, z) A cons(car(x), cdr(x)) # x 1, semantics of
—

| |# x # cons(y, z) 1, semantics of
—

I |= cons(car(x), cdr(x)) = cons(y, z) 2, semantics of
A

| |= cons(car(x), cdr(x)) # x 2, semantics of
A

| |= cons(y, z) # x 4, 5, transitivity

I |= x # cons(y, z) 6, symmetry of #
=1 3, 7, contradiction

The assumption is false, therefore ¢, is TEgns-Valid.

Alternatively:

if you don’t want to check the transitivity this way (from the 6th clause on), you can use 4
and 3, to generate a 6th clause: | |= cons(car(x), cdr(x))=x and then use this 6th clause for
the contradiction in combination with clause 5.
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ii. ¢, = 7atom(x) A car(x) =y A cdr(x) =z A x # cons(y, z)
Suppose there exists a TE -interpretation with | |= ¢;:

1. I|=¢ assumption

2. 1|= ~atom(x) 1, semantics of A
3. l|=car(x)=y 1, semantics of A
4. l|=cdr(x)=2z 1, semantics of A
5. I|=x#cons(y, z) 1, semantics of A
6. ||=cons(car(x), cdr(x)) = x 2, construction

7. ||=cons(y, z) = x 6, 3, 4, substitution
8. | |=cons(y, z) # cons(y, z) 5, 7, transitivity

9. I|=1 8, contradiction

The assumption is false, therefore ¢, is TE_,.-unsatisfiable.

iii. @, = car(x) =y A cdr(x) =z A x # cons(y, z)

1. I|=¢

2. l|=car(x)=y 1, semantics of *

3. Il=cdr(x) =2z 1, semantics of A

4. ||=x# cons(y,z) 1, semantics of *

5. I |=y = car(cons(y,z)) 2, left projection

6. ||=car(x) = car(cons(y,z)) 2.5, substitution

7. 1 |=x=cons(y,z) 6, functional congruence <- this is wrong!
8. I=1 4,7 contradiction

The assumption is false, therefore ¢, is TE,.-unsatisfiable.
Correct solution:

- provide satisfying solution, i.e. in case x is an atom
- provide falsifying solution, i.e. in case x is not an atom

b) Status: solved by student

To show that the resolution rule is sound, one has to show that the resolvent is a logical
consequence of the resolved clauses, i.e. {C,, C,} = R where R is the resolvent of the
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clauses C; and C,. Ris defined as C;\ {l} U C, \ {~l} where l and -l are dual
literals.

Towards a contradiction, assume there is a model | which satisfies two
arbitrary clauses with dual literals C; and C, but does not satisfy their
resolvent R:

1. 1={C, Cy} assumption

2. 1¥R assumption

3. =G semantics A

4. |=C, semantics A

S. Lv L lem.

6. Case Tl

7 l=Co\ {74 semantics A, 4, def. C,

8. e C\N{} VvV C\ {1} pr.VvV,7

9 Case 2: -l

10.  1=CG\{} semantics A, 1, def. C,

N 1=eCG\{} Vv C\{} pr. V,10

12. 1= G\ {} v G\ {74} us. Vv, 6-11

18. G\ {} U G\ {1} def. /
semantics V

14.1=R def. R

15. 1= L contradiction, 2, 14

See also https://math.stackexchange.com/questions/1482745/binary-resolution-rule-proof
?

Block 3

3.) Verify that the following program doubles the value of x, i.e., that = contains two times its
initial value when the program terminates. For which inputs does it terminate? Choose
appropriate pre- and postconditions and show that the assertion is totally correct.

Hint: Use y = 2x¢ + x as a starting point for the invariant, where ¢ denotes the initial value
of . You may have to extend the formula to prove termination.

Remember the annotation rule
while e do - - -od +— { Inv }while e do { InvAeAt=t; }-- - { InvA(e = 0<t<tq) tod{ InvA—e}
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y = 3x;

while 22 # y do
ri=x+1;
y=y+1L
od

Status: solved by student
For which inputs does the program terminate?
The program terminates for x = 0 only; it enters an infinite loop when x < 0.

Choose appropriate pre- and postconditions and show that the assertion is totally
correct.

We choose { F1: x>0 A x =X, } as precondition and { F2 : x = 2x, } as postcondition; we
show that { F1 } p { F2 } is totally correct by giving an annotation calculus proof:

{Fi:x20 A Xx=x0}
{Fo: Inv[y/3x] }
y = 3X;
{Fs:Inv}
while 2x #y do
{Fs:Inv A 2x#y At=1}
{Fg:(Inv A (2x#y) = 0 <t <ty))[y/y+1][x/x+1] }

X =Xx+1;
{F7:(nv A ((2x#y) = 0 <t <t))yy+1]}
y:=y+1
{Fs:Inv A (2xZy)=>0<t<t)}
od
{Fe:Inv A (2x#y)}
{F,:x=2x%,}

where Inv = (y = 2x,+X) (hint from specification) and t = y-2x (since the loop condition is 2x #
y and y is bigger when the loop condition holds, we know that the term y-2x gets smaller in
every loop iteration until it reaches 0).

It remains to prove the following implications:

(1) Fi=Fg: (x20 A x=Xo) = 3x = 2xy+X
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is true since x = X, is true (premise), hence 3x = 2x + x = 3x is also true.
(2) Fy= Fgii(y=2X+x A 2x#y A y-2x = tg) = (y+1 = 2x,+(x+1) A (2(x+1) # (y+1) =
0=
(y+1)-2(x+1) < 1))

We show that this implication is true by showing that the LHS implies both conjuncts
of the RHS:

(@) (y=2xotx A 2x#y A y-2x = t5) = y+1 = 2x,+(x+1)
is true since y = 2x,*x is true (premise), hence y+1 = 2x,+x+1 is true.

(b) (y=2xotx A 2x#y A y-2x =t5) = (2(x+1) # (y+1) = 0 < (y+1)-2(x+1) < ty)
is equivalent to:
(Y=2xtx A 2x#y A y-2x=t; A 2(x+1) # (y+1)) = 0 < (y+1)-2(x+1) < T,
Since y-2x = {; is true (premise), we can conclude that (y+1)-2(x+1) = y-2x-1
<t,is true as well. However, with the given premises, we cannot conclude

that 0 < (y+1)-2(x+1) is true; we have to adapt Inv.

We adapt Inv and add 2x <y as conjunct: Inv' =y = 2x,+ x A 2x <y. We reprove already
proved implications:

(1) Fi=Fg: (x20 A x=xo) = 3x =2xy+tx A 2x < 3x
(@) x=0 A x=xp) = 3x = 2x+X
Since X = Xg, 3X = 2X,+x = 2x+x = 3x is true as well.
(b) (x=0 A x=xp) = 2x < 3x

Since x 2 0, 2x < 3x is always true (only negative numbers would make it
false).

2) F,=Fgi(y=2%X4tx A 2x<y A 2x#y A y-2x =1y) = (y+1 = 2x+(x+1) A 2(x+1) <
y+1
A (2(x+1) # (y+1) = 0 = (y+1)-2(x+1) < ty))
(@) (Yy=2xtx A 2xSy A 2x#y A y-2x = t5) = y+1 = 2x,+(x+1)

see above.
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(b) (y=2Xetx A 2x<Sy A 2x#y A y-2x = t5) = 2(x+1) < y+1

2(x+1) < y+1is equivalent to 2x+1 <y as well as 2x <'y; this inequality can be
derived from the premises 2x <y A 2x #Y.

(€) (y=2xtx A 2x<y A 2x#y A y-2x=1;)) = (2(x+1) # (y+1) =0 <
(y+1)-2(x+1) < t,) is equivalent to:
(Y=2%tX A 2XxSy A 2x#y A y-2x =1, A 2(x+1) # (y+1)) = 0 <
(y+1)-2(x+1) <to

0 < (y+1)-2(x+1) is equivalent to 2x+1 <y. We know that 2x <y and 2x # y
are true (premises), hence 2x <y is true and therefore 2x+1 <.

B) Fg=F,(y=2%xtx A 2x<y A 2x =y) = x = 2X,

Since 2x =y is true, we know that 2x = 2x,+x is true as well, which let us conclude
that x = 2x,.

We have shown that all implications resulting from the annotation calculus proof are true,
hence we can conclude that the assertion { F, } p { F, } is totally correct.

Solution from class exercises
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Exercise 8

Verify that the following program doubles the value of z. For which inputs does it
terminate? Choose appropriate pre- and postconditions and show that the assertion is
totally correct. Use y = 2x¢ + x as a starting point for the invariant, where z¢ denotes

the initial value of z.

y = 3z;

while 2z # y do
r:=x+1;
yi=y+ 1

od

Solution

{liz=290Nx >0}
{7: Inv[y/3z]} ast

Yy = 3x;
{Inv:y=2xg+xAy>2x} wht”
while 2z # y do

{4: Inv AN2x £y At=ty} wht”
{9: (Inv ANO <t <ty)|y/y+1][z/z+1]} ast

r:=x+1;

{8: (Inv ANO <t <ty)|y/y+1]} ast
y:=y+ 1

{5: Inu A0 <t<ty} wht”

od

{6: InuAN2x =y} wht”
{2: 2 =220}

We choose y = 2x¢ + x A 2z < y as invariant Inv and y — 2z as variant ¢. It remains to
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show that the three implications 1 = 7, 4 = 9, and 6 = 2 are valid.
1=7
r=1x9 Az >0= Invly/3z]
r=xogANx>0=3r=2x0+2N2x<3x

3z = 2z + x holds because of the first premise and 2z < 3x because of the second one.

4=9
Ino N2z ZyAt=tyg= (Ino NO <t <ty)y/y+ 1][z/z+ 1]
Inv A2z £yAt=ty= (y=2z0+zAN20 <yA0<y—2z <ty)ly/y+1][z/z+ 1]
InuAN2z £yht=ty=y+1=200+2+1A2(z+1)<y+1A0<y+1-2(z+1) <t
Inv N2z £ynt=ty=y=2zx0+zAN2x+1<yA0<y—2z—-1<ty
y = 2x¢ + z is part of the invariant (first premise). 2z + 1 < y holds since 2z < y is
part of the invariant (first premise) and 2x # y holds because of the second premise.
0 < y—2x—11is the same as 2z +1 < y, which we just showed to be true. y —2r—1 < tg
is true since ¢y is the same as y — 2z (third premise) and ¢ty — 1 is obviously smaller than
tg.

6 =2

Inv A2z =y =x =2z

Solving the two equalities y = 2xg + x (from Inv) and 2z = y for x we obtain the
conclusion x = 2xy.

Block 4

a) Status: solved by student
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Provide a non-cmpty simulation relation H that witnesses My < My, where M, and
My are shown below. The initial state of M is sy, the initial state of My is ty:

Kripke structure M;: Kripke structure Mo:

H: {(s0, 10), (s3, 12), (s1, t5), (s2, t5), (s4, t4)}

b) Status: solved by student

= T o
@/

phi CTL LTL CTL* States
(b&c)Ua) OK OK {s2, s3}
AX(a) OK OK {sO}
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EG(b) OK OK {s1, s2, s3, s4}

EF(a) OK OK {s0, s1, s2, s3, s4}

E(aUa) OK OK {s2, 3}

c) Let K= (S, T, L) be a Kripke structure and let p, q be atomic propositions. Give an
algorithm that computes the set of all states s € S that satisfy A[p U q].

Definitions:
e M,s |= Ap iff for all paths 17 starting at state s, M, 1T |=p
e M,PI|=p U qiff there exists a k >= 0 such that M, |= q and for all 0 <=j < k, M,
I=p

Solution: status student

checkStates ()
{
for all states
{
if labeled g
add to list

do {
added = 0;
for all states not in list
{
if labeled p and all successors are in list
{
add to list
added =1
}
}
} while (added == 1);

Alternative solution: status student Implement DFS with “visited” set of

nodes and recall that algorithm for every node in Kripke structure.
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Alternative Solution by student:
No algorithm is construction with a programming language but described:

Step 1 : Mark all states where q is satisfied

Step 2 : Mark all states where p is satisfied and when there exists an already marked
successor

Step 3 : lterate over all marked states and check whether all successors are marked.
Step 4 : Repeat step 3 until there are no changes anymore

Step 5 : Return all marked states

Exam 27.01.2017 (FML.171.pdf)

Block 1

Status: solved by student

Let G be an arbitrary instance of the 3-COLORABILITY problem. We construct an instance
(G4, G,) of PROB as follows: G, = G and G, is a graph with 3 vertices that are
interconnected (hence it is trivially 3-colorable).

It remains to show that this is a valid reduction, i.e. G is a positive instance of
3-COLORABILITY iff (G4, G,) is a positive instance of PROB:

=>: Assume G is a positive instance of 3-COLORABILITY. Then, by the simple construction
of our reduction, we know that G, must be a positive instance of the 3-COLORABILITY
problem, i.e. there exists a 3-coloring for it. Due to the fact that the answer of the PROB
instance (G4, G,) is a disjunction of the propositions “G;, is 3-colorable” and “G, not
3-colorable”, and that we know that G, is indeed 3-colorable, we know that the left disjunct
makes the whole disjunction true, hence (G;, G,) is a positive instance of PROB.

<=: Assume G is a negative instance of 3-COLORABILITY. Then, by the simple
construction of our reduction, we know that G, is a negative instance of the
3-COLORABILITY problem, i.e. there exists no 3-coloring for it. Therefore, the left disjunct
of the PROB question is false. However, by construction of G,, we know that it has a (trivial)
3-coloring, therefore the right disjunct is false as well. Due to the fact that both disjuncts are
false, we know that the whole disjunction if false. Hence, (G,, G,) must be a negative
instance of PROB.
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Alternative <=:

Assume (G,, G,) is a positive instance of PROB. Due to our construction we have that G2
can only be 3-colorable, therefore G1 must be 3-colorable. Since we set G=G1 it follows
that G is 3-colorable. Hence, G is a positive instance of 3-COLORABILITY.

Block 2

a) Status: solved by student
Semantic Proof / Proof by Contradiction:

Suppose, there exists a T-interpretation such that | |# ¢.

1. 1|#e assumption

2. 1|=1(f(f(a))) = f(f(b)) 1, semantics of —

3. l|#a=b 1, semantics of —

4. ||=1(f(f(a))) = f(b) 2, Axiom 2 for f(f(b))
5. 1|=f(f(a)) = f(b) 4, Axiom 2 for f(f(f(a)))
6. 1]=f(a)=f(b) 5, Axiom 2 for (f(f(a))
7. l|=a=b 6, Axiom 1 for =

8. I|=1 3, 7, contradiction

The assumption is false, therefore ¢ is T-valid.

I’'m not sure if the usage of Axiom 2 in the proof above is permissible -- I'd rather construct
the proof as follows:

1. |- f(f(f(a))) = f(f(b)) »a=Db assumption (towards contradiction)

2. | =f1(f(f(a))) = f(f(b)) semantics —, 1

3. lka=b semantics —, 1

4. | =f(f(b)) = f(f(f(b))) Axiom 2 -- x = f(b)

5. 1= f(f(f(a))) = f(f(f(b))) transitivity, 2+4

6. |~ f(f(a)) = f(f(b)) Axiom 1 -- x=f(f(a)), y=f(f(b)) + us —, 5
7. | =f(a)=f(b) Axiom 1 -- x=f(a), y=f(b) + us —, 6

8. IFa=b Axiom 1 -- x=a,y=b +us —, 7

9. I=1 contradiction 3 + 8

b)

(b) Let ¢ be a propositional formula in conjunctive normal form, and let C' be a non-
tautological clause containing a literal p such that the literal —p does not occur in .
Give a detailed proof of the following statement:

1 A C'is satisfiable if and only if 1) is satisfiable

Status: solved by student
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We have to show W A Cissat. © Y is sat.

=>:Assume ¥ A C is satisfiable, then by semantics of conjunction it trivially follows that W
must be satisfiable as well.

<=: Assume V¥ is satisfiable; it remains to show that C is satisfiable as well. Since C contains a
pure literal p, we can safely assign p = T without affecting the satisfiability of ¥ (the assignment
p = T could make W unsatisfiable iff ¥ contains a clause which relies on the literal —p to become
true; however, this can be precluded by our initial assumption that W does not contain —p at all).
Since C is a disjunction, it suffices to make one literal true to make C true. Hence, C is
satisfiable and therefore ¥ A C as well.

Cx x Block 3

(the solution for this can be found under the January 2016 exam)
Status: no solution, but some ideas for a discussion

a) We deduce (as’) from (as) and vice versa using the Hoare calculus. When we can
show that both rules can be deduced from each other, at least one is redundant:

(as’) => (as): We apply the logical consequence rule on (as’) and get (as) and two
implications we need to prove:

Glv/e]l = F {F}v:=e{3V'(F[v/v']| Av=e[v/v'])} IV'(F[v/v']| Av=e|v/v'])=GC

{G[v/e]} vi=e {G}
lc
We choose F = G[v/e] which makes the first implication trivially true. It remains to
that second implication:

AV(F[vV] A v = e[vIV']) = G is true which is equivalent to 3 V'(G[v/e][v/V'] A v =
e[v/v']) = G because of our choice for F. G[v/e][v/V’] is equivalent to G[v/e[v/V'],
which is again equivalent to G[v/v] under the condition v = e[v/V’]. We get G A 3 V'(v
= e[v/V']) = G which is obviously true (G occurs as conjunct in the premise).

(as) => (as’): We apply the logical consequence rule on (as) and get (as’) and two
implications we need to prove:

F=Glv/e] {Glv/e]}vi=e{G} G=IV'(F[v/v']|Av=el|v/v']) I
{F}vi=e {(V'(F[v/V'| Av=e[v/V'])} ¢
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b) Idea: start with (as”) and try to deduce axioms / valid implications only (maybe
making use of the axioms as, as’)? (actually the other way around: start with
admissible axioms and deduce (as”))

Other students approach:
Considering v does not occur in F and e, (as’) can be simplified to (as”) as follows:
Since v does not occur in F, F[v/v'] is equal to F and v:=e[v/v’] is equal to v:=e for any

Therefore we are left with {F} vi=e {3 V'(F A v:=e)} and moreover {F} vi=e {F A
v:=e} which
is (as”).

c) We construct a counterexample that shows the rule cannot be sound. Let F, and v :=
e be as follows:

{Fix=1}x=x+1{G: Flvle]: x+1=1}

x+1 =1 is equivalent to x = 0 -- we’ve found one example which shows that, when
starting in the chosen F-state and executing the chosen program, we do not arrive at
a (expected) G-state. Hence, the (xx) rule cannot be sound.

Alternative:

Same counter example as above: {x=1}x:=x+1{x=0} this is obviously false, but now |
think we need to show that it is derivable and thus we derive something which is not
true (which contradicts the soundness)

{F} x:=x+1{G[x/x+1]}

x=>F {F} x:=x+1{G[x/x+1]} G=>x=0

(Ic)
{x=1}x:=x+1{x=0}

All the implications are valid or admissible under the given rules but the derived
counter example is nevertheless false.
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d) ???
Take a program {x:=0} x:=x+1 {x:=1}. This program can be verified using (as) but not
using (as”) as “v occurs in F and in e”. Hence the Hoare calculus is not complete
with (as”) alone.

Block 4

a) Status: solved by student

Provide a non-empty simulation relation H that witnesses M, < My, where M; and
My are shown below. The initial state of M is s, the initial state of My is ty:

Kripke structure M;: Kripke structure M;:

COYCD
CORCD

H: {(s0, 10), (s2, t3), (s4, t5), (s1, t1), (s3, t1)}

b) Status: solved by student
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phi CTL LTL CTL* States

X(a) OK OK {s2}

EX(a) OK OK {s2, s4}
(b&c)Uc OK OK {s0, s1, s2, s4}
EF(a) OK OK {s1, s2, s3, s4}

c) status: solved by student
| didn’t do the full proof, but this is the idea:
1. Show that ACTL is sublogic of ACTL*
a. Show that CTL is sublogic of CTL*
b. Say that both ACTL and ACTL* have only universal path quantifiers
2. Show that M’ simulates M
a. Provide a reasoning for simulation and show it makes sense
Use theorem from the lecture which is provided as hint
4. Conclude: Since it holds for ACTL*, then it holds for ACTL as well since
ACTL is a sublogic - proved in (1).

w

Solution 2: solved by student: | hope this is correct.
1. Proof that ACTL is sublogic of ACTL*: I'm not quite sure if this is required, as it has
been defined in the lecture that it is.
2. Proof that a simulation can be constructed
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a. Definition H <= SxS’ is a simulation relation between M and M’ iff for every
(s,s') € H:
i. (S1)sand s’ satisfy the same propositions
ii. (S2)forevery successor t such that (s,t) € R there is a successor t’
such that (s’,t') € R'and (t,t') € H
b. Definition H <= SxS'’ iff
i. His a simulation relation and
ii. (S3)for every initial state s e SO, there is a corresponding s’ € S0’
such that (s,s’) € H
c. We can constructsuchanH={(s,s’)|s € Sands € S’and L(s)=L(s’) }
and then removing all (s,s’) where (s,t) € R but not (s’,t’) € R’, i.e. adding
an entry for all states with the same labels and removing those entries that
do not lead to a valid successor state. It remains to be shown that H satisfies
S1, S2 and S3
i.  (S1): This is trivially true due to the construction of H
ii. (S2): By the definition of R’ (s,t) € R — (s',t') € R’is fulfilled. Also by
Construction of H (t,t') € H is also fulfilled
ii.  (S3)Also trivially fulfilled by H, as every initial state of M’ corresponds
to an initial state of M
3. As we know that M’ simulates M, and we know that ACTL is a sublogic of ACTL*, If
M’ |= phi, then M |= phi must trivially hold

Exam 09.12.2016 (FMI.166.pdf)

https://www.logic.at/lvas/fminf/angaben/fmi166.pdf

Block 1

Status : solved by student
We construct the following semi-decision procedure:

Bool PROB (String II) {
while true {
String I = GenerateNextInput();
String O = II(I);
If IsValidString(0) {
return true;

}
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whereas GenerateNextInput () generates the next possible input string from the alphabet
> ={0, 1} and 1svalidstring () checks if a given string is valid, i.e. that it can be
constructed from .

It remains to show that PROB is indeed a semi-decision procedure, i.e. that it terminates
with a positive answer on yes instances, and either returns a negative answer on no
instances or does not terminate at all.

Case (1):

Assume that (1) is a positive instance of PROB, i.e. that there exist strings |, and I, s.t. I
outputs I, on ;. Then, GenerateNextInput () will at some point return a string which causes
I to return a valid output string (remember, I always terminates). This will cause
IsvValidString () to return true (showing that there exists a string |,), and therefore
terminating the semi-decision procedure with a positive answer.

Case (2):

Assume that (1) is a negative instance of PROB, i.e. that there do not exist strings |, and 1,
s.t. M outputs I, on I;. Then, GenerateNextInput () will never return a valid output string,
causing the outer infinite loop to run forever and PROB to never terminate.

Block 1 (Cantor’s enumeration principle)

| think that the solution above is incorrect. It does not check whether the two strings are equal, it just checks
whether the output string can be constructed from the alphabet Z = {0,1} - which it always does by our definition
of “strings”.

Similar to the slides for REACHABLE-CODE, we use Cantor’ enumeration principle to
explore the strings - we cannot start by some input instance |, and try all possible I, (or vice
versa), we have to explore them “simultaneously”.

When a single string enumeration looks like S;, Cantor’s enumeration of two strings could
look like S: (see diagram)

S,={0, 1, 00, 01, 10, 11, 000, ...}

S=§,xS,={(0,0), (0,1), (1,0), (00, 0), (1,1), (0,00), (0,01), (1,00), (00,1), (01,0), ...}

Then we construct a decision procedure that takes a program 1 as input:
I, (1) =
for each (I4,I,) in S:
if M(I,)==I,:
return true
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Case 1: Assuming I is a positive instance of PROB, then there exists a string pair (1,,1,) €S
for which I1(l,)=l,. Because S is countably infinite, this pair will be found in a finite amount of
time. Ny will terminate and return true.

Case 2: Assuming 1 is a negative instance of PROB, I, will continue to iterate over S and
never terminate, which is correct behavior for a semi-decision procedure.

Block 2

a) Status student

| don’t know if it’s correct, but that would be my solution.

Before step 7 you have to use symmetry on 6 -> | entails p(f(z,y), f(x,y) (see comments)

Alternative Solution: Status student (different approach, please check for correctness)

b) |# psi assumption
c) I&p(f(xy), u) 1., semantics of A and impl
d) IEp(x,2z) 1., semantics of A and impl
e) I=p(f(z,y), u) 1., semantics of impl
f) 1= p(f(zy), f(x,y)) 2,4 symmetry + trans (i.e. p(u, f(x,y)) A p(
f(z.y), u)
-> p(f(z)y), f(x,y))
g) 1¥p(z x) A p(y, z) 5 axiom modus tollens
h) 1¥p(x, z) 6 semantics of A, and symmetry
i) |+ falsum 3,7 contradiction
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j) Status: solved by student

Moam 9 1216
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The formula is satisfiable.
Example interpretation which evaluates the formula to true:

x1=0,x2=1,x3=1,x4=1,x5=0
Example interpretation which evaluates the formula to false:
x1=1,x2=1,x3=0,x4=1,x5=1
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The empty cl ANNOT rived from the given CNFE as this would mean it is
unsatisfiable (has been mentioned in the consolidation lectures).

Block 3

Status: Student
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Typeset solution:

M:X:=Xy; Y = X+y; X = y-X
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a) {F}N{G}whereF:x=xo Ay=yand G:x=y, A y=X,

b)  wWp(X:=X-y;y:i=Xty; X =YX, X=Yg A Yy=Xg) =
= WP(X 1= X=y, Wp(Y 1= X+Y; X = y¥-X, X =Yg Ay = X)) =
= WP(X 1= X-y, Wp(y := X+Y, Wp(X 1= y-X, X = Yo A Y = X)) =
=wp(x :=

4.) (a) Provide a non-empty simulation relation H that witnesses M; < Mz, where M, and
M; are shown below. The initial state of M, is so, the initial state of My is to:

Kripke structure M,: Kripke structure Ma:

(4 points)

X-y, Wp(y := x+y,)) =

= WP(X 1= X-y, X+y-X = Yo A X+y = Xo) =
=XHYX = Yo A Xeyry = %) =

=y=y, A X=X,

C)  SP(X=Xo Ay =Yg X=Xy, Y= X+Y; X 1= y-X) =
=Sp(SP(X =Xg A Y = Yo, X = X=Y), Y 1= X+Y; X 1= y-X)) =
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=sp(AX (X =Xg A Yy =Yg A X=X-y), Yy = xty; X ;= y-X) =
=SP(X+Y = Xo Ay = Yo /A S0 = 0y, y = XY X I= Y-X) =
= Sp(SP(X+y = Xo A Y = Yo, ¥ 1= X+Y), X 1= y-X)) =
=sp(IY'(X+Y' =Xo A Yy =y Ay =x+y’), X = y-X) =
=Sp(X+Yy-X =Xg A y-X=yo /A SV (Y =y, X = y-X) =
=sp(y = Xo A y=-X = Yo, X 1= y=X) =

= 3X(y=% A yX =y, A x=yX)=

=y =X A y-(y-X) =y /v X =y =

=y=X, A X=Y,

Block 4

a) Status student
Let @be an ACTL specification. Then
If K K 2thenK JE@ 2K ko
If K , <K 3'[henl( ,Fe 2K ko
Hence
K LF@ > K ,F® > K Fo
As a logical consequence K LEQ = K LF@

Therefore K 1 <K 3

Alternative solution (not complete, from the exam)
1 -deleted?

Alternative solution: Structural induction

Base Case: consider all initial (starting) states

Induction step: consider two cases how relations can come in place
- from one of the initial states -> prove accordingly
- from one of the successor states -> prove accordingly

b) approved by professor
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c) status student
int sum=0, isinitialized=0;
for(int i=0; i<N; i++){
if(nondet_bool()){
sum+=values[i];
isinitialized=1;

}
}

//if there is a solution with sum @ -> report
assert(!(sum==0 && isinitialized==1));

Exam 21.10.2016 (FMI.165.pdf)

https://www.logic.at/lvas/fminf/angaben/fmi165.pdf

Block 1 - fmi165

LOOPS-HALTS
INSTANCE: A tuple (I11; T12; 11; 12), where 11; 12 are strings and I11;I12 are programs
that take a string as input.
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QUESTION: Is it true that T11 does not halt on I1 and 12 halts on 127
By providing a reduction from an undecidable problem, prove that LOOPS-HALTS is
undecidable. Argue formally that your reduction is correct.

Solution (by student with help of tutor, but not approved!):
Letx = (I1, I ) be an arbitrary instance of HALTING, then we construct
R(x) = (N,10L,1, 1) as follows:

We construct IT’ as the transformation from x to R(x):
String I'(String I )

l'[Z(I );

1'[1(11); /I has to be second one, otherwise l'[2 can never be reached

}
l'Ilwith the body { while (true) do {}}

l'IZ:= I
Let I1 be any string. E.g., let I1 = “Hello World”

Let 12:=I

We claim that: Fl1 does not halt on I1 and H2 halts on I2 < I1 halts on I1

e "= " Suppose 1'[1 does not halt on 11 and l'I2 halts on 12: by our construction of I, l'[1
is executed after HZ, Fl2 has to halt on 12=> IT halts on I , because H2= IT1 and 12=I
e " & " Suppose Il halts on I: I, also halts on L, since I,=1 and L=I. Since I,

halts, IT will continue with H1’ which does not halt by construction.

Alternative solution
(student with no tutor/professor input)
Let (I" , I' )be an arbitrary instance of HALTING. Let IT' = I =1, and HLHbe the

function LOOPS_HALTS. Let Iland Izbe hardcoded in . Let 0 == does_not_haltand 1 ==
halts

Bool HLH()

{
If (0 ==11(1,))
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If (1==11(1,)

return true;
return false;

}

IT  returns true <==>H1does not halt and HZhaIts
=>Suppose HLHreturns true. Thus we have that Hldoes not halt on Iland thalts on 12.
< Suppose Hldoes not halt on Iland thalts on 12. Due to the construction HLH also halts

and returns true.
QED

Additional solution2: (student without tutor/prof)

Co-halting and halting are both undecidable:
Let (1'11, 11 )be an arbitrary instance of Co-HALTING.

Let (1‘12, I2 )be a pos. instance of HALTING i.e. it halts on 12.

We set: 11 =H1, =11

=> (I , 1) doesn’t halt
=> Due to construction of I1 follows, (H1’ I1) doesn’t halt.

=> (1'[1, 1'[2, 11, 12) is a positive instance of loophalts.

<= (H1’ 1L, I1, 12) is a positive instance of loophalts:
=> (1'[1, [1) doesn’t halt:
=> Due to construction of IT follows, (IT , I) doesn’t halt.
=> (I , 1) doesn’t halt

Block 2 - fmi165

status student

a)

Sorry for a messy solution, but should be a valid solution? Or at least better than nothing :)
The result is in each case satisfiable... comments / improvements are welcomed!
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2

C5

Cl
C
C5

Alternative solution (?) @

Alternative solution:
https://www.informatik-forum.at/forum/index.php?thread/116560-exam-21-10-2016-2a/

b) status student
From the test we know:
- ¢ is a set of clauses and clauses are sets of literals (additionally i define atoms to be
literals without negation signs)
- C1e¢andC 2€
- leCt1and1EeC 2
- ¢'=(¢ U {RH\{C_1}

Assumption to make: resolventR C C_1
Additional definitions:

- C 1T:=C1\{i}

- C2:=C2\{l}

From the available information | gather that the resolution looks like this:

C' U {1}, Cu(~l}
R

From this we can see that R=C_1’ U C_2’. Now we use the assumption that R is a strict
subsetof C_1(respC_1"U{l}): C1"UC 22 C C_1 U {l}

This is only possible if BIEICHEl=>C 2 € C 1’
Now the questionis: ¢ & ¢’ ?
From before we know that C_1 and C_2 differ only in the atom I. From this we can draw the

following conclusions (with the assumption that C_1 and C_2 are the only clauses in ¢ since
we don’'t know anything about the other clauses and their satisfiability doesn’t matter):
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1. If C_1 holds then C_2 either holds or not. From this we can conclude that

a. If C_1 holds and C_2 holds ¢ clearly holds then also ¢’ holds, because some
other atom in C_1 and C_2 other than Il is true.

b. If C_1 holds and C_2 does not hold then ¢ does not hold, then ¢’ does not
hold either, because the truth value of C_1 does not matter since C_2 is
already false and does not change in ¢'.

2. If C_1 does not hold, C_2 definitely holds since they both contain | with flipped truth
values. From this we can conclude that

a. ¢ does not hold and ¢’ does not hold either, because all literals in C_1 need
to be false in order to make C_1 false, and removing a literal does not
change that.

Therefore | conclude that ¢ & ¢'.
EDIT: | didn’t show ¢’ => ¢:
1. If C_1" holds, then extending the CNF (conjunction of disjunctions) clause by a literal
does not change its truth value.
2. If C_1"does not hold, it doesn’'t matter, because then the implication looks like this:
false => ¢ which is true by default.

Please correct me if I'm wrong :).

Block 3 - fmi165

a) status student, please check

{Inff& e} p{Inf&e} (Inf&e)=>Inf

{Inf & €} p {Inf}
wh

{Inf} while e do p od {Inf & !e}

To show: (Inf & ) => Inf
This is a tautology and therefore valid
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1)

b) status student please check
Take a program, {x >= 0} while x=1 do x:=x-1 od {x>=0}

Show, that the program is correct
{x>=0&x=1}=>{x-1>=0} {x-1>=0}x=x-1{x>=0}

{x>=0 & x =1} x=x-1 {x >= 0}
wh
{x >= 0} while x=1 do x=x-1 od {x >= 0 & x!=1}

We need to show that {x>= 0 & x=1} => {x-1 >= 0}. This is trivially true.

2) Show that the program is no longer correct if we attempt to prove it with the logical
consequence and the modified while rule:

{F&x=1}x=x-1 {F & x =1}
mw
{x>=0}=>F {F}while x=1 do x=x-1 od {F & x != 1} {F & x!=1}=>{x>=0 & x!I=1}

Ic
{x >= 0} while x=1 do x=x-1 od {x >= 0 & x!=1}

We need to show that it is impossible for F to exist such that it satisfies all Implications.
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Block 4 - fmi165

a) Status student, Status approved by professor

4.) (a) Provide a non-empty simulation relation H that witnesses M; < M5, where M, and
M5 are shown below. The initial state of M, is s;, the initial state of M5 is £;:

Kripke structure M,: Kripke structure As:

<> Cota>

G @ <>
Ll Do
? =
<>

(4 points)

H={(s0, t0), (s2, t3), (s3, t2), (s1, t3), (s4, t2), (s5, t2)}

b) status student, Status approved by professor
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(b) Consider the following Kripke structure M:

For each of the following formulae o,
i. check the respective box if the formula is in CTL, LTL, and/or CTL*, and

ii. list the states s; on which the formula ¢ holds: i.e. for which states s; do we

avre | . e a7
have M, s; = !

G(c)=s0, s2, s3 — LTL, CTL*
X(b) =s1 — LTL, CTL*
cUb=s3,s4 - LTL, CTL*
AF(a) = s1, s3, s4 — CTL, CTL*
EG (a)=s1, s3 — CTL, CTL*

c) see 17.10.2014 c)

Exam 01.07.2016 (FMI.164.pdf)

http://www.logic.at/lvas/fminf/angaben/fmi164.pdf

Block 1 - fmi164

Status: solved by student, approved by professor
Choose SAT as the NP-complete problem. To show: SAT < SAT-UNSAT

Let ¢ be an arbitrary instance of SAT. @ is a propositional formula. We construct an instance
of SAT-UNSAT (¢4,9,) as follows: @,=¢ and @,=true.
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=:Letgpbea itive instan f SAT. By the construction from above, @, is also
satisfiable, therefore yielding a positive instance of SAT-UNSAT.

<: Let (¢4,9,) be a positive instance of SAT-UNSAT. This means, either @, is sat or @, is
unsat. ¢, however, cannot be unsat, since we set it to true. Therefore, @, is sat (otherwise
(94,9,) would not be a positive instance). Since, @, = ¢, we get a positive instance for SAT.

Block 2 - fmi164

Status student

a) Does the program terminate?
Never terminates, since both x and y are declared as unsigned. Therefore, the condition of
the while loop will never be false.

Does termination depend on the integer representation?

Status student suggestion:

Yes, it depends on the integer representation, for x and y being 64 bit signed integers the
program would terminate, as x becomes negative in the first iteration and the loop condition
will not be true anymore.

Status student alternative suggestion:

Here’s a working example that terminates with 64bit integers (the code in the exam does not

terminate - | tested both):

#include <inttypes.h>
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#include <stdio.h>
int main() {
int64_tx =10;
inté4 ty=(1<<16);
printf("X: %" PRId64 "\tY: %" PRId64 "\n", X, y);
while (x>=0 && y >=0){

y=y*y;
X=X-Y,
printf("X: %" PRId64 "\tY: %" PRId64 "\n", X, y);
}
return Xx;
}
b)

To show: ¢ is sat & @’ is sat. Both ¢ and ¢’ are in CNF.

=:Assume @ is sat. ¢’ is @ minus one clause. Taking away a clause from a sat formula in
CNF leaves the formula still satisfiable — @’ is sat.

<: Assume @’ is sat. Since ¢’ := @\{C}, we only have to show that C is satisfiable, since we
know that all other clauses in ¢’ already are satisfiable. There is a literal L in C, such that for
every resolvent R of C with a C’, R contains both x and —x for some x in @ (this was stated
in the exercise description). Since x and ~x is in R, R is true under every assignment.

In other words, every time we resolve C with another clause from C’ upon variable L, the
result is a valid clause. Therefore, we can always find a formula ¢ that was built from ¢’
using resolution that is satisfiable.

(TODO: Is the second part of the proof enough?)

Alternative 1 (status student, should be correct) for

&: Assume @'

o={ C,X X ... remaining clauses, have to be satisfiable, since @’ is satisfiable
o= {C, C,X}

Showing C’ sat -> C’ and C sat

To show that a formula is sat, it is also possible to show that the formula is not unsatisfiable,
A sat © not (A unsat).

C’and C sat & not (C’ and C unsat)

The resolvent of C’ and C is never empty, so it is not possible to derive the empty clause,
which would mean C and C’ are unsat. We have shown that C’ and C can’t be unsatisfiable,
so C’ and C are satisfiable, which means ¢ is satisfiable.

Alternative 2 (status student, not sure) for
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&: Assume @'
Like first solution: Since ¢’ is satisfiable C’ and X are satisfiable, we have to show that C is
satisfiable. Since R contains x and —x, | e C, -l e C’, there are 4 cases, where the x and -x
are coming from:

Case | C C’is sat Construction of I’ to make C sat
1 lvxv-ox [l C is always sat

2 I Alvxvax | I(1)=1

3 v x alv X I'(x)=I(x), I'(1)="1(x)

4 [ v =x alvx I'(x)=I(x), I'(I)==1"(x)

We have to show: C’ sat -> C sat

Which is the same like showing: | e Mod(C’) -> there exists a I’ e Mod(C). So we construct
an I’ so that C is satisfiable. For this see last column in the table.
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Status: solved by student

Alternative solution that should be complete; however, due to the fact that this example is
rather cumbersome, please check correctness thoroughly. | tried to give detailed arguments
why the implications hold -- | hope that this is not required for the exam.

Describe what p does:

P calculates the integer cubic root of the given input value x (cf. postcondition).
Proof that following correctness assertion regarding total correctness:
We prove that { F, } p { F, } is totally correct using annotation calculus:

{F:x=20}

{Fu: Fooli /1] }

i=1;

{ Fio: Invly / 0] }

y:=0;

{Fs:Inv}

while i < x do
{Falnv Aisx At=t}
{Fo: Felj /6 +y*3] }

ji=6+y*3;

{Fe:Fily/1+y]}

y=1+y;

{FrFeli/1+y+i]}

i=1+y5+i

{Fslnv A (isx=>0st<ty)}
od

{Fe:Inv A ~(i<x)}
{Fay’sx<(y+1)’}

We choose Inv: i = (y+1)*> A 0 <y < x (according to the hint in the specification) and t: x - i
(considering that i grows towards x and the difference gets smaller on each iteration: 0 < x -

).

To show total correctness of { F1 } p { F2}, it remains to show the following three
implications:

(1) F1 = Fy
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x20=> (i=(y+1)P A0=y*<x)[y/0][i/1]
x=20=(1=(0+1° A0<0%<x
x20=(1=1A0=<x)

The implication in the last line is obviously true.

(2) Fa=Fs

(i=(y+H1)P AOSY’SX AiSXAxi=t) =
(i=(+1)>P A0Sy <x A (iSx= 0 < x-i < t))[i/1+y*j+i][y/1+y][j/6+y*3]
(i=(y+1)P A0Sy’ <x A (iSx = 0 < x-i <ty))[i/1+y*j+i][y/1+y][j/6+y*3] =
= (1+y*j+i = (y+1)2P A 0Sy3 < x A (1+y*j+i S x = 0 S x-(1+y*j+i) <
to))ly/1+y][i/6+y*3]
= (1+(1+y)4j+i = (yH1+1)> A 0 S (y+1)P < x A (1+(y+1)j+i<sx =
0 < x-(1+(y+1)"j+i) < t,))[i/6+y*3]
= 1+(1+y)*(6+y*3)+i = (y+1+1)° A 0 < (y+1)P < x A (1+(y+1)*(6+y*3)+i< x =
0 =< x-(1+(y+1)"(6+y*3)+i) < to)

We show (2) by implying the LHS on each conjunct of the RHS and show that all of
these smaller implications evaluate to true.

(@) (i=(y+1)°’ A0Sy’ sx Aisx A xi=t) = (AR(1+y)(6+y3)+i = (yr1+1)°

Given that i = (y+1)* is true, we can show that 1+(1+y)*(6+y*3)+i = (y+1+1)?
is true by simplifying the equation:

(b)
1+(1+y)*(6+y*3)+(y+1)* = 1+6+3y+6y+3y*+y°+3y*+3y+1 = y>+6y*+12y+8 =
(y+2)°

©) (=(y+1)P A0SV <SXxAisxAxi=t)=0s(y+1)P<sx

Given thati < xandi = (y+1)®and 0 < y® < x, we may conclude 0 < (y+1)® < x.

(d) (i=(y+1)P A0Sy <sx Aisx A x-i=t, A T(y+1)*6+y*3)*i<x) = 0=
X-(T+(y+1)*(6+y*3)+i) < to

We split the implication again in two parts, one for each conjunct on the RHS:
(i) LHS = 0= x-(1+(y+1)*(6+y*3)+i)

Given i = (y+1)?, i<xand 0 < y® < x are true, one can show the RHS:
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X-(1+(y+1)*(6+y*3)+i) = x-(1+6y+3y?+6+3y+i) = x-1-6y-3y*-6-3y-i
= x-1-6y-3y%-6-3y-(y+1)® = x-1-6y-3y?-6-3y-(y>-3y?-3y-1) =
= X-1-6y-3y?-6-3y-y>+3y?+3y+1 = x-(y>+6y+6)
From the premises, we know 0 < y* < (y+1)* < x, hence 0 < x-y*and 0
< x-(y+1)%. Since y*< y*+6y+6 < (y+1)*, we may conclude that 0 <
x-(y3+6y+6), therefore 0 < x-(1+(y+1)*(6+y*3)+i).
(i)  LHS = x-(1+(y+1)*(6+y*3)+i) <t,
RHS: x-(1+(y+1)*(6+y*3)+i) = x-i-(1+6y+3y*+6+3y) = x-i-(3y*+9y+7).
Since x-i = t, is true, it remains to show that (3y*+9y+7) > 0. However,
since 0 < y®, we know that y = 0; therefore, we may conclude that
3y?+9y+7 > 0 holds.
(3) Fe = F,
i=(yH1)P A0Sy’ sx Ai>x=>y sx<(y+1)°

From0<y®<x,i=(y+1)®andi> x, we may conclude y® < x and x < (y+1)?, hence y*
< x < (y+1)*is true as well.

We have shown the implications (1), (2) and (3), therefore { F, } p { F, } is totally correct.
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Von WS12 Ubung
Solution
{l:az0}
{7: Inv[ef0][b/1] } ast
bhi=1;
{6: Inv[c/0] }  ast
=)
{hw:b=|{n+1]3hﬂ5n‘15a} wht"
while b < a do
[3:InvAb<an0<t=tig} wht"
[10: v A (b<a=0<t<tp)[b/b+cd+ 1[e/c+1][d/3c+6]} ast
d:=3+c+6;
{9:IvA(b<a=0<t<t)b/b+ed+1][c/e+1]} ast
c=c+ 1;
{B:mvA(b<a=0<t<ty)b/b+cd+1]} ast
b=b+4exd+1
{4:InvA(b<a=0<t <)} wht'"
od
{5: mvrha<b} wht"
{2:<a<(e+1)}

Proof of the implications:
1= T: a = 0 obviously implies Fnv[e/0][5/1] = (1=(0+1)* A0 < 0* < a)

5 = 2: The third conjunct of the invariant, * < a, and the negated loop condition
together vield ¢* < a < b. Using b= (e + 1)* we obtain formula 2.

We split implication 3 = 10 into two parts, one for partial correctness and one for
termination:

Inv Ab < a = Inv[b/b+ ed + 1][cfc + 1][d/3c + 6]
InvAb<ah0Z<t=t)=(b<La=0<1<ip)b/b+ ed+ 1)[efc+ 1][d/3c + 6]

Partial correctness: We start by simplifying the right-hand side.

Inv[b/b+ cd + 1][c/c + 1][d/3c + 6]

=(b=(c+10*An0< <a)[bfb+ ed + 1][cfe + 1][d/3c + 6]
=b+(c+1)3c+6)+1=(c+2PAN0<(c+1)*<a)
=(b+3*4+9%+6+1=((c+1)+1PA0<(c+1) <a)
=b+34+9%+T=(c+1P+3c+1)P+3(c+ 1D +1A0<(c+1)* <a)
=b+3?+0+T=(c+1) P +37+6c+3+3+3+170<(c+1)*<a)
=b=(c+1PAr0<(c+1)* <a)
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S0 we have to prove the implication
b=(c+1Pn0<l <anb<a=b=(c+1PA0<(c+1)P <a
We consider the conjuncts on the right-hand side in turn:
e b= {c+ 1)* occurs also on the left-hand side.
e 0 < (e+ 1) follows from 0 < ¢,

e (c+ 1) < a: follows from b < a and b = (e + 1)%.

Termination: As variant { we choose a—b (alternatively: a—¢*). We start by simplifying
the right-hand side.

(b<a=0<a—b<ty)bfb+ed+1][c/c+ 1)[d/3c+ 6]
=(b<a=z0<a-b)Ad<a=a—>b<ty)b/b+ cd+ 1][c/c + 1][d/3c + 6]

The first implication is obviously true, it remains to prove the second one. In fact, we
prove a stronger conclusion (without the assumption (b < a)[b/--][e/-- ][4/ ---]):

a—b < to[b/b+ ed + 1][e/e + 1][d/3e + 6]
=a—(b+(c+1))3c+6)+1) <ty

S0 we have to prove the implication
Imvpab<anl<a-b=tsg=a—(b+(c+1)(3c+6)+1) <ty
Using a — b = fy the right-hand side becomes
a—(b+{e+1))(3c+6)+1)<a—b

and further
(b+(e+1))3e+6)+1=b

Because of Inv both, b and ¢, are non-negative, hence the inequality holds.

Funetion computed by the program: Integer cubic root, i = | Jfa].

Block 4 - fmi164

Status student

a)
int set_size = 0;
int covered_vertices[N]; // assume, that covered_vertices is

// initialized with zeros
for (int i=0; i<N; i++){
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a = nondet_bool();
if (a==1) {
covered vertices[i]=1;
set_size+=1;
for(int j=0; j<N; j++){
if(edge[i][]j] == 1) {
covered vertices[j]=1;
}
¥
if(set_size == K) break;
¥
}

int has_uncovered_vertices = 0;
for (int i=@; i<N; i++){
if (covered vertices[i] == 0)
has_uncovered_vertices = 1;

}

assert(has_uncovered_vertices == 0); // break if dominating set found

b)
Status: approved by professor
All formulas are valid CTL* formulas.

CTL: AG(b): s, S,

CTL: EG(b): sy, S5, S5

CTL: EF(a): s4,s;

LTL: G(b): s¢,8,

CTL: E[(a A b) U (c)]: s1, S4

c)
Status: solved by student

®, = EFAG(p)
®, = EFG(p)
®, = EGF(p)

Following implications have to be shown:
1.)0, - ®,and O, + P,
2)0, - ®;and O; - O,
3)0, - ®;and O; - D,

1.)
EFAG(p) - EFG(p)
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Implication holds

Proof: Assume K, s, + EFAG(p), we show that K, s, + EFG(p)

(K is a Kripke Structure and s, an initial state of K)

We know there exists a path ™ where FAG(p) holds. Therefore for some state s; on this path
™ AG(p) has to hold. It follows that G(p) holds for all paths starting from s; and therefore
there has to be a path where FG(p) holds. Hence K, s, * EFG(p) is true.

More verbose proof of EFAG(p) = EFG(p):

M,s,  EFAG(p)

M, T = FAG(p) for a path 11 = (s,,...)

Jk=0: M,T* = AG(p)

Let u be an arbitrary path starting in the starting state of m*.

M.u = G(p)

Since p holds globally on the computation path y, it is implied that it holds from a subpath
onwards.

diz0:M,u' = G(p)

M,u = FG(p)

Since p is a subpath of 1%, the formula also holds on " and also on .
M, T = FG(p)

M, s, F EFG(p).

EFG(p) - EFAG(p)
Implication does not hold

quntgrgxamplg'

NOS5)

K, s, F EFG(p) but K, s, ¥ EFAG(p)
(EFG(p): there has to be (at least) one path in the future, for which p holds globally)

2)
EFAG(p) - EGF(p)
Implication holds

Proof: Assume K, s, - EFAG(p), we show that K, s, - EGF(p)
(K'is a Kripke Structure and s, an initial state of K)
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We know there exists a path ™ where FAG(p) holds. Therefore for some state s; on this path
™ AG(p) has to hold. It follows that G(p) holds for all paths starting from s; and therefore
there has to be a path where GF(p). Hence K, s, + EGF(p) is true.

EGF(p) - EFAG(p)
Implication does not hold

Counterexample:
Same asin 1.)

K, s, ¥ EGF(p) but K, s, ¥ EFAG(p)

3)
EFG(p) * EGF(p)
Implication holds

Proof: Assume K, s, - EFG(p), we show that K, s, - EGF(p)

(K is a Kripke Structure and s, an initial state of K)

We know there exists a path ™ where FG(p) holds. Therefore for some state s; a path
exists where G(p) holds. It follows that for m; GF(p) also holds. Hence we have a path s.t
GF(p) holds and thus K, s, F EGF(p) is true.

EGF(p) - EFG(p)
Implication does not hold

Counterexample:

K, sq - EGF(p) but K, s, ¥ EFG(p)

Comment:

| would write: K, 1" + G(p)

this can be written as (by semantics of G):

Vk=iM,m* ¢t pwhichimplies 3 h2i: Mm"tpand V k2h: M, p
and this can be written as M, 11" + GF(p).

....I'm absolutely not sure if this solution is correct, comments are very welcome
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Exam 06.05.2016 (FMI.163.pdf)

http://www.logic.at/lvas/fminf/angaben/fmi163.pdf

Block 1 - fmi163

Solved by student

Consider the following problems:

GROUPS
INSTANCE: A pair (P, D), where

o P={p,...,pn} 5 a set of elements (intuitively, P is a set of persons), and

o [T Px P isabinary relation over P (intuitively, (p.p') € D) means that p dislikes p').
QQUESTION: Is it possible to divide the person of P into 5 groups such that none of the

groups contains persons p,p’ such that p dislikes p'? That is, does there exist a partitioning
of P into sets Gy, ... Gy such that {p,p') & D holds for all 1 < { < 5 and all pairs p, p' € 3,7

GENERALIZED-COLORING (GC)
INSTANCE: A pair (G, k), where G = (V, E) is a directed graph and & is an integer.

QUESTION: Does there exist a k-coloring of G7 That is, does there exist a coloring function
prV={1,..., k} such that p{v) # p{v") for all edges (v,v") € E?

Provide a polynomial time reduction from GROUPS to GENERALIZED-COLORING,
and prove the correctness of your reduction.

R ion:

Let (P, D) be an arbitrary Instance of GROUPS.
We construct an Instance (G, k) of GEN-COL as follows:
e Setktob // Number of Groups in (P, D)
e Construct the directed graph G=(V, E) as following:
o Foreachp € PaddavertexvtoV
o For each entry [p4, p,] in the binary relation D add an edge [v,, v,] t0 E
e Set the coloring of each vertex v e V to its corresponding partitioned set.
Therefore: u: V — {G,, ..., Gs}

The above reduction is feasible in polynomial-time.
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Prov rrectn fr ion:

(P, D) positive Instance of GROUPS < (G, k) positive Instance of GEN-COL

“zyn.
Assume (P, D) is a positive Instance of GROUPS, i.e. there exists a partitioning into groups
Gy, ..., Gss.t. p,p ¢ D V groups.

By construction of the graph G we have an edge [v4,v,] for every entry p,, p, € D.

Since p4, p, denotes p, “dislikes” p, and (P, D) is a correct partitioning we know that p,and
p, do not belong to the same group. From construction of pu (which gives each vertex v the
color of its corresponding group) we know that each pair of vertices [v,,v,] € E has a
different coloring.

Therefore V [v,,v,] € E itis guaranteed that p(v,) # p(v,) and (G, k) is a positive instance
of GEN-COL.

wern.
Assume (G,k) is a positive Instance of GEN-COL, i.e. there exists u: V — {1, ..., yk} s.t.
M(V4) # p(V2) V [v4,v2] € E.

Since there exists a correct k-coloring of G and k is set to 5 by the reduction, we have 5
groups of vertices with different colorings.

For each pair of vertices [v,,v,] € E of G itis assured that v, and v, have a different
coloring. Therefore between any two vertices v, and v, of the same color there does not
exist a connecting edge. (which would mean v, “dislikes” v,).

Thus there exists a partitioning into k=5 groups s.t. no two elements v, v, in V “dislike” each

other. Therefore (G,k) is a positive Instance of GROUPS. 1

Example:
P = {P17 P21 P3! P47 P51 PG! P7’ P81 PQ! P10}
D={
(P, dislikes Ps), (P; dislikes P,),
(P, dislikes P,), (P, dislikes P),
(P, dislikes P,), (Ps dislikes P4),
(Pg dislikes P4,), (Ps dislikes Pg),
(P, dislikes Pg), (Pg dislikes P;)

Block 2 - fmi163

a) Solved by student
=>
Assume that phi(x1,..,xn) is valid, i.e. every interpretation over every variable
assignment evaluates to true. Take an arbitrary interpretation I. We argue that you
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can create a model I’ for phi(c1, ..., cn) from this interpretation. We set I'=1 and keep
the variable assignment alpha (since x1,...,xn do not occur in phi(c1,...,cn) this does
not matter). Given the variable assignment alpha of |, we extend I’ the following way:
I’(ci) = alpha(xi).

Since | is a model, I’ does not change the value of xi and I’ * xi <-> ci, by the
equivalence replacement lemma I’ is a model.

<=
Assume that phi(c1,...,cn) is valid, i.e. every interpretation is a model. Take an
arbitrary interpretation |. We argue that you can construct a model I’ for phi(x1,...,xn).
Set I'=1 (the definitions for c1,..,cn do not matter, as they are newly introduced
constants). Now create a variable assignment alpha for I the following way: alpha(xi)
= 1(ci).

Since | is a model, I’ does not change the value of ci and I’ ¢ xi <-> ci, by the
equivalence replacement lemma I’ is a model.

| don’t know what he wants to hear on the second part of the question, but | guess
the last part of the slides. Given that you replace predicates, constants and boolean
variables, you can construct an equisat propositional formula that does not interpret
the function symbols, besides functional congruence.

b) https://www.informatik-forum.at/showthread.php?112972-Solution-for-6-5-2016-2a-b

Block 3 - fmi163

Solution seems very similar to Exercise 2gh in dvsw-solutions.pdf, i got
wp(p, x=y)=(x+y)>0 * x>=0
Anyone else?

Von WS14 if then und else ist vertauscht sonst ganz gleich :-)

Exercise 1 Let p be the following program:

ri=r+
if & < 0 then
abort
else
while = # y do
r=x+1;
y=y+2
od
fi

284


https://www.informatik-forum.at/showthread.php?112972-Solution-for-6-5-2016-2a-b

Exercise 2 Let p be the program of exercise 1. Show that {r=2yAy >2}p{x =y}
is totally correct using weakest preconditions.

Solution

We show that the precondition implies the weakest precondition of the program with
respect to the posteondition.

wplr:=x+uyif -, z=y)=wplz=x+y, wp(if ---,z=1y))

pif -, 2 =y)

((x < 0Awplabort,z = y)) V (x = 0 Awp(while --- |z =1y)))

((x < 0 Afalse) V (z 2 0A wp(while --- .z =1y)))
(
(

nmn =

false V (x = 0 A wp(while ---, 2 =1y)))
x = 0 A wp(while --- |z = y))

wp(while --- . r=y)=F > 0F;
Fo:=(z#ylhe=y
Fr:z#yAwplr=z+Ly=y+2 x=y)
=(rFyrr+l=y+2)
=(z=y+1)
Fi:x=y+1 (guess)
Fia:x#ynwplr=x+Ly=y+2 F)
=r#Fyiler+1)=(y+2)+1i
=r#yhr=y+it+l
=(r=y+i+1) (proof)
=Jiz0(xz=y+1)
=:1:2y
=(z20Az>y)
=wplr=r+y 20Nz >y
=(z+y)20A(z+y) 2y
=(x+y)20Ax>0
It remains to show that the precondition implies the weakest precondition.

=2y Ay >2=wp(p,z=y)
=(r+y)z20Mx20

The two conjuncits of the conclusion can be proven separately:

r=2yAy=2=(r+y)=0
r=yhy>=2=x>10

The first implication is valid, since ¥ = 2y and y > 2 imply (xr +y) = 3y > 6 = 0.
The second implication holds since @ = 2y and y > 2 imply > 4, which implies the
conclusion x > (.

Block 4 - fmi163

4a) solved by student
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H={(s0,10),(s4,t2),(s3,2),(s1,t4),(s2,3),(s1,t1),(s0,5)}

Q:Do I really need the last relation (s0, t5)?
A: Yes! how else would you simulate the move from s1->s0 ? also this condition needs to be
met: For every successor t such that(s,t) € R, there is a corresponding successor t' such
that(s't') € R"and (t,t) € H (from slide 9/40 in Simulation and Abstraction)
A2: | don't think duplicates should be present in H. The goal is to map all states from M1 to a
corresponding state in M2, such that all transitions are correct in respect to the labels. In the
concrete example: the transition s0->s3->s1->s0 in M1 would also simulate the transition
t0->t2->t4->t5 in M2, regardless of the mapping in H, because the labels correspond in those
transitions. In my final solution, | have the following: {(s0,t0),(s4,t2),(s2,t3),(s1,t1),(s3,t2)}
RE: For your simulation, check the following moves in M1: s0, s3, s1. Your simulation in M2
would be: t0, t2, t1. This is not possible since there is no edge from t2 to t1.

4b) solved by student

For each of the following three equivalences, determine whether the equivalence holds. If
so, prove correctness. Otherwise, disprove by giving a Kripke structure M and a path
such that (M, 1) satisfies one side of the equivalence but not the other.

i.trueUp=Fp A "G p
Equivalence holds

Proof:1

We have to show that for every Kripke structure K and every state s in K it holds that
K,s Ftrue UpifandonlyifK,s F Fp A G —p.

Let m = s0,s1,... be some path starting at s,.

1) “=>" - Direction
IfKsrtrueUpthenKstFp A 1Gp

from m :true U p we know that on some state s, p holds.

Therefore m + Fp holds.

Since p holds on state s;, -p does not hold on at least one state.

Therefore m + =-G-p also holds. ( ~G-p means: -p must not hold on every state)

2) “<=" - Direction

IfKs+tFp A -G-pthenKsttrueUp
From m + Fp we know on some state s=0 p has to hold.
Therefore we also know -p does not hold on at least one state (namely on s)).

Hence m =G -p = true.
Therefore w * true U p holds.

ii.pUq=p A Fq
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Equivalence does not hold

Counter-Example:

Holds for p A Fq but not for pUq

Alternative Counter-Example:

@°

Holds forpuq but notfor p A Fq
iii. GFGF q = GF q
Equivalence holds

Proof:

We have to show that for every Kripke structure K and every state s in K it holds that
K,s + Fqifandonlyif K,s + GFq.

Let T = s0,s1,... be some path starting at s,.

1) “=>" - Direction
If K;s + GFGFq then K;s + GF q

Since for every path GFGFq has to hold, m : GFGFq

from m + GFGFq we know that for every state s, in T FGFq holds.
Therefore for some state s;;; GFq holds.

Therefore for every state starting from s, Fq holds.

Hence finally for some state starting from s, q holds.

Since q holds for some state s;;; holds, it holds that ¢ Faq.

And since for every state it has to hold that at some state s;5; q holds, it also holds that w +
GFq.

2) “<=" - Direction
If K;s - GF q then K;s + GFGFq

Since for every path GFq has to hold = * GFq.

Applying GF pairwise arbitrarily often will not change the statement,
that q holds at some state s=0.

It follows that m + GFGFq
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4c) solved by student
int sum sl1=0;
int sum_ s2=0;

for(int i=0; 1i<N; i++) {
if (nondet bool()) {
sum_sl += values[i];

} else {
sum_s2 += values[i];

assert (sum_sl!=sum s2);

Exam 18.03.2016 (FMI.162.pdf)

http://www.logic.at/lvas/fminf/angaben/fmi162.pdf

Block 1 - fmi162

Status: Solved by student
Let x = (IT) be an arbitrary instance of SMALLER.
We first define STRINGS as the enumeration of strings over the alphabet {0, 1} i.e.

STRINGS = {0,1,00,01, 10, 11,..}..

We then construct HD(String 1) as follows:

1. HD(SﬁingI]):

2. for each I in STRINGS:
3. if OO < |]:

4., return true

We claim that HD is a semi-decision procedure for SMALLER, i.e. that
A. If xis a positive instance of SMALLER, HD returns true

B. If x is a negative instance of SMALLER, HD returns false or does not terminate

Proof:
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A. If x is a positive instance of SMALLER, then there exists a string I € STRINGS for
which |I| < |TI(]) |. Because HD iterates over all possible STRINGS, and STRINGS is

countably infinite, if such an I exist, it will be found in a finite amount of steps, and
HD will terminate at line 4 = HD returns true.

B. If x is a negative instance of SMALLER, then HD will continue to iterate over

STRINGS and never halt = HD does not terminate.

Alternative semi-decision procedure without the definition of infinite
STRINGS list

Not that defining such a list wouldn’t be fine, but for people like me this is probably an easier
solution to remember.

1. HD (String I1) :

2. strings = { “0”, “1”};

3. Do {

4., stringsIt = {};

5. For (String n : strings) {

6. if |n| < |OMWM)]|:

7. Return true;

8. Else {

9. stringsIt += (n + “0”);
10. stringsIt += (n + “17);
11. }

12. }

13. strings = stringsIt;

14. } while (true);

Block 2 - fmi162

a) https://tuwel.tuwien.ac.at/pluginfile.php/603025/mod_folder/content/0/hw1.pdf?force
download=1
(see tuwel supplementary hw1.pdf)
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Solution to Exercise 1

We make precise here on which formula FC® and ﬂm!E depend. Both are
computed according to AR. First observe that

EUF ig valid i FCE(pPUF) — flat® (pEVF) is valid.
Taking the above hint into account, we get
—oEUF ig valid iff  FCF(~pEUF) = flat® (~pEUF) is valid
iff FCE{IPEUF) — ﬁatE(-upEUF] is wvalid.
Since ¢EUF and flat® (EUF) have the same propositional structure (only
some arguments of literals change during the computation of flat® (EUF )

from EYF), the equality flatt (~pEUF ) = —uﬁatE[:pE”F ) holds.  Conse-
quently,

—pBUF ig valid iff FCE(£EVF) = —flat® (0FUF) is valid. (*)

For space reasons, we omit the superscript EUF in the following. Then we
have:

Explanation
wissat i -y is not valid T is sat iff =7 is not valid
iff  FCE(p) — —flat® (2) is not valid from (*) above
i ——(FCF () — ~flatf () is not valid - =0
iff  —(FCE () — —flat® () is sat ¥ iz sat iff =7 iz not valid
iff  FCE(p) A flat® () is sat basic propositional

manipulations

Effectively the same (was accepted in the exam):
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b)

(b) Let y: ¥zdy[(s(z) ~ y) A (y ~ s(x))]. where ~/2 is a binary predicate written in infix
notation. Let T be a theory which forces ~/2 to be reflexive. Show by purely semantical
means that T |= ¢ holds. (Hint: show that Moed(T) € Mod(p).) (5 points)

Since ~ is reflexive, it means that x~y is equal to y~x (since reflexivity means that the
element is related to itself).

Proof by contradiction:

Let there be an interpretation | that is a model of T but is not a model of ¢. Then it must hold
that we can find two arbitrary x,y where:

Case 1: x~y holds, but not y~x. Since this violates the reflexivity of ~, this cannot be the
case and | is thus not a model of T.

Case 2: y~x holds, but not x~y. Since this violates the reflexivity of ~, this cannot be the
case and | is thus not a model of T.

Case 3: neither x~y nor y~x holds. By the definition of ~, it means that both x~y and y~x
evaluate to false and | can thus not be a model of T.

Since we cannot find a case where | is a model of T, but is not a model of ¢, (T entails ¢)
holds.

(ALTERNATIVE LOSUNG) — genau wie in den Folien
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A symbolic proof of the version shown above -- THIS IS NOT A VALID SOLUTION
BECAUSE THE SPEC DEMANDS A PROOF WITH SEMANTICAL MEANS. However, if
someone tries this as exercise, it may be helpful.

1 Let x be an arbitrary element of an arbitrary domain U assumption

2 Pick an element y from U s.t. y = s(x) assumption

3 y~y reflexivity of ~

4. y ~ s(x) equiv.repl.theorem, 3

5. s(x)~y equiv.repl.theorem, 3

6 (s(x)~y) A (y ~s(x)) proof rule A, 4+5
7 Ay[(s(x) ~y) A (y ~ s(x)] proof rule 3, 2-6
8. Vx3Ay[(s(x)~y) A (y~s(x)] proof rule Vv, 1-7

c) Status: solved by student
To show that the resolution calculus is sound, one has to show that the resolvent is a logical

consequence of the resolved clauses. Let R be the resolvent and C1 and C2 the resolved
clauses of a formula in CNF. We have to show that C,, C, - R, i.e. that Mod({C,, C,}) &
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Mod(R). Recall that R is defined as R = C, \ {cl} U C,\ {~cl} where cl and —cl are dual
literals.

Towards a contradiction, assume that there is a model which is a model of the premises, but
not a model of the consequence, i.e. | € Mod({C1, C2}) and | ¢ Mod(R).

1. ¥R assumption

2. I=C, assumption, semantics of A
3. I=GC, assumption, semantics of A
4. I=clorl=cl lem

5. Case 1: 1= cl

6. | = C,\ {cl} semantics of V, 3

7. [ =C;\{cl} or | =C,\{cl} proof rule V, 6

8. Case 2: | F ~cl

9. I =C,\{cl} semantics of V, 2

10. 1=Cy\{cl}orl=C,\{cl} proof rule V, 6
11.1=Cy\{cl}or | = C,\ {~cl} use rule V, 5-10

12.1=C,;\ {cl} V C,\{~cl} semantics of V, 11

13. 1= C;\ {cl} U C,\ {~cl} prop. V, 12

14.1=R def R

15.1 L contradiction, 1, 12

Block 3 - fmi162

??

Block 4 - fmi162

a) https://www.informatik-forum.at/showthread.php?113168-Exam-18-03-2016-4a
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l.) Crierdrace ®

Ir"u) olof = nuw

b)

.

1)“&]‘3? - R‘:"ﬂ"-% ‘Liﬂrq q/ ]

Op 2 A0 2o g 2hg >
l,“,_l =2 bp > 71.,1 S A

F(a)-> LTLCTL*->  {S1,83}
X(b) -> LTL CTL* ->  {S1,52,54}
AcUa] -> CTL CTL* -> {S1,S3}
EX(c) -> CTL, CTL* -> {S0,S3}
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c) (by student)

i)

Does not hold!
Counterexample:

®: b M:
W:a

M |= E(PUW) sO:
M |# EF(®)

Therefore the left side holds, but the right side doesn’t.

ii) TAUTOLOGY

OUVY is defined, that ® has to hold until WY holds. So W has to hold at some state on the
path which is equvalent with F¥. As we just showed, that PUWY -> FW holds, therefore also
E(®UW) -> EFWY holds. E(®UW) = E(®UW) trivially holds, and adding EFW to one side,
does not interfere with the equivalence as Mod(E(®UY)) & Mod(EFWY) or E(®UW) -> EFY or
E(®UVY) |= EFWY.

iif) DOES NOT HOLD.
Suggestion of a COURISEEXampie:

¢=b

(s0, a) -> (s1,a) -> (s2,a) -> (s3, b)
\-> (s4, a) -> (s5, a)

~

Helds-for-AXF{b}-for state sO but not for AXAF(b) for state sO.

AXF(b) does NOT hold for state s0! (Therefore not a valid counterexample!)

Because:

For all paths starting in SO:

That would be

1) S0,51,S2,S3...

2) S0,51,54,S5...

it has to hold that from the next on some state b has to hold.

So beginning from S1 you have to reach on every path that was considered in the beginning
that at some state b holds.

(

Suggestion of another Counterexample by X I:

e e @ Explanation why it’s wrong:

U
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IT HOLDS:
Informal explanation: This holds as the additional A on the right side does not have any
effect on the formula. AX already considers the next state on all possible paths and now

considering again all paths does not add any new paths that have not been considered
before.

Formal Proof:
| tried:
M =AXF ¢
1. Let s be an arbitrary state from S,

& M, s EAXF ¢ (by semantics of )
2. Let m be an arbitrary path starting in s
& M, = XF ¢ (by semantics of A)

o M, nEF ¢ (by semantics of X)
4. We observe that the path formula F ¢ must hold on every path originating from the

w

starting state in '

5. eM, ' e AF ¢ (by the semantics of = and A and 4.)
6. © M, nE XAF ¢ (by semantics of X)
7. Because we chose m arbitrarily, and  originates from a starting state s € SO

© M, s = AXAF ¢ (by semantics of A)
8. Because we chose s arbitrarily (in 1.)
& M = AXAF o (by semantics of A k)

Exam 29.01.2016 (FMI.161.pdf)

http://www.logic.at/lvas/185291/angaben/fmi161.pdf

Block 1 - fmi161

Status: solved by student, approved by tutor, approved by professor
Let (IT, I’) be an arbitrary instance of HALTING. That means [T’ halts on |I. We construct an

instance of SOME-HALTS as follows:
e M=N2=1T
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->

Assume ([T, I) is a positive instance of HALTING. For any input I’, T halts on I'. By
construction of SOME-HALTS we have that M1 =112 =T and | = I'. Because [T halts on any
I’ also M1 and M2 halt on I. Hence (M1, M2, 1) is a positive instance of SOME-HALTS.

<
Assume (M1, M2, I) is a positive instance of SOME-HALTS. That means 1 halts on | or 12
halts on |. By construction we know that 1" =11 =12 and I’ = |I. That means, because (N1,

M2, 1) is a positive instance and either 1 or M2 or both halt on I also 1 has to halt on I'.
Hence (T, I') is a positive instance of HALTING.

Block 2 - fmi161

a)

Status: student
substitution in function parameters is not allowed, only x =y -> f(x) = f(y)!
This procedure is called “substitution axiom for f or g” - fmi_sat3.pdf - S37

i)

1. 1=f(x, y) =x A g(x) #9(z) A h(y) =g(x) A f(f (x, y).y) =z
2. lEf(x,y)=x (1, semantics of A)

3. I=g(x)#9(2) (1, semantics of A)

4. | =1(f(x,y)y) =z (1, semantics of A)

5 lry=y (reflexivity)

6. I=1f(f(x,y),y) = f(x,y) (2,5, substitution axiom for f)
7. 1 =1(f(x,y),y) = x (2,6, transitivity)

8. IFz=x (4,7, transitivity)

9. IFkx=2z (8, symmetry)

10. 1 = g(x) = g(z) (9, substitution axiom for g)

1. 1= L (3,10 contradiction)

i) alternate solution; status student

1. 1=f(x,y)=x (1, semantics of A)
2. 1rg(x)#9(z) (1, semantics of A)
3. 1EAf(f(x,y)y) =z (1, semantics of A)
4. 1= g(f(x,y)) # 9(f(f(x,y),y)) (1, 2, 3, substitution)
5. 1= g(f(f(x,y),y)) # g(f(f(x,y),y)) (1, 4, substitution)

6. I=1 (5, contradiction)

297



b)

1. IEx=y A f(x) #f(y)

2. lEx=y (1, semantics of A)
3. 1E=f(x) #f(y) (1, semantics of A)
4. 1= f(x)=1(y) (2, substitution for f)
5. I 1 (3,4 contradiction)

added by student, approved by tutor (Lonsing)

BC = base case, SC = step case

BC: let formula be T, then the equivalent formula is also T

BC: let formula be F, then the equivalent formula is —T

BC: let formula be an atom, then the equivalent formula is also an atom

SC: let ¢1 and ¢2 be formulas that can be translated to equivalent ones and ¢ be of
the form ¢1 & $2 then the translated formula is also ¢1 & ¢2

SC: let ¢1 and ¢2 be formulas that can be translated to equivalent ones and ¢ be of
the form ¢1 v ¢2 then the translated formula is —(—¢1 & —¢2) because —(—¢1 &
—¢2) is equivalent to (——¢1 v ——¢2) which is equivalent to (¢1 v $2)

SC: let ¢ be of the form V ¢1 then the translated formula is also of the form VvV ¢1
SC: let ¢ be of the form 3 ¢1. Then the translated formula is — VvV (—¢1) because —
V (—¢1) is equivalent to 3 (— —¢1) which is equivalent to 3 ¢1

Block 3 - fmi161

Status: student

Agree with the solution? 2 Yes vs. 1 No

(A) Status: Hint by professor.

Showing that as and as’ are equal by Ic rule.
First we show that from as’ and Ic we can infer as (i.e. as’->as)

{F[v/e]} vi=e {ex. Vv’ :(F[v/e][vIV'] & v=e[vIV'])}, ex. V' :(F[v/e][v/V'] & v=e[v/V']) = F

Ic
{F[v/e]} vi=e {F}

It remains to show that ex. v’ :(F[v/e][v/V'] & v=e[v/V']) = F is valid.
ex. V' :((F[v/e][v/iv] & v=e[vIV']) = Fx

ex. V' :((F[v/e[vIv]] & v=e[vIV]) = F

ex. V' :((F[v/iv] & v=e[vIV']) = F

ex. VvV :(F & v=i-y**e[viV']) = F
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F & ex. Vi(v=e[v/V']) = F (holds; comment: because the conclusion is part of the premise)

Secondly we need to show as -> as’
{F[v/e]} v:i=e {F}, {F} = ex. v’ ((F[v/e][v/V'] & v=e[v/V'])

{F[v/e]} v:i=e {ex. v’ :(F[v/e][vIV’] & v=e[v/V'])}

It remains to show that F = ex. v’ :(F[v/e][v/v’] & v=e[v/V’]) is valid.

F = ex. v :((F[v/e][viv] & v=e[vIV'])

F = ex. v’ :(F[v/v] & v=e[vIV'])

F = ex. Vv :(F & v=e[v/V])

F=F &ex. Vv :(v=e[v/V]) /I from previous step since v’ does not occur in F
F = ex. V' :(v=e[v/V]) (holds)

(A) Status: Teacher Approved
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(B) (not sure)

Is it possible to deduce with Ic rule?? From the as axiom

Fivie]>F, {F}vi=e{F&v=¢e},F&v=e->F
(Ic)

{F[v/e]} v := e {F}

F & v = e -> F trivially true

F[v/e] -> F ... i think with the assumption from the axiom, that v does not occur in F and e,
this is also true. When you replace v by e in F, but v does not occur in F, it will just be
extended but F still holds. But can you assume this at this point?

(B) alternative solution based on discussion (forward reasoning)
We need to show that we can derive as" from existing rules and valid premises.
By first applying the Ic rule with as’, we can get:

{F}vi=e{3V'(F[v/v']| Av=e[v/v']} FV'(.)=>FAv=e I
{Flv:=e{F A v=e} ¢

It remains to show that the premises are valid:

We know that {F}v: = e{3v'(...)} is an admissible rule.

We know from the assumption, that v does not occur in F and not in e.
Therefore, on the left side, only 3v'(F A v = e) remains. since v' does not occur
anywhere anymore, it leaves F A v = e.

FAv=e =>FAv=eisvalid

(B) alternative solution based on discussion (backward reasoning)
We need to show that we can derive as'" from existing rules and valid premises.
By first applying the Ic rule with as, we can get:

{F}= {(F Av=e)[v/e]}, {(F Av=e)|v/e]|}v:=e{F A v=e} I
{F}v:=e{F Av=e} ¢
e F->(F~*v=e)lvle]=F->(F*e=e) =F ->F (holds)
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(C)

Find a counterexample:
Counterexample: {x=0}x:=x+1{x=1}
Since x is in the precondition, as” can not be applied. Lc does not help either:

x=0-F {Flx:=x+1{G} G-x=1
{x=0}x:=x+1{x=1}
However, with (as) it can be derived:

FoG[x/x+1] {G[x/x+1]}x:=x+1{G}

{x=0}x:=x+1{x=1}

With F: x=0 and G: x=1

Complete: every true correctness assertion is derivable.

Since the shown correctness assertion is true, but not derivable with as”, the Hoare calculus
is not complete without as and as’.

(D) (not sure)

In as” it is important that v does not occur in F and e, because as we have seen in ( C ) the
postcondition will be invalid if that happens.

In as’ it basically means that there is an original value, s.t. the precondition was valid with
this original value and the assignment basically means replacing the original value with the
formula of the assignment. But as we can choose v’ (because of the exists) we can choose
it s.t. it will not occur in F or e and so it’s not that important here. (i am really not sure about
the second part about as’)

D alternative, status student:
| would argue, that from as’ you can derive as” (if v’ does not occur in F or e) and you have

covered both cases (if v’ does or does not occur in F or €). With as” you only have covered
the case where v’ does not occur in F or e.

Block 4 - fmi161

a) approved by professor
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4.) Model Checking
Let M = (S,I, R, L) be a Kripke structure over a set of propositional symbols AP.
Let AP’ C AP be a subset of AP. We define M’ = (S’,I',R’, L) as follows:

¢ §'=8,I'=1I, R =R, and
e L'(s)=L(s)NAP’, where s € S.

(a) Consider the concrete instance M over AP = {a,b,c} below. Draw M’ over AP’ = {a, b}
according to the definition above.

(1 point)

-> (a) -> (b)->(b)->(a)
U /I reflexive arrow
b) solved by student, approved by tutor

\ a s

(b) Given any M, M’ and AP, AP’ according to the definitions above, prove that for any
ACTL formula ¢ over propositions from AP’ the following holds:

M = ¢ if and only if M’ ¢

Hint: Use the semantics of ACTL. You can either use induction on the structure of the
formula (structural induction) or induction on the formula length.
We recall the definition of ACTL formulae over AP:

e pe AP is an ACTL formula,

e if p and ¢ are ACTL formulae, then -, ¢ A ¢, AX¢, and A[pU ] are ACTL
formulae.

(6 points)
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2 4b

<= means iff.

2.1 Induction Hypothesis

Let =g, oA, AX ¢ and A[pU1)] be ACTL formulae over AP”. Then M | ¢ <= M' | ¢
and M ¢ < M’ |= .

2.2 Induction base

Let ¢ be an ACTL formula consisting just of p € AP’. Remind that AP’ C AP. There-
fore, also p € AP. According to the above definitions it must follow that M’ |= ¢ <=
M = phi.

Case 1: ¢ =p,pe AP’

Assume M | p.

MEp <

p € L(s) where s in | (by semantics of ACTL) <=
p € L'(s) where s in I’ (by definition of L) <=
M'" |= p (by semantics of ACTL).

2.3 Induction Step

Case 2: ¢ = ¢1 A @2
Let ¢1 and &2 be some arbitrary ACTL formulae according to the ind. hyp. Because
M.7 | ¢1 <= M, 7 | ¢2. By induction assumption M, = ¢1 A ¢2 hence M, 7 |= ¢

Case 3: ¢ = ¢1 V ¢2 is similar to the A - case

Case 4: ¢ = =)

Assume M | =)

M Y

M’ }£ 1 <= by ind. hyp.(This is important as it isn’t obvious!)
M =
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Case 5: ¢ = A[p1U @3]

Assume M |= ¢ = Al U s <=

for initial state s € I there exists a path m = sg, s1,... s.t. M, m = ¢ U ¢y <

for initial state sy € I3k > 0 s.t. M, 7% |= ¢y and 0 < i < k s.t. M, s; |= ¢

<= for initial state sg € I there exists a path ™ = sg, s1,... s.t. M/, 7w |= o1 U ¢y <=
for initial state so € I3k > 0 s.t. M', 7% = g and 0 < i < k s.t. M',s; |= ¢y

c) approved by professor
Initial state is a.

(*) (a) <> (b) (a)b)
U U /I reflexive arrow

d) student
Basically, the definition designs M” in a way, s.t. M* simulates M (M < M’). As ACTL is a
subset of ACTL* we could therefore directly apply the hint and get “If M |= ¢, then M |= ¢”.

Seems to be too easy that way, and probably too informal.

Correction: (I don’t have time for too many details, but this sketch should help)
This simulation is valid for any M’ that was created from M according to the specified rules:
H={(s,s')fors € Sand s’ € S’| L(s)=L(s’) }

H is a valid simulation relation because:
TODO: Elaborate why it follows from construction of M’ and H that:
1. predicates are equal
2. successors match
3. initial states are equal (not needed for the simulation relation but to show that H is a
simulation from M to M’)
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Exam 04.12.2015 (FMI.156.pdf)

http://www.logic.at/lvas/185291/angaben/fmi156.pdf

Block 1

1.) Consider the following problem:

PROB

INSTANCE: A triple (P, K, m), where
e P={p1,...,pn} is a set of elements (intuitively, a set of persons),
e K C Px P is abinary relation over P (intuitively, (p,p’) € K means that p knows p’),
e m is an integer (intuitively, the number of seats at a dinner table).

QUESTION: Is it possible to sit m persons at the dinner table so that none of the persons

knows another person at the table? That is, does there exist S C P such that |S| =m and
(p,p)¢ K for all pe S and p’ € S with p #p'?

Provide a polynomial time reduction from PROB to CLIQUE, and prove the correctness
of your reduction.

Recall that CLIQUE is defined as follows:

CLIQUE
INSTANCE: A pair (G, k), where G = (V, E) is an undirected graph and % is an integer.

QUESTION: Does there exist a set C C V such that (i) |C| > k and (ii) for all v,v" € C
with v # v’ we have [v,v'] € E.

(15 points)

added by student

let x=(P,K,m) be an arbitrary instance of PROB. We construct a reduction R that maps
instances of PROB to instances of CLIQUE by constructing a pair (G,k) as follows:

let k=m and G be a graph (V,E) with V=P and (pi,pj) in E < (pi,pj) notin K (i.e. E is the
complement of K)
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We have to show that x is a positive instance of PROB & R(x) is a positive instance of
clique

“=>": assuming that x is a positive instance of PROB. This means that there exists a subset
S of P with |S|=m and for every pair (pi,pj) in S there does not exist a pair in K. If there is no
pair in K for those elements, there is (by construction of R(x)) an element for each pair
(pi,pj) of S also in E. Since |S|=k, by construction |E|zk=m holds which means that R(x) is a
positive instance of CLIQUE

“<=": assuming that R(x) is a positive instance of CLIQUE. This means there exists a subset
C of V, s.t. |C|2k and for every pair (vi,vj) in C, (vi,vj) is also element of E. By construction of
R(x) this means that for every pair (vi,vj) in E there DOES NOT exist a pair (pi,pj) in K. Since
|C|=k there are at least k=m elements in P (let's denote it as a subset S) where each pair
(pi,pj) is not element of K and therefore x is also a positive instance of PROB.

In the lecture there was a reduction from INDEPENDENT SET to CLIQUE which is
basically the same.

Block 2

2.) (a) Suppose a,b, ¢ are (unsigned) integers in a programming language like C and a < b.
Which problem can occur with a C statement c=(a+b) /27 What is a simple solution
to the problem? (3 points)

a) Solution1 (from the solutions from WS_14):

Exercise 11  Bonus: Integer Overflow

We have argued in the slides of the third SAT lecture (fminf_sat3.pdf, page 28) that
most of the binary search algorithms are broken. Implement the algorithm in a correct
way which avoids that the program crashes for large arrays.

Solution:

The problem is line 6 where (I 4+ h) already can lead to an integer overflow:

m=(1+h)/2;
One possible solution: replace line 6 by
m=1+((h—1)/2);
Solution2 (manually considering the lowest bits of a and b):

a+b can lead to an integer overflow.
Solution: ¢ = (a/2) + (b/2) + (a&b&1)

307



(see:

b) first step: converting ¢ to y*e1 which is in NNF:y"e1: a=b & al=c & (a!l=d v e=f v
g=h) & g=i & h=i & (b=c v g!=i v i=j). this formula is basically the same as from 16th
october.

And then ?

Block 3

Status: approved by professor

{Inv & €} p {Inv}

while
(Inv & e)->Inv {Inv}while..{Inv & le}

le

{Inv & e}while e do ... od {Inv & le}

(Inv & e)->Inv is a tautology
The solution was to use the fact that the precondition can trivially be strengthened

(B)

We have to show that not everything is derivable (using a logical consequence) with the
modified while loop. So we have to find a counterexample:

We choose the invariant e < x and the program

{e = 1} (Program precondition)

x=1;

{e =1 & x =1} as | (Assignment with forward reasoning of the form F & le)
{e < x (Invariant) & e < 2*x (our modified precondition)}

while e < 2*x do

{... rest does not matter for what we show ...}

Xx=x+1

od

{true} (don’t care about the postcondition for what we show)

So we see the logical consequence after the assignment x = 1; which is as follows:
e=1&x=1=>e<x&e<2*

but obviously, when e = 1 and x = 1, e cannot be < 2*x as e = x. So in the modified variant
this is not complete anymore.
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(B) Alternative

Consider the counter-example:{x = 0}whilex > 0dox:= x — 1 od {x = 0}
Uselnv =x =0

It is easy to show that this is a correct assertion:

CL(CL\ (7. PR ':.M-«.o(!xll’v\ ¢C ‘[/_
f‘.(_k b X220

f)r;(g'} k & i - => X220 v’
luv
\/L.)d, x >0 ’10 W ( )
v 1 X)UJ w X > x>0 = X =1 ZC)
Zluv [;‘/Jv"l_k ?u; —( _?FA x>o [eg A) I > -4 dhar
X 4= \-—4 ‘ 3

4o be ot lcqs-l' o L 2o Y

Jlavl wh
od

iz:\;og xz0§ wh S

X200 A Xeo => X =0 \/
C[aq./\7' L—olclc

Now we first apply Ic to get it into the form s.t. we can apply mw. It's easy to see that this
immediately leads to an invalid implication, although the rule applications are correct.

/nv/\ X>o => /hVF(/X\/IJ

Qs

V/ S v {‘/ g
(/ea yd al¢ Zy/*-"/\,\r>o’k P {1"\\/3

- v

k=0 =3 v 4 x50 Ll X)OJWL-'/ ~.-éthA ¥zo} B s hses =5 %
. to =5 Xemo

""""" ——(c

fosoj w[..’/e X >0 c/o Wt ool il {x koj
| would probably argue in more detail during the exam, but the intuition seems right.

Block 4

added by student
a) K1=K2 does not hold because regarding s2 there must exist an a-state in K2 that
has a b-successor and a ¢ successor. K1=K2 holds with
H={(s1’,s1),(s2’,52),(s3’,s3),(s4’,s4),(s5’,56),(s6’,s6)}. K1=K2 does not hold again
because of s2
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b) G(b) LTL + CTL*: s0, s1, s2, s3
X(c) LTL + CTL*: s0, s4
AX(a & b & c) EH=+CTL + CTL*: none
EF(a&b &c) CTL + CTL*: s4,s2,s3

c) None

(C)

Status: Solved by student, comments welcome

Basically | just unfold the semantics of the operators:
Let @ be a state formula, and { be a path formula. The semantics of =over a Kripke
structure M are defined as:

e MEp ©Vs ESO: M,s E@

o MEy & VseS, va(n =s) M,y (n = s, states that the path starts in s)

(i)d
M =AX AF p
1. Let s be an arbitrary state from S0

& M, s EAX AF p (by semantics of )
2. Let m be an arbitrary path starting in s
© M, E X AF p (by semantics of A)

3. eM, ' EAF p (by semantics of X)
4. Because we know that F p holds for all computation paths originating from the

starting state of ' we can safely assume that
5. = M, n & XF p (by semantics of X and 4.)
6. Because we chose m arbitrarily, and every m originates from a state in S0

= M = XF p (by semantics of )

(ii)
M =AF AF p
1. Let s be an arbitrary state from S0

& M, s EAF AF p (by semantics of )
2. Let m be an arbitrary path starting in s
& M, E F AF p (by semantics of A)

3. 3k =0, M, e AF p (by semantics of F)

Let u be an arbitrary path starting in the starting state of n
< M, uEFp (by semantics of A)

5. &3>0, uj Ep (by semantics of F)

310



6. We observe that, any such uj must lie on a path that originates from s € SO. This
means that the existence of a state that lies on a path originating from s € So’ where
p holds, is guaranteed (by 3). Because we chose s and m arbitrarily, this holds for all
paths originating from s € S, We can therefore safely assume

7. >3k =0M, e p (namely where = uj)
© M, E F p (by semantics of F)
9. © M EF p (by semantics of &)

®

(iii)

By first checking the semantics of both statements, we can directly derive a structure from it.

T is chosen arbitrarily, starting from any s € SO

1. MEXFXp o M,tEXFXp o M,m EFXp o 3k > 1Mt EXp o M, T Ep
So the statement holds e.g. fork = 1 M, e Ep

2. MEXXXFpo M, EFp & 3k = 3M, T Ep
In contrast to the one before, this statement can only hold for k > 3

This is basically enough proof to show that M EXFX p does not imply M EXXXF p, but a
Kripke structure could therefore look like this:

OO~

Exam 16.10.2015 (FMI.155.pdf)

http://www.logic.at/lvas/185291/angaben/fmi155.pdf
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kBlock 1

DIFFERENT (DIFF)

INSTANCE: A pair (II1,II3) of programs that take one string as input and return a
string as output. It is guaranteed that IT; and Il; terminate on any input string,.

QUESTION: Does there exist a string I on which the programs IT; and II, produce a
different output, i.e. IT,(I) £ I(I)7?

Note: we consider only strings that are built from symbols 0 and 1.

Prove that the problem DIFF is semi-decidable. For this, describe a procedure that shows
the semi-decidability of the problem (i.e. a semi-decision procedure for DIFF) and argue
that it is correct.

Correction:

To show that DIFF is semi-decidable, we construct a semi-decision procedure as follows:

Boolean decide (Program II1, Program II2) {
for (int 1i=0; true, i++) {

s = getStringByNumber (i) ;

String outl = M1 (s);
String out2 = M2 (s);
If (outl !'= out2) {

return True;

Since the set of all possible strings is countably infinite, it is possible to assign a unique
number to sed in parameter i. decide is a valid semi-decision procedure:

Case1: Let (4, I1,) be a positive instance of DIFF. From the definition of DIFF it follows that
there exists a string | so that I1,(l) != IN,(1). Since it is guaranteed that I, and I, terminate
on any input and the for loop in the decision function iterates over all possible strings, it will
eventually find this | and return True.

Case2: Let (M4, I1,) be a negative instance of DIFF. From the definition of DIFF it follows that
there exists no string | so that IM,(1) != M,(1). In this case the function decide will iterate all
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Strings without finding any String for which I1,(1) != ,(1). Since the number of Strings to test
is infinite, decide will not terminate. This is acceptable behavior for a semi-decision
procedure.

Status: student

Block 2

(a) When is a Theory complete, name a complete one and an incomplete one

A theory is complete, if every closed formula under the theory is either true or false
o complete example: Pressburger arithmetic, Peano arithmetic
o incomplete example: Group Theory

Status: student

(b)

Simplification: Replacement of pure literals that are not part of simple contradictory cycles
with true. These are e=f and al=d

yhel: a=b & al=c & (true v true v g=h) & g=i & h=j & (b=c v g!=i v i=j)

y™e1 can be simplified to y*e2: a=b & al=c & g=i & h=j & (b=c v g!=i v i=j)

here i=j, j=h and i!=g/i=g are not part of simple contradictory cycles, il=g and i=g cannot be
removed since they are not pure literals, i=j and j=h however can be removed:

yhe3: a=b & al=c & g=i & true & (b=c v g!=i v true) which can be simplified to

yhed: a=b & al=c & g=i. However in the resulting graph, ALL clauses are neither pure
literals nor part of simple contradictory cycles and y”e5 is therefore TRUE

What about Bt?

Block 3

wp (y:=x; if ..., (y = -2Xg))
wp (y:=x; (y 2 0 & wp (P, y = -2xo)) || y <0 & wp(y:=y-3, (y=-2X,)), (y=-2X,)) — wp of if

Now the wp of P:
First get F, then F, and F, until you can figure out how a general formula for F;should look

like

In this example we got
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Fi=x-(-1)>0 & (x-i) =<0 & (y-3i) = -2x,
Replace back:

wp (y:=x; (y 20 & (x - (i-1) > 0 & (x - 1) =< 0 & (y-3i) = -2Xo) || y <0 & wp(y:=y-3, (y=-2Xo)),
(Y=-2xo))

Now for the y:=y-3 part we have y-3 = -2x,, so:
wp (y:=x; (y 2 0 & (x - (i-1) > 0 & (x - i) =< 0 & (y-3i) = -2Xo) || y <0 & y-3 = -2xo, (y=-2X,))

Now we have the sequential composition, first we need the wp of the second part, then the
y:=x part:

wp (y:=x; wp((y 2 0 & (x - (i-1) > 0 & (x - i) =< 0 & (y-3i) = -2Xo) || y <0 & y-3 = -2x,, (y=-2Xo),
(Y=-2xo))

At the end you get a logical formula, and you have to prove that the precondition implies it,
like:

X=X, — formula after solving the wp(...)-s

Block 3 alternate version:
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| verified the alternative solution -- here a typesetted variant:

wp(y :=x;ify20thenPelsey :=y-3xfi,y=-2xy) =
=wp(y :=x; wp(ify=0thenPelsey:=y-3xfi,y=-2x,)) =
=wp(y :=x; (y20) A wp(P,y =-2%) V (y <0) A wp(y :=y - 3xfi, y = -2x,)) =
=wp(y == X; (y 20) A wp(P, y = -2%) V (y <0) A (y-3x = -2xo))

wp(P, y = -2%,) = wp(while x >0 do x :=x-1; y :=y-3,y =-2%,) = Fi(i=0 A F)
o Fuy(x>0)Ay=-2x,
& x<0Ay=-2x%,

o F;:(x>0) A wp(x:=x-1;y:=y-3, Fy)
& x>0 A Fylyly-3][x/x-1]
& x>0 A x-150 A y-3=-2x,
< x=1 A y=3-2x,

since x > 0 and x-1 < 0 is equivalent to x < 1, we may conclude that x = 1.

o F,:(x>0) A wp(x:=x-1;y:=y-3, Fy)
& x>0 A Fyyly-3][x/x-1]
& x-1=1 A y-3 = 3-2x,
< x=2 Ay =6-2x

o GuessF:x=iAy=3i-2x,
e Proof F,by induction: F,;= (x> 0) A wp(x :=x-1; y :=y-3, F)
& x>0 A Fyly-3][x/x-1]
& x>0 A x-1=i A y-3 =3i-2x,
& x>0 A x=it1 A y=3i+3-2x,
< x=i+1 Ay =3(i+1)-2x,
since i =0 and x =i+1, x > 0 is redundant.

wp(P,y =-2%x,) = Fi(i20 A F)=3i(iz0 A x=i Ay = 3i-2x,)

Since i=20 A x =i, we know that x = 0, which allows us to eliminate the existential
quantifier:

Jii20Ax=i Ay=3i-2xg) > x20 A Fi(i=20 A y=3i-2x) = x20 Ay=
3x-2x,
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=wp(y =x;(y=0) A (x=0) A (y=3x-2%y) V (y<0) A (y-3x =-2x0)) =
=(x20) A (x=20) A (x=3x2%y) V (x<0) A (x-3x =-2x,) =

=(x20) A (X=X0) V (x<0) A (x=Xo)

It remains to show that the precondition implies the WP we calculated:
x20)=>(x=20) A (x=X%) V (x<0) A (x=Xp)

Since (x = 0) is true (premise), and (x 2 0) V (x < 0) is always true, the implication is true as
well.

Block 4

by student
a)
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We have another Solution
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ii. an example error trace would be
Oplg

1plq

2plq

3!plq

41plq

51plq

6 !p !q (this is the error state)
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iii. A predicate would be y: w = 1.
You don’t have to draw the new refined LTS, but we just couldn’t resist:

b)
CTL LTL CTL* States
G(c) X OK OK s2, s4
X(a &c) X OK OK s4
AG (a) OK ok OK <nowhere>
EF (a) OK X OK s0,s1,s2,s3,s4
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c)
AGAFp = GFp

i. Assume AGAFp = NOT( GFp)

By semantics we know that on an arbitrary path I = s0O, s1, ... Is a state reachable from
where on Fp true is.

We also know by semantics that there exists a path in I, where Fp false is. This contradicts
with the first sentence. Since 1 was chosen arbitrarily, the assumption is in general true.

Alternative solution (direct proof):
M EAG AFp © M, &= G AF p (we choose m arbitrarily starting from any s € SO)

e Vk=0M, e AF p (semantics of G)
< M, u =Fp (semantics of A, we choose p as an arbitrary state starting from the starting

state of nk)

Because p is any path that originates from any state in mt, p includes all states k > 0 " and
therefore = M, m =EGF p & M E GF p (by semantics of G and k)

ii. for the other way round, the argumentation is basically the same, but reversed

We have an arbitrary path pi = s0, s1... . GF p implies that globally, so everything, there will
be p at some state in the future. This means there is no path, where this is not the case.
Now we assumed that AGAF p is not entailed. AGAF p means that on all paths,
everywhere, p will hold at some point in the future. But it follows from GF p that this is the
case. so it can’t be that AGAF is not entailed as pi is chosen arbitrarily.

ii.
FGp = AFAGp

Likeal ’ ‘ . | adiction:
EGp=>NOHARAGH)

Is it enough to draw a kripke structure where this does not hold? E.g. use the kripke
structure from http://www.inf.ed.ac.uk/teaching/courses/propm/papers/CTL.pdf page 31. But
why does AFAGp does not hold on that graph? Doesn’t that mean, in all possible paths
there will be a point in the future, from that AG p holds. But don’t we end up at s2 at some
point in all cases, so AG p would be true? Why does this not hold then? Does the possibility
of staying infinitely long in sO (so we have an infinite path s0) where AG p does not hold
break this?

FG on the other hand is LTL, so it is not seen as a tree of paths but basically as a single

path, and if you see it as a single path at some point you can go to s2 and then Gp holds
27?7
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Counterexample: The LTL property F G p is not expressible in CTL:

Explanation: AF means, eventually on all possible
paths-> so there exists one path, where we stay for @ @ o}
ever in sO! And in this path AGp does not hold, s0 s1 s2

because after you have been infinitly long in sO you
select again all possible paths from that point and
can go to s1 where p does not hold.

KE=EFGp but K= AFAGP

Exam 03.07.2015 (FMI.154.pdf)

http://www.logic.at/lvas/185291/angaben/fmi154.pdf

Block 1

1.) Consider the following problem:

HALTING-ON-PAIR

INSTANCE: A tuple (I, I1, I5), where I, I5 are strings and II is a program that takes
two strings as input.

QUESTION: Is it the case that II halts on the pair (I7, [2)?

By providing a reduction from an undecidable problem, prove that HALTING-ON-PAIR
is undecidable. Argue formally that your reduction is correct. (15 points)

added by student - Halting on pair (I1,11,12)
Let IT be an arbitrary instance for halting that takes a single string I’ as input. We construct
an instance of halting-on-pair as follows:
Mna1,12) {
md1);
return;
}
To show that Halting-on-pair is undecidable, we have to show that the following equivalence
holds:
IM(11,12) is a positive instance of Halting-on-pair < (IT,I1) is a positive instance of halting
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“=>" suppose I1(I1,12) is a positive instance of halting-on-pair. This means that I halts on
(11,12). By the construction of I1, this also means that 1" halts on |1 and therefore (IT,I1) is a
positive instance of halting.

“<=" suppose (IT,I1) is a positive instance of halting. In this case by the construction of I
the return statement is reached and I halts which means that ([1,11,12) is a positive instance

of halting-on-pair

More detailed added by student (please approve if correct):

Let (M, I) be an arbitrary instance of the halting problem, i.e. I as a program that takes one
string as input and | is an input for . From this, we construct an instance (M1, 11, 12) of
HALTING-ON-PAIR by setting | = I1 = 12 and building 1 from this as follows:

void M1(String s1, String s2) {
call(M(s1));
call(MN(s2));

}

It remains to show that the following equivalence holds:
M halts on | < M1 halts on 11 and 12

“=”.  Suppose I1 halts on I. Due to the construction of N1, M1 also halts on | since | =11 =
12.

‘=" Suppose M1 halts on [1 and 12. Since |11 =12 = | and M1 involves running of M on |,
we have that N halts on I.

Block 2

a) Prove by contradiction, i.e. there exists an interpretation | that does not satisfy ¢:
1
2) | |=f(f(f(a))) = f(b) (by (1) and by semantics of ->)

I |/= ¢ (assumption

(1)
(2)
(3) I'|/=a=b (by (1) and semantics of ->)

(4) 1= al=b (by (3))

(5) I |=1(f(a)) = f(f(f(a))) (by applying f-idempotency en<{2))

(6) I |=f(a) = f(f(a)) (by applying f-idempotency en<{5y)

(7) I |=1f(a) = f(f(f(a))) (by replacing equivalent terms of (5) and (6))
(8) I |=f(a) = f(b) (by replacing equivalent terms of (2) and (7))

(9) I |= a =b (by applying f-injectivity to (8))

(10) F ((4)and (9))
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Not sure if necessary but alternative for (5)-(7):

f-idempotency)

5) 11 (
(6)1|=a="1(a) (5, f-injectivity)
(7)1 |= a =f1(f(a)) (5,6, transitivity)
(8) I |=f(a) = f(f(f(a)) (7, substitution)
t another proof tudent (pl heck):

phi is valid means (not phi) is unsatisfiable

(1) f(f(f(a))) = f(b)

(2)al=b

(3) f(a) = f(b) | (1) + f-idempotency applied two times
4) a=b | (3) + f-injectivity

X | contradiction of (2) and (4)

b)

- lreceived a conflict in the last clause ¢8 (-x3,x8,-x10)

- “Aunique implication point (UIP) is an internal node in the IG that all paths from the
decision node (at the current dl) to the conflict node go through it. The first UIP is the
UIP closest to the conflict.” - therefore | think the UIPs are x8@3 and x7@3 and
x8@3 is closer to the conflict node.

- “An asserting clause (AC) is a conflict clause with a single literal from the current
decision level. Backtracking to the right level makes it a unit clause.”

Student s’olution:
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Block 3

Added by student (please confirm)
a) Proof by counterexample
Let F:{x=0}, p:{x=1}, q:{skip} and G:{x=1}. Obviously {x=0}x=1;skip{x=1} holds. If we set
H:{x<0}, the precondition also holds, but the postcondition becomes false:
{x=0 & x<0}x=1;skip{x=1 & x<0}
b)
The required states can be computed using the weakest precondition:
wp(while ... od,x=0) = Exists i 20 Fi
FO: 3x=2y & x=0 => x=0 & y=0
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F1: 3x!I=2y & wp(x=x-1;y=y+2,F0) = 3x!=2y & x-1=0 & x+2=0 => 3x!=2y & x=1 & y=-2
Guess: Fi: Exists i20 & x=i & y=-2i

=> Fi+1 = 3x!=2y & wp(x=x-1,y=y+2;Fi) = 3x!=2y & x-1=i & x+2=-2i = x=(i+1) & y=-2(i+1)
(Proof)

=> wp(while...od,x=0) = Exists i20 x=i & y=-2i = Exists i20 x=i & y=-2x = x20 & y=-2x (the
requested formula)

3 states:

{x=0,y=0}
{x=1,y=-2}
{x=2,y=-4}

alternative Version:

Solution
Status: solved by student, partly approved by professor
3a: approved by professor




13b: Set Postcondition G=true approved by professor (rest of the computation solved
by student)

Comment to solution of 3b (by student):

In my opinion the very last part of this example is false. As soon as you get rid of the exists quantifier
you lose information. It is easiest to see if you try to run the code with the defined states. The
program will not terminate. In my opinion it is enough to calculate the line with the exists statement.

As mentioned in the comment the provided states in the solution are not correct. If you
doublecheck them by searching for a correct i you'll see that you cannot find a valid integer
for it.

3i(i20 A 3x=2y+7i)

x=3,y=3: 9=6+7i =¥ i=3/7 %
x=2,y=3: 6=6+7i = i=0 v/
x=0,y=0: 0=0+7i =» i=0 v

The simplification step from
3i(i=0 A 3x=2y+7i) to x = 2y/3 is therefore losing too much information.

We would suggest to just stop at
3i(i=0 A 3x=2y+7i) and create valid states from that.

Other valid states:

x=3,x=6:i=0 v
x=7,y=0:i=3 v/
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Block 4

Added by student (please confirm)
a) H={(s0,t0),(s1,t0),(s2,t4),(s3,t2),(s4,t4),(s5,t0)}
b)
i) EG(a): CTL+CTL*: s1,s2
i) EX(a&b): CTL+CTL*: s1
i) EF(a&b): CTL+CTL*: s1,s2
iv)  X(b & c): LTL+CTL*: sO

328



v) F(a &Db): LTL+CTL*: rene, s2
c)

Make 2 structures like M1:

\

O _
U/UJ >%

And the formula G(B -> (XC or XD)), valid for M2, not valid for M1, traces are equivalent

Remark to this solution: ¢ is required to be a CTL formula so it should be written as:
AG(B -> (AX(C) or AX(D)))

Other solution to c):

®: AX AG EX(b)

M2:

@
Y
G
Y
=3
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And another approach to c):

ke P ¥ & & __k

| I N |

) |
b

&=

=¥

G
N
Y

Sy
WS

>
J
1

Exam 08.05.2015 (FMI.153.pdf)

http://www.logic.at/| 185291/an

n/fmi1

331

IS



http://www.logic.at/lvas/185291/angaben/fmi153.pdf
http://www.logic.at/lvas/185291/angaben/fmi152.pdf

Block 1

PROB

INSTANCE: An undirected graph G = (V,E) such that G has a vertex vy that is
connected to precisely all other vertices of G, i.e.there exists vg € V such that (a)
[vg,v] € E for all v € V' \ {vg}, and (b) [vg,vg] € E.

QUESTION: Is it the case that G is 4-colorable? That is, does there exist a function
p from vertices in V' to values in {1,2,3,4} such that p(vy) # p(ve) for any edge
[v1,v2] € E.

Provide a reduction from PROB to 3-COLORABILITY, and explain the intuition behind
your reduction. (15 points)

Let G(V, E) be an arbitrary instance of PROB. We construct an instance G'(V’, E’) of
3-COLORABILITY as follows:
e V' =V\{v0}, because if we would keep vO we would need a fourth color
e E’=[v1, v2] element of E, we exclude all [v0, v] from E, where v is an arbitrary node
e my’ = assigns a subset {1, 2, 3} of my to vertices from V’, s. t. my’(v1) 1= my’(v2).
Hence following also holds my(v1) !'= my(v2) for v1 and v2 from V’ for a reduced

color set {1, 2, 3}.

We provide a proof by contradiction. We show that if G(V, E) is a pos. instance of PROB <->
G'(V’, E’) is a pos. instance of 3-COLORABILITY.

->

Assume G(V, E) is a positive instance of PROB. That means there exists vO € V such that
(a) [v0, v] € E for all v € V\{v0}, and (b) [v0, vO] notE E. By construction of G’ we have
3-colorability, s. t. for every vertex of an arbitrary edge [v1, v2] from E’ the assignment
function my’ holds, s. t. my(v1) != my(v2). It follows that G’ is a pos. instance of
3-COLORABILITY.

Let’'s assume that there exists an arbitrary edge [v1, v2] from E’ s. t. v1 and v2 have the

same coloring. That cannot be the case, because by construction of E’, we define that v0 is
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not part of any edge [v1, v2] of E’. Hence the wrong coloring must be present already in G,
but by definition of my that cannot be the case, therefore there exists no arbitrary edge [v1,

v2] from E’ with the same coloring.

<-
Assume G’(V’, E’) is a positive instance of 3-COLORABILITY, that means by definition of
my’, there exists no [v1, v2] from E’ with same coloring. Each v from V’ contains one of the
following colors {1, 2, 3} assigned by my’.

By construction of G’ it follows that G is a positive instance of PROB. V from G contains an
additional vertex vO s. t. every vertex v from V is connected to v0. That means that for every
vertex v from V there exists an edge [v0, v] element of E. By definition of my from G, my
assigns four colors {1, 2, 3, 4} to vertices v from V s.t. my(v1) != my (v2) for every v1 and v2
in V. Because my’ defined 3 colorability and by adding vO to V, we simply assign the fourth

color to v0, thus we have 4 colorability. Hence G is a positive instance of PROB.

Block 2

a)
¢-EUF is sat iff FCAE and flat"e is sat
(a) Show the following;:

oPUF is satisfiable iff F CE A ﬁafc is satisfiable.

FC* and flat® are obtained from ¢ZUF by Ackermann’s reduction.
i ~ 3 7 27
(Hint: FC® is the same for ZUF and —¢%VF)

Solution:

333



We make precise here on which formula FCF and flat® depend. Both are
computed according to AR. First observe that
CEUF s valid iff FCF(pEUF) — flat® (pEUF) is valid.

Taking the above hint into account, we get

BV s valid  iff FCP(-pPUF) — flat” (—~pPUF) is valid

iff FOE(pPUF) = flatE (~pBUF) is valid.
Since EUF and flat? (pEUF) have the same propositional structure (only
some arguments of literals change during the computation of flat®(pFVF)
from pEUF), the equality flat®(—~¢FUF) = —flatF(pEVUF) holds. Conse-
quently,
~pEUF isvalid iff FCF(eFUF) — —flat® (oFUF) is valid. (*)

For space reasons, we omit the superscript EUF in the following. Then we
have:

Explanation
wissat iff -y is not valid W is sat iff =¥ is not valid
iff  FC®(p) — —flat®(y) is not valid from () above
iff == (FC"(p) — —flat™ () is not valid =0 =T
iff  —(FCE(p) — —flat®(y)) is sat W is sat iff -0 is not valid
iff  FCF(p) A flat®(p) is sat basic propositional
manipulations

b)
Clarify logical status
Clarify the logical status of each of the following formulas:
Lpr"" fla)=fy)ne#Fy
i. oFUF:  x=yAf(z)# f(y)

If the formula is E-valid or E-unsatisfiable, then give a proof based on E-interpretations
and semantics. If the formula is E-satisfiable but not E-valid, then present two E-
interpretations, one satisfying the formula and one falsifying it. Argue formally why
the formula is true respectively false under the considered E-interpretation.

Intuition, e.g. f = %2 function:
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e i) is E-SAT but not E-VALID, x =2,y =4 -> output is the same (0)
e ii)is not E-SAT (also not E-VALID), x=2,y =2 -> output must be the same(0) but

is not

i) 2 E-interpretations, we assume that (i) = return i %2;
o ttx=2,y=4(x!=y)andf(x)=1f(y)=0
e fix=2,y=3(x!=y)and f(x)!=f(y) 0vs.1

ii) proof for E-unsatisfiability

Axiom:

‘lelzy].!"':xﬂ-.yﬂ AXJ' :}’: — f(X]_._.-.._.Xn) : f(yl'!"".'yn)
i=1

Given: x =y and f(x) != f(y)

We replace x =y with the deduction of our axiom and get: f(x) = f(y) and f(x) != f(y) ->
contradiction

Block 3

Show that { F }v:=e{ F[v/e]} is not a sound axiom.

Short version

We know that {F[v/e]} v := e {F} is a sound axiom. (= wp)
To show that the above axiom is not a sound axiom it suffices to show that there exists a
case where the assertion does not hold.

F:v=1

p:v:=2 (e=2)

F[v/ie] =2 =1 (false) - we replace v and not the value of v!
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(v=2) -> (2=1) ... false

Long version
That means to get to the end state we replace the variable of our initial state with the

expression in our assignment. Insert into the initial state.

Example: {x =42} x:= x + 1 {F[x/e]}
end state: {x + 1 =42} = {x =41}

sanity check: x =42 + 1 should compute 43 and not 41. Our postcondition is false w. r. t. the
input state and program, a. s. the axiom is not sound.

From Hoare calculus we know:

{Flv/e]}v:=e{F} @

The assignment axiom scheme is equivalent to saying that to find the precondition, first take
the post-condition and replace all occurrences of the left-hand side of the assignment with
the right-hand side of the assignment.

Auf gut Deutsch:” Man nimmt die Post-Condition her und setzt die Expression in die
Variable ein.” Man setzt die Gegenwart in die Zukunft ein um zur Vergangenheit zu
gelangen. Immer in die Post-Condition einsetzen, nie in die Pre-Condition!!!!

[x#1=43) y=x+1 [y=43}
[X+1<NY x=x+1 {X<N}

Be careful not to try to do this backwards by following this incorrect way of thinking: {P} x:=E
{P[E/x]}; this rule leads to nonsensical examples like:

{x=5} x:=3 {3=5}

Hier wurde die Variable x mit dem Wert 3 ersetzt und somit kommt Schwachsinn raus!

MORE EXAMPLES HERE: http://en.wikipedia.org/wiki/Hoare logic

3.B)
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(b) Prove that the following correctness assertion is true regarding total correctness. Use
the invariant 2z + y2 + y=4z(z+ 1) Ay > 0.

You may need one of the following annotation rules:

{ Inv }while e do { Invnent=ty }--- { Inv A 0<t<ty }od{ InvA—e}
{ Inv }while e do { InuAeAt=ty }--- { InuA(e = 0<t<ty) }od{ InvA—-e}

{z=2A220}

Yy = 2T;

while y > 0 do
=+,
y=y-1

od

{z>2z}

1. z20->z22z(ok) (or same with x, because x = z)

2. Don’t forget when evaluating expressions: first inner [...], then outer [...]
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1. x=2z(z+1)->x 22z (0k)
a. 2z(z+1)z22zforx=2z(z+1)
b. 2z/2 +2z 22z Il -2z
c. 2z/2=20 Il always valid

Our mistake - first inner [...], then outer [...], like here:
(z2yhzFyhz—y=2)=(z2yN0<c—y<z)y/y+2z/z+]1]
(zzyAz#Fyrho—y==z)=(z2 (y+2) A0 < x = (y+2) < 2)[z/x + 1]

Now we have proven all 3 implications, that means we have proven that the given
code is true regarding total correctness.

Block 4

a)

Not sure if this works:

By counter example.

Consider following Kripke structures M1 and M2:
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M1 M2

L(M1) ={A,B,C,D} (Not sure how to write traces)
L(M2) = {A,B,C,D,E}

So L(M1) € L(M2) holds

But No simulation Relation H is possible since state s1 and the relating states s1’, s2’ have
different successors.

b)
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(3
Cooy—=CeD
e

For each of the following formulae
i. determine if the formula is in CTL, LTL, and/or CTL*, and

il. state on which states s; the formula holds

G(a)

X(bAk)

AG(c)

EF(c)

LTL CTL CcTL* States

G(a) X - X s2
X(b and ¢) X - X s1
AG(c) X X X s1, s3
EF(c) - X X sO, s1, s3, s4
c)

int curWeight = 0, curValue = 0, chosen[N], 3=0;
for(int i = 0; i < N; i++) {
chosen[i]l=(-1); //initialize chosen
// if (nondet bool() && curWeight + weights[i] < W )
if (nondet _bool()) { //no need to check && curWeight + weights[i] < W as well
Chosen|[ j++] = i; //add the index to the array
curWeight += weights[i];

curValue += values[i];
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// assert (curWeight < W) but this is basically implicitly true so we need an extra
assertion?

// assert (curValue > V);
// just write one assertion

assert (curWeight > W || curValue < V, “ERROR: Counterexample: “ +

chosen.arrayToString());
// instead of the above i find it simpler to negate the positive case:
assert (! (curWeight <= W && curValue >=V), “ERROR: Counterexample: “ +
chosen.arrayToString());

Now my questions are: How to “report” the chosen values using CMBC?? that’s why i save
them in an array currently, whether if they are chosen or not. but is that reporting?

| assumed that the items | are a set, so each item only exists once. (I think it states it's a
set)

Is this even valid CMBC? do i have to apply loop unwinding somehow? basically it randomly
guesses possible sets and eventually every possible combination will be tried. the loop is
bounded and i have an assertion so it should be possible to evaluate it using CMBC.

Exam 27.03.2015 (FMI.152.pdf)

http://www.logic.at/lvas/185291/angaben/fmi152.pdf
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- X O O

FIND-INPUT

INSTANCE: A pair (I1, I'), where (i) [ is a string, and (ii) II is a program that takes one
string as input and returns a string. It is guaranteed that Il terminates on any input.

QUESTION: Does there exist a string I’ such that the program II on input I' returns
Iie II')=1I?

Prove that the problem FIND-INPUT is semi-decidable. For this, describe a procedure
that shows the semi-decidability of the problem (i.e. a semi-decision procedure for FIND-
INPUT) and argue that it is correct.

We recall properties of semi-decidability:
e for every positive instance of a problem the program returns true
e for every negative instance of a problem the program returns false or does not
terminate

To show that FIND-INPUT is semi-decidable we can provide a procedure [T that fulfills the
above conditions. T simulates a run of (1, |), an instance of FIND-INPUT. We argue that
such an interpreter I’ is a semi-decision procedure for FIND-INPUT.

We distinguish the following (3) cases:

1. TT returns true for every positive instance of FIND-INPUT. That is, if for any input I’
returns |, then IT returns true.

2. 7 return false for every negative instance of FIND-INPUT. That is, if for any input I
M terminates and does not return |, then I’ returns false.

3. [T does not terminate for a negative instance of FIND-INPUT. That is, if for any input
I’ 1 does not terminate on I’, then also our I does not terminate. Hence we have
shown that our [T is a valid semi-decision procedure.
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We can omit case 3, because we know that 'l will terminate on any input I, but to check all
instances I’ will take forever, thus T might not terminate for an arbitrary instance of
FIND-INPUT.

Block 2

2a) First-order formula
(a) Let ¢ be the first-order formula

Vaiy [(r(z,y) = (p(z) = p(y)) A (r(z,y) = (p(y) = p(2)))] -
i. Is  valid? If ves, present a proof. If no, give a counter-example and prove that it
falsifies .

ii. Replace r in ¢ by = (equality) resulting in ¢. Is ¢» E-valid? Argue formally!
(Hint: Substitution axioms)

Do the same step as in 1a) to get rid of th

5. Substitution axioms for each predicate symbol p of arity n:

n
VX12 Viae s Xns Vn (/\x,- =y — (p(xl,...,x,,) “ p(yl,...,y,,)))
i=1
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e quantifier. Then substitute Ihs of above implication with the rhs in that formula. Then you
have the equivalence in your formula that implies each side of the equivalence. Hence the
rhs is always true, which makes your formula validate to true.

a) i. other solution (not sure if correct), status student:

Q) =2 IORENOL
\ K\fx\y(( [r \ (V)a i“)g
ol o w0 b Usot

olhne ‘v‘x‘i’

‘Ue—c,\{edg “6\
\cﬁ\f(@) ( Q%\Oeov l(ﬁ 5 ( > (jmﬂ

N waps C bl and d to o

\L\GY\C\
| ¥y ()

F rled)

COUVA’Q/(U(&\MY le

b)
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(b) Let ¢ be a propositional formula in negation normal form (NNF).

Prove: If ¢ contains only pure literals, then y is satisfiable.

Hint 1: a literal is pure in a formula, if it oceurs only positively or negatively

in that formula, but not both.
Hint 2: negation normal form means that negations only occur directly in front

of a propositional variable and nowhere else.
Hint 3: the number n of binary connectives occurring in ¢ may be arbitrary

high, which proof principle is suitable for such cases?

Solution:

Since  1s In NNF, the only logical connectives are A,V, and — where the latter
only occurs directly in front of a propositional variable. Thus the only binary
connectives are A and V.

Let BV be the set of propositional variables that occur in . We define [ as follows:
if b € BV occurs positively in ¢, then I(b) = 1, else I(b) = 0. Since all literals in ¢
are pure, this definition of I does not contradict itself.

To show that ( is satisfiable, we use induction on the number n of binary connect-
ives in @, i.e., we show that every subformula of ¢ is true in I.

Base case n = 0: ¥ is a literal, hence I = 1.
[H: I = 4 for every subformula % of ¢ with less-or-equal to n binary connectives.
Induction n — n + 1: let 1 contain n + 1 binary connectives, we distinct on the
topmost binary connective of 1:
e A: then v = @1 A @2 where ¢; and ¢ both contain less-or-equal than n binary
connectives. By IH it thus holds that I = ¢, and I = ¢2, hence I = 1.
e V: then ¥ = ¢1 V ¢2 and again by IH it holds that I = ¢, hence I = .

e nothing else is possible since ¢ is in NNF.

Therefore I |= 9 for every subformula 1 of ¢, specifically I = ¢ since ¢ is also a
subformula of .

https://math.stackexchange.com/questions/1246956/satisfiability-proof-of-formulas-with-pur
e-literals

345


https://math.stackexchange.com/questions/1246956/satisfiability-proof-of-formulas-with-pure-literals
https://math.stackexchange.com/questions/1246956/satisfiability-proof-of-formulas-with-pure-literals

(a)

Block 3

We have to show that the conclusion {ne }while & do p od{fne A —e} iz true
whenever the premizse { fny b p{ Ine } iz true, for all formulas Ine, e and programs p.
Thiz can be done by deriving the conclugion from the premise using rules that are
alread v known to be admiszible, like the repular rules of Hoare calculus,

(fnvAe) = Iny {Invip{inw}
{InvAeltp{inv}
{ I'ny bwhile e do p od { fne A —e } W

=

h

The formula {Iny A &) = [ne iz a tautology. Therefore, by the correctness of the
Hoare caleulus, the conclugion { Inw bwhile ¢ do p od { Inw A —e} iz true whenever
the premize { Mne }p{ fnw } iz true,

To show the incompletensss of the modified Hoare calculuz we give a counter-
example, which congists of a concrete correctness agsertion that iz trues with re
spect to partial correctness, but which cannot be derived in the modified calculus.
Conglder the assertion

{ez=0}whilez>0dog=a—1lod{az=0Aai0]} .
Thiz azzertion iz true as can eg be shown by deriving it in the regular caleulus:
valid as
grlhe>l=e—120 {ea—-120te:=a2—1{z>0}

{ez0rhe>0te=2—1{ae>0}
fez0twhilez>0doe=e—1lod{e>0Aat0}

wh
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But thiz assertion cannct be derived in the modified caleulus a2 we will show by
contradiction. Suppose it can be derived. Then the derivation must have the form

gome derlvation of { Fle . =e—1{F7
{Fle=a-1{F}
#>0=F {Fiwhlew>0dow=o—lod{Faai0}  (Freili=(e20nre3%0)
{ez=0twhile e >0doe=e—lod{e=0Aae 0} lo

for some guitable imrvariant . Wote that le and mw are the only rules that can have
our counter-example ag conclugion. Moreover, mw has to be applied once since it iz
the only rule that can introduce a while statement. (In fact, the logical consequence
rule can be applied geveral times, but the effect of several applications can always
be achieved with just one application.)

WNow, if such a derivation indeed exizsta, then the formulas @ > 0= F and (F Az #
0) = (&> 0Aa 3 0)are valid and the correctness assertion {Flae =a—1{F}
iz true (gince it can be derived). We show that this cannot happen simultaneously,
hence the derivation does not exizt, Thiz means that the calculus iz incomplete,
gince we have found a true correctness assertion that cannot be derived,

Consider a state ¢ with o{z) = 0. Since # » 0 = F iz supposged to be valid and
x> 0 iz true for o, F must alzo be true for o Since { Fla =2— 1{F} iz trus,
we conclude that F iz also true for o, where o'(z) = —1 (ztate after executing the
agelgnment). But the implication (Fae # 0) = (2> 0A 2 # 0) does not hold
for ¢'; The premise iz true since ¢'(z) # 0, but the conclugion # = 0 A & ¥ 0 iz not
true, since ¢ does not satisfy « > 0.

Block 4

added by student
a) H={(s0,t0),(s1,t3),(s2,t3),(s3,t2),(s4,t2),(s5,t12)}
b)
i) EG(a): CTL+CTL*: s8;s%s2;:53;:54 S0,S2,S3
i) EX(b): CTL+CTL*: S2,S3,54
i)  X(c): LTL+CTL*: S2,S3
iv)  F(a): LTL+CTL*: s0,s1,s2,s3

c) 1/\/1\ is basically an existential abstraction of M, with h = L. From such reduced
models, we know that M < Mr, using the simulation relation H = {s, h(s) | s € S), if

() M and M’ are defined over the same abstract atomic propositions (which in this
case, they are). By the theorem of Logic Preservation on reduced models, we know

that, for every ACTL* formula M’ =@ = M E¢.
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+done. But | suppose it's not that hard to show that H is indeed a simulation relation
from M to M\ WDYT?

Exam 30.01.2015 (FMI.151.pdf)
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Block 1

1.) Consider the following 2 problems:

3-COLORABILITY (3-COL)
INSTANCE: An undirected graph G = (V, E).

QUESTION: Does G have a 3-coloring? That is, does there exist a function p from
vertices in V' to values in {1,2, 3} such that pu(v1) # p(ve) for any edge [v1,v2] € E.

UNDIRECTED GRAPH HOMOMORPHISM (HOM)

INSTANCE: A pair (G1,G3), where G; = (V1, E1) and Gg = (Va, Es) are undirected
graphs.
QUESTION: Does there exist a homomorphism from G; to G37 That is, does there exist

a function h from vertices in V; to vertices in V, such that: for any edge [v1,v2] € £
we also have [h(v1), h(ve)] € Eg?

We provide next a reduction from 3-COL to HOM. Let G = (V,E) be an arbitrary
undirected graph (i.e. an arbitrary instance of 3-COL). From G we construct a pair
(G1, G2) of undirected graphs. We let G1 = G and let G2 = (V3, E2) be as follows:

e V5 = {v1,v9,v3}, and

e F; consists of exactly the 3 (undirected) edges [v1,vz2], [v2,vs] and [vy, vs].
Task: Prove the “«<" direction in the proof of correctness of the reduction, i.e. prove the

following statement: if (G, G2) is a positive instance of HOM, then G is a positive instance
of 3-COL.

Note: For any property that you use in your proof, make it perfectly clear why this property
holds (e.g., “by the problem reduction”, “by the assumption X”, “by the definition X, etc.)

Assume (G1, G2) is a positive instance of HOM, s.t. we have a function h from vertices in
V1 to vertices in V2 s. t. for any edge [v1, v2] of E1 we also have [h(v1), h(v2)] of E2 -> G(V,
E) is a positive instance of 3-COL.

We provide a proof by contradiction.
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Let [v1, v2] of E of G(V, E) be an arbitrary edge. By construction of (G1, G2) we know that
that edge does exist in G1 of (G1, G2) of HOM. We further know, by assumption that (G1,
G2) is a pos. instance of HOM, that there exists an edge in E2 of G2 s. t. [h(v1), h(v2)].
We further assume that v1 and v2 from V (= [v1, v2] of E) of G = G1 have same coloring,
s.t. my(v1) = my(v2) (e.g. 1 = 1). That would mean that h(v1) = h(v2) and that there exists
an edge [h(v1), h(v2)] in G2. But by construction of E2 such an edge [h(v1), h(v2)] where
h(v1) = h(v2) can never exist (self-loop).

Comment to solution above:
| think you should also explicitly define p in the certificate proof. | would define it as follows:
Forv € V1’ let u(v) = c, iff h(v) = v, (where i € {1, 2,3} and c, represents the i-th color).

It remains to show that p is indeed a valid 3-COL mapping, i.e. for all (v,v") € E,

u(v) # w(v") has to hold. Assume this were not the case, i.e. u(v) = p(v'"), then by the
construction of E2 and the definition of HOM. ., h(v) = h(v") must also hold. This can

easily be disproved by the construction of
| think it's more formal this way.

Block 2

a)see slides theory definition
b)

by student, not complete

Basically we can try to prove by contradiction using axioms. We want to prove that ¢ =
p(a,b) ->f(a,b) #a A f(a,b) #b A a#b, so we try to contradict it

1. Inot + ¢ (our contradiction assumption)
| ¢ p(a,b) (comes from the implication of 1.)
I not  f(a,b) #a A f(a,b) #b A a # b (implication from 1.)
I £ p(a, f(a,b)) A p(f(a,b),b) (the first axiom given, from 2.)
| ¢ p(a, f(a,b)) (conjunction from 4.)
| * p(f(a,b),b) (conjunction from 4.)
| ¥ a#f(a,b) (the second given axiom, from 5.)
| + f(a,b) # b (the second given axiom, from 6.)
|  a# b (the second given axiom, from 2.)
| + f(a,b) # a (symmetry, from 7.)
I +f(a,b) #a A f(a,b) #b A a# b (?? not sure about this step, but basically when |
entails 8., 9., and 10., i can simply conjugate it as all those 3 things are entailed and
thus true anyway?? Basically this would lead to the contradiction, as before we said
that this is not entailed. So our proof by contradiction is successful and we have
shown the proof?)

220N RWON
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Alternative solution: Direct proof
Solved by student

1. Tep(a,b) premise

2. Ika+b 1,p-irr.

3. 1ep(a f(a b)) 1,p-density (for any f)

4. Irp(f(a,b),b) 1,p-density

5. Iea # f(a,b) 3,p-irr.

6. I-f(ab) # a 5,symmetry of #

7. Ief(a,b) #b 4,p-irr.

8. Ief(a,b) #a A f(a,b) #bANa+bh 2,6,7 and semantics of A

c)

Substitute p(.,.) by H1(.,.)=x1.

flat® :=h1=x1 A f3=9g2 — h2 =x2
FCE:=b=c — f1=f2 A

b=f2 — f1=f3 A

c=f2 — f2=f3 A

b=g1 — g1=g2 A

(a=a A f1=c) — h1=h2

@F: FCE — flat®

Block 3

Not done yet

Block 4

by student, not sure if understood correctly

a) By student please comment, what you think about the solution
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O~

AGEFp - Holds because from all paths, p is reachable

A(GFp->GFq) - the premise is false, therefore implication holds. It is not true that AGFp. Not
for all paths, p will hold in the future i.e path s0,s0,s0,s0,s0
AG(p->AFq) - obviously does not hold

b)
int i;
//guessing coloring
for (i=0; i<N; i++) {

coloring[i] = nondet_int() % 3; //(guess number of color-0,1,2)
}
int j;
int invalid_colors_found=false;
//checking if the colors for neighbors are different
for (i=0; i<N; i++) {

for (j=0; j<N; j++) {

if (graph[i][j] && coloring[i]==coloring[j]) {

invalid_colors_found=true;

}

assert(+invalid_colors_found);

c)

Proof by Contradiction:

We define H, as the simulation relation for K, <= K, , H, for K,<= K; and H; for K,;<=K;.
Furthermore | use s1 € S1,s2 € S2 and s3 € S3.

Assume K1 <= K3 Does not hold. Therefore one out of 3 cases is true:
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- Case 1: 3 (s1,s3) € H3 where L1(s1) = L3(s3) does not hold. This means either 3
(s1, s2) € H1 with L1(s1) I= L2(s2) or 3 (s2, s3) € H2 with L2(s1) != L3(s2). Since
this contradicts the assumption that K1 <= K2 and K2 <= K3, this case is false.

- Case 2: 3 (s1,t1) € R1 and (s3,t3) € R3 where (11, t3) € H3 does not hold. This
means either 3 (s1,t1) € R1 and (s2,t2) € R2 where (11, t2) € H2 does not hold or
3 (s2,t2) € R2 and (s3,t3) € R3 where (12, t3) € H2 does not hold. This also
contradicts our assumption and is therefore false.

- Case 3: 3 s1 € I1ands3 € I3 where (s1, s3) € H3 does not hold. This means
either 3 s1 € |11 and s2 € 12 where (s1, s2) € H1 does not hold or 3 s2 € 12 and
s3 € I3 where (s2, s3) € H2 does not hold. This again contradicts our assumption
and therefore also false.

Since all 3 cases are false and contradict the assumption that K1 <= K2 and K2 <= K3, the
assumption “K1 <= K2 does not hold” is false and therefore
K1 <= K2 and K2 <= K3 implies K1 <= K3 holds.

Alternative solution to c)
Ky = (84, Ry, Ly), Ky = (S, Ry, L), Ky = (S5, R, L)

We know that K, < K, and that K, < K;. Therefore, there exist simulation relations H; and H,
for both < relations. H; € S; xS, and H, € S, x S;. To show: We can build aH; & S; x S;
that proofs K, < K.

In H; we have, L,(s1)=Lx(S,) and in H, L,(s,)=Ls(s3). Therefore, L,(s;)=Ls(S3). In other words,
the H; makes only valid connections. That is, the labels of the states K, are connected to
labels in K; where the same propositions hold.

For all (s,,t;) in Ry, there exist (s,,t,) in R, such that (t;,t,) in H,

For all (s,,t,) in Ry, there exist (s3,t3) in R; such that (t,,t;) in H,

Therefore, for all (s;,t;) in Ry, there exist (s3,t3) in Rs.

And the same tick, we can do with the initial states.

Exam 05.12.2014 (FMI.146.pdf)

http://www.logic.at/lvas/185291/angaben/fmi146.pdf
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Block 1
Letx = (HI, IL, I) be an arbitrary instance of BOTH-HALTS, then we construct

R(x) = (I1,I") as follows:
We set I' = I, and construct I1 as a composition of I and I, as follows: TI(1){ IL(D; TL(D) }

We claim that: I]1 halts on I and H2 haltson I < IT halts on I

e "= " Suppose H1 halts on I and H2 halts on I: by our construction of II, H2 is
executed after H1 halts on I, and II halts afterrl2 halts on I= IT halts on I
e " & " Suppose II halts on I: by our construction of II, [T can only halt on I if I, halts

on I, which can only be the case if first IT, halts on I = II_halts on I and I, halts on /

Block 2
(A) by student (not sure if its enough)

Not valid, because there is one interpretation which makes it false:
Take F(a) as a * -1, you'll see that -1*-1*-1*a = -1*a & -1*-1*a = ais true but -1*a /= a

What about this approach (omitted the () because of lazyness, FFFa = F(F(F(a))) ):
1. l|=FFFa=Fa&FFa=a->Fa=a

| |=FFFa!=FaorFFa!=aorFa=a(->from1.)

| |/= FFFa = Fa & FFa = a & Fa |= a (negate the entailment from 2.)

| |/= FFFa = Fa (& from 3)

| |/= FFa = a (& from 3)

| |/=Fa'!=a (& from 3)

| |= Fa=a (& from 3)

| |= FFa = Fa (function consistency on 7., if Fa = a, FFa must be Fa)

. | |=FFal=a (negate 5)

10.1|=FFa!=Fa (insert Fa=afrom7.Into 9.)

11. | |= False (as we have a contradiction between 8. And 10.)

© NGO A WD

And so we have proven that this contradicts. A Interpretation for this is stated above, but
now we additionally proved it formally and not just by example.

(B) by student

First replace the predicates by a function including equality to a newly introduced term
variable, e.g. p(a, (F(b)) becomes P(a, F(b)) = d1(d1 being the new term variable)
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¢EUF = P(a, F(b)) =d1 A F(F(c)) = G(G(b)) = P(a, c) =d2
Then, enumerate our functions
P1(a, F1(b)) =d1 A F3(F2(c)) = G2(G1(b)) = P2(a, c) = d2

To simplify it and compute flatE, we assume the term variables for the functions we
introduce now are called the same, just in lower case (e.g. P1(a, F1(b)) becomes p1). So
we can compute flatE as follows:

flatE()EUF) = p1 = d1 A f3=g2 = p2 = d2

And at last we have to introduce the functional contraints FC again, you do this for each
function symbol separately. You find the rules for the computation in tuwel, supplementary

resources for block 2, ackermanns_bryants_reduction_B.pdf

FCIEF](0EUF) = (b=c=>f1=12) A (b=12=f1 =f3) A (c=f2 = f2 =f3)
FCIEG]($EUF) = (b = g1 = g1 = g2)
FCIEP](EUF) = (a=a A f1 =¢c = p1 = p2)

The final solution of the reduction is $E = FC[EF](¢EUF) A FC[EG](¢EUF) A
FCIEP)(¢EUF) = flatE(dEUF)

(C) by student
Both | and M provide semantics for ¢, but an interpretation | is called “model” iff it satisfies ¢.
Interpretations may or may not satisfy ¢

Block 3
a) added by student - please comment, not sure if it's enough!
Show that the forward and backward reasoning axioms are equivalent

1. we assume that {G[v/e]}v=e{G} is correct and we have to show that we come up with a
postcondition {G} if we apply the forward reasoning formula. After applying that formula, we
come up with a postcondition like {EvV'(G[v/e][v/V'] & v=e[v/V']}. After applying those
replacements, we come up with a G’ where each v is replaced by an altered e, concretely
where each v is replaced by v’ - like in the other conjunction. Therefore e’=[v/v’] and
{EV’(G[v/e’] & v=e’}. After applying the replacement we come up with a formula G’=GJ[v/e’]
and therefore {Ev'(G’ & v=e’}. Because of the equivalence v=e’ we can apply another
replacements, namely G’[e’/v] is equivalent to G[v/e’][e’/v] which is again equivalent to G.

2. we assume that {F}v=e{EV'(F[v/v’] & v=e[v/V’]} is correct and show that we also come up
with a state {G[v/e]} if the postcondition is declared as {G} and apply the
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backward-reasoning rule. After assuming that backward reasoning is also correct, we come
up with a precondition that looks like {EV'(F[v/v’] & v=e[v/V'])[v/e]}. Again we can construct a
F’=F[v/v’] and therefore no v will occur in F’. Applying [v/e] on F’ won’t change F’. So we
come up with a formula {EV’(F’ & e=e[v/V’]}. Since e=e[v/V’], v=v' must hold. We now can
replace v’ by v in F’ (since they are equal) and come up with a F’[v’/v] which is equivalent to
Flv/v’][v’Iv] which is equivalent to F.

a) Alternate solution see above

b) missing, please add

b) added by student

FO: {0 <= a} from upwards logic equivalence
Fl1: {1 = 173 & @ <= a} from upwards ass

b :=1;

F2: {b = (0+1)"3 & @ <= 073 <= a} from upwards ass
C := 0;

F3: {b = (c+1)”3 & @ <= ¢c”"3 <= a} from while

while b <= a do
F4: {b = (c+1)"3 & 0 <= c"3 <= a & b <= a & a-b = t,)} from while
F5: {F6[d/3 * ¢ + 6]} from upwards ass
d :=3 * c+ 6;
F6: {F7[c/c + 1]} from upwards ass
cC :=c¢C + 1;
F7: {F8[b / b + c * d + 1]} from upwards ass
b:=b+c*d+1
F8: {b = (c+1)"3 & B <= c"3 <= a & (b <=a -> @ <= a-b < ty)} from
while
od
F9: {Inv & b > a} from while
F10: {TRUE} // since we want to know for which states it terminates

F9 = F10 trivially holds

F5:= F8[c/c + 1][d/3 * ¢ + 6][b / b+ c *d + 1[c/c + 1][d/3 * c + 6]]
F5:= {b = (c+2)? & @ <= (c + 1)’ <= a & (b <=a -> @ <= a-b < t,)}[b / b +
(c+1) * (3*c+6)+1]

F5:= {b = (c+2)? & @ <= (c + 1)’ <= a & (b <=a -> @ <= a-b < t,)}[b / b +
3%c? + 3*c + 6 * c + 6 + 1]

F5:= {b = (c+2)? & @ <= (c + 1)’ <= a & (b <=a -> @ <= a-b < t,)}[b / b +
3% + 9 * ¢ + 7]

F5:= {b + 3*c2 + 9 * c + 7 = (c+2)? & @ <= (c + 1)> <= a & (b + 3*c* + 9 *
C+7<=a->0<=a-(b+3*%?+9 *c+7)<ty}
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F4 = F5 iff all of the below hold

F4 = b + 3*c* + 9 * ¢ + 7 = (c+2)?

1.

2. F4
3.
4. F4

te)

= 0 <= (c +1)°
F4 = (c + 1)’ <= a
=

(b+3*c2+9 *c+7<=a->0<=a-(b+3*?+9 *c+7)c<

1) holds because from F4 b = (c+1)*->c® + 3c? + 3c + 1 + 3*c* + 9 * ¢ + 7 = (c+2)* which

trivially is true

2) holds because 0 <= ¢® from F4

3) from F4: b = (c+1)® and b <= a therefore (c + 1)* <= a holds
4)F4 & b +3*cC?+ 9 *c+7<=a->(@<=a-(b+3*®+9 *c+7)<ty
from proof at 1 we know that b + 3*c> + 9 * ¢ + 7 = (c + 2)?

F4 & (c
F4 & (c
F4 & (c
F4 & (c

Block 4

added by student

+

+
+
+

2)? <=
2)? <=
2)? <=
2)? <=

QU LU o QW

=

=
=
=

(0 <= a - (c +2)° <ty

(0 <=a-(c+2)&a-(c+2)<ty

(a - (c+2)2<a-b)

((c + 2)® > b) holds because of b = (c+1)® from F4

a) H = {(s0,10),(s%:4),(s1,15),(52,t1),(s2,t4),(s3,t2),(s4,12)}

b)

So the same structure repeats infinitely... (as we only use LTL here)

Other Solution for b)
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(C)
Look at the slides, 03Abstraction.pdf , you will find an example there where the one
simulates the other and vice versa, but they are not a bisimulation

The “intuitive” way to think about it if you look at the example in the pdf:

If you take e.g. b from M1, you can go either to d or c. Now on M2, if you are on the left b,
then you can only go to ¢, but not to d. So this is not equal! In a bisimulation basically you
have to think about it “two-way”.

But simulation is possible: As simulation is only viewed “one way”. So b from M1 can be
simulated by the right b of M2.

And the other way around, both b from M2 can be simulated with b from M1.

But both things at the same time are not possible as stated before.

Exam 17.10.2014 (FMI.145.pdf)

http://www.logic.at/lvas/185291/angaben/fmi145.pdf

Block 1

The same exercise as in exam 151.
Variation of the exam from 30.01.2015

Block 2

a)
)x=y&x!=y
iyx=y|x!=y

b)

Prove that the following formula ¢ is TE-cons-valid:

¢ : "atom(x) A car (x) =y A cdr (x) =z — x = cons(y, z)

Hints: Recall the axiom of construction in TE-cons : matom(x) — cons(car (x), cdr (x)) = x

Proof by contradiction:
Suppose there exists an I s.t. | = ¢
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1.1%¢

2.1 Fmatom(x) A car(x)=y A cdr (x) =z // 1., semantics of —

3. 1 = x =cons(y, z) /l 1., semantics of —

4.1 + matom(x) I 2., semantics of A

5.1 kcar(x)=y /I 2., semantics of A

6.1 Fcdr(x)=z /Il 2., semantics of A

7.1 cons(y, z) =x I/l 4., Axiom of construction and 5. + 6.
8.1 F x =cons(y, z) II' 7., symmetry law

9.1 L /1 3.,8., contradiction

From the proof we know there does not exist an | s.t. |  ¢.
Therefore | + ¢ holds for all I. Thus ¢ is TE-cons-valid.

c)

Block 3

Block 4

added by student
a) H={(s0,t0),(s1,14),(s1,16),(s2,t1),(s2,t3),(s3,t4),(s3,16)}

b)

Fc: t3,t1
G(b v ¢): none, because you can always reach a state which is labelled only
a
G(Fb): all; isn’t this similar to Fc? but yeah
G(b->(Xa->Xb)): al?
By Student: All is not correct, because we have 3 cases (we have to
analyse these cases for each possible path => AG(b->(Xa->Xb)) ):
1) We are in a state that is not b, so the implication holds
2) We are in a state that is b and the next state is a then if the next state
is also b (so {a,b}) the implications hold
3) We are in a state that is b and the next state is not a then trivially both
implications hold.
This results in the following states: AH-exeeptF6 because there exists a path
where the next state is a, but on this single path the same next state is not
labelled b.
| just realized | forgot something there! Because the implication has to hold
globally and because in T6 it does not hold, it fails to hold as well for all
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states from which T6 can be reached. New Solution would be therefore
none, as T6 can be reached from all states.
v) aU(bUc): t5, t3,t1

c) I'd choose (n,c) arbitrarily from S3 and show that for (n,c) and every possible
following state a corresponding ((n,c),(n’,c’)) exists in H. Since (n,c) was chosen
arbitrarily, this must hold for every state (and by design therefore also for every initial
state) and hence M3 < M2:

i)  (n,c): ((n,c),(min(n,1),min(c,1))) € H

i) (n+1,c-1): ((n+1,c-1),(min(n,1)+1,min(c,1)-1)) € H
i)  (n-1,c+1): ((n-1,c+1),(min(n,1)-1,min(c,1)+1)) € H
iv)  (n+0,c-0): ((n+0,c-0),(min(n,1)+0,min(c,1)-0)) € H

c) Other solution (by student)

| just drew both Kripke structures, and then argued that the three properties of a simulation
H (labels, transitions, starting states) are fulfilled. Here are my drawings.

Exam 04.07.2014 (FMI.144.pdf)

http://www.logic.at/lvas/185291/angaben/fmi144.pdf
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Block 1

1.) Consider the following problem:

GRAPH-FORMULA (GF)

INSTANCE: A pair (G, ¢), where G is an undirected graph and ¢ is a propositional
formula.

QUESTION: Is it the case that G is 3-colorable or ¢ is satisfiable?

By providing a reduction from an NP-complete problem, prove that GF is an NP-hard
problem. Argue formally that your reduction is correct. (15 points)

We have chosen the problem: k-COLORABILITY for any k 2 3 and we fix the k to 3.

Therefore our problem we provide the reduction from is the 3-COL problem.

Let G’ (V’, E’) be an arbitrary instance of 3-COL and my a valid 3-colorability function.
We construct an instance of GF as follow:

o G=C

o ¢ =false

->

Assume G’ (V’, E’) is a positive instance of 3-COL. By definition our graph G’ is 3-colored.
By construction of G of(G, ¢) of GF from G’ we know that G = G’. Therefore G is also
3-colored. Hence by definition of the problem of GF (G, ¢) is a positive instance of GF.

<-
Assume GF (G, ¢) is a positive instance of GF. By definition G is either 3-colorable or ¢ is
satisfiable. We further assume that (G, ¢) is a positive instance of GF because G is
3-colorable. By construction of G we know that G’ is also 3-colorable. Hence G’ (V’, E’) is a
positive instance of 3-COL.

<- Alternative:

Assume GF (G, ¢) is a positive instance of GF. By definition G is either 3-colorable or ¢ is satisfiable.
Since by the reduction ¢ is set to false, ¢ can never be SAT. Therefore it must be the case that G is
3-COL and so also G’ is 3-COL. Hence G’ (V’, E’) is a positive instance of 3-COL.
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Block 2

a) Solution by student

| constructed the graph, and recognized that every variable (node) is part of a simple
contradictory cycle. So no further simplification is possible.
| added a single edge (x4, X3) to make the graph chordal.

The cycles are: x1,x2,x3 and x1,x3,x5 and x3,x4,x5, hence there are 9 'terms' in B,.

e((PE): [(e15 A €35) V (712 A €33)] A (€45 — 7€3,)

B::

(€12 A €13 —€3) A (€12 A €35 —>€43) A (€15 A €5 —>€4,) A
(€13 A ejs—€35) A (€15 A €35 —>€13) A (€15 A €35 > €15 A
(€34 A €35 = €45) A (€34 N €45 = €35) A (€45 N €35 — €3,)

W& e(e%) A B,

b) Solution by student

Let | be any interpretation of F. Since F is valid, | is a model.
Since F and F' differ only by one clause, we only have to prove that this one clause
becomes true under I.

| makes all clauses C,; in F true, therefore it makes C, and C, true. 2 cases:

1) I assigns true to A;: A, in C, is false. Since | makes C, true, there has to be at least one
other variable in C,, that is assigned the value true by I.

2) | assigns false to A;: A, in C, is false. Since | makes C, true, there has to be at least one
other variable in C,, that is assigned the value true by I.

The clause res(C,, C,, A,) contains variables from both C, and C,. In any case, res(C,, C,,
A) contains at least one variable (either from C, or C,) that is set to true.

Therefore, | Fres(C,, C,, A).

And finally, | = F'.

Block 3

We have to show that the conclusion { F } if e then p else q fi { G } is true whenever the
premise
{F}p{G} {F A -e}q{G}istrue, forall formulas e and programs p, q.
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This can be done by deriving the conclusion from the premise using rules that are already
known to be admissible, like the regular rules of Hoare calculus.

Fahe=s F {F}p{(,’} |
{F"""}P{('I} ) {f‘qﬁ-!f}!u{(,']-“”
{Flifethenpelse g fi{G}

The premise F A e = F is a tautology, hence the total correctness of
{F}p{G}and{F A —e} q{G }implies the total correctness of { F } if e then p else q fi {
G}l

3b) modified if-rule

(b} Show that the Hoare calculus for partial correctness is no longer complete, if we replace
the regular if-rule by the modified one. (10 points)

To show the incompleteness of the modified Hoare calculus we give a counterexample,
which consists of a concrete correctness assertion that is true with respect to partial
correctness, but which cannot be derived in the modified calculus.

Consider the assertion

{true}ifx=ythenx:=x+1elseskipfi{x !=y}.

The assertion is partially and totally correct, since we have:

{1:true }

if £ = y then
{T:truepzr=y} if]
{6:x+1z#y} ast

r=r+1
{4:x4y} 61
else

{8:truepnz sy} if]
{6:xs#y} skt
skip

{3:x#y} fit
fi

{2:2#y}

and the two implications true A x=y=x+1 =y (7 = 6)andtrue A x6=y=x!=y (8
= 5) are valid.
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In the modified calculus only two rules are applicable to the assertion above: if’ and Ic.
Rule Ic weakens the pre- and strengthens the postcondition. The precondition true cannot
be weakened any further; Then if has to be applied, resulting in the premises { true } x := x
+ 1 { G } cannot be derived by a correct calculus.

Summarising, the assertion above is correct, but cannot be derived in the modified Hoare
calculus. Therefore the calculus is not complete.

Block 4

(a)
H = {(s0, t0), (s1, t1), (s2, t3), (s3, t3), (s4, t1), (s0, t2)}

(b)

(i) s0, s1, s2, s3

(ii) s0, s1, s2, s3 ... alternative solution: in sO always no prev state (verified with kripke)
(iii) s1, s2, s3, s4

(iv) s2, s4

Equivalent LTL formula for G(a -> Yb): G(Xa -> b) & la

(G(Xa -> b) for reversing the formula. !a because Yb is always false in the first state, and
thus, if the first state contains a, then the formula is automatically false).
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Exam 09.05.2014 (FMI.143.pdf)

http://www.logic.at/lvas/185291/angaben/fmi143.pdf

Block 1

Let ([T, I') be a arbitrary instance of HALTING. We construct an instance of SOME-HALTS
as follows:
e M=nN2=1T

->

Assume ([T, I') is a positive instance of HALTING. For any input I, IT halts on I'. By
construction of SOME-HALTS we have that M1 =112 =11 and | = I'. Because [T halts on any
I’ also M1 and N2 halt on |. Hence (11, M2, 1) is a positive instance of SOME-HALTS.

<-

Assume (M1, M2, I) is a positive instance of SOME-HALTS. That means N1 halts on | or M2
halts on I. By construction we know that 1" =1 =12 and I’ = I. That means, because (1,
M2, 1) is a positive instance and either 1 or M2 or both halt on I also 1 has to halt on I'.
Hence ([T, I') is a positive instance of HALTING.

Block 2
2a)

(a) First define the concept of a T-interpretation. Then use it to define the following:
i. the T-satisfiability of a formula;
ii. the T-validity of a formula.

Additionally define the completeness of a theory T and give an example for a complete
theory and an incomplete theory. (5 points)
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Definition

A theory T = (X, A) is
1. complete, if for every closed X-formula ¢, T =@ or T = —p;

2. consistent, if there is at least one 7 -interpretation;

3. decidable, if T |= ¢ is decidable for every ¥ -formula ¢.

Formulas 7 and @5 are equivalent in 7 or T-equivalent if 7 =
p1 <> @2, i.e., | = 1 iff I |= 2 holds for all T-interpretations /.

Example of a complete theory: Presburger arithmetic [link]

Example of an incomplete theory: group theory [link|

Definition

Given a theory 7 = (X, A).
1. A T-interpretation [ is an interpretation which satisfies 7's

axioms, i.e.,
lE ¢ forall p € A

2. A X-formula ¢ is valid in the theory 7, or T-valid, if every
T-interpretation satisfies . Notation: 7 | ¢

3. A X-formula ¢ is satisfiable in the theory T, or T-satisfiable,
if some T -interpretation satisfies .

2b)
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(b) Prove that the following formula ¢ is T, -valid:
@ : cons(a,b) = cons(e,d) wa=echb=d
Hints: Please be precise! Recall the axioms of left and right projection in TE__:

car(cons(z,y)) =z (left projection)

cdr(cons(z,y)) =y (right projection)

The assumption is false: ¢ is therefore TE_.-valid

Block 3

by rOf1 (comments welcome)
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Block 4

a) Student: K, < K. K, <K, does not hold, because if you consider state s,, you can
decide between b and c. But there is no such a state in K,

b)
c) sO0-

Exam 28.03.2014 (FMI.142.pdf)

http://www.logic.at/lvas/185291/angaben/fmi142.pdf
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Block 1

Solved by student

LATIN-SQUARE -> SAT is similar to the 3-COLORABILITY to SAT example from the
lecture, only that we have n colors (symbols), and there are more constraints (not only
adjacent nodes must have different symbols, but also all other cells in a row and column.)

Let] .= (S = {s . s }) be an arbitrary instance of LATIN-SQUARE, then we define R, )
as follows:

We construct a formula ? (an instance of SAT) as follows:

We use the propositional atoms xl,js ,where 1 < i,j < nand s € S, to indicated that the cell

at row i column j of L has the symbol s.
Then @, is defined as P =ONONQ NP, where

(n=A, U=V ) because of Google’s formula limitation

¢, = nn (U X, ,S) (in other words: every cell has at least one symbol)
i=1j=1\s€S

®, n n —|(x..s A x,,sl) (in other words: every cell may have at most one symbol)
i=1j=1\s,s'€S s#s' Y Y

n
®, =_ﬂ 'ﬂ n ﬂ. —|(xijs A xiks))(in other words, if a cell has a symbol, no other cells in
i=1j=1\seSk=1 j*k
that
row may have the same symbol)
?, is analogous to @, only that i is permuted inside the parenthesis

I’'m not 100% confident it's correct (or if it could be made simpler) but i think the intuition of
breaking down each constraint into its own formula and then joining them is clear

Block 2

b) status student, pretty sure it's correct
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Block 3
Block 4
a) Status: Student
i)G-I5
ii.) G(2 — X 1)
ii.)FI3V GF 1

Not really sure about b), c) and d): If the abstraction created in b) is able to simulate M, we
need a transition to the error state in the abstraction. But then it is not possible to show that
the abstraction satisfies the LTL formulae of a) (since the error location IS reachable). There
has to be an error in my reasoning. Any ideas about this?

p =x20
q = y2Xx
r=x2100

b) O:(all possible 8 predicate states) — 1: pqlr — — 2: pq!r — 1: pgr — 3: pqr — 4: pqr

d) In my version the abstraction has no error state. So obviously it can’t be reach as it
doesn’t exist anymore.

The theorem is: If M1 < M2, M2 |=f-> M1 |=f, specifically, M2 (abstraction) |= G(!15) -> M1
(original) |= G(!lhttp://www.logic.at/lvas/185291/angaben/fmi141.pdf5)

Status student:
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¢) H={((0.x,y). s;) | 1in {0..7}, ((1.x,y), Sg), ((2.X.Y), Sg), ((1.X.Y), S10), ((3.X,Y), S41), ((4.%.y),
S‘12)’ ((5!X’y)’ S‘|3)) | X,y in Z}

Exam 31.01.2014 (FMI.141.pdf)

Block 1

Status: added by Student
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Block 2

Status: added by Student
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Alternative solution to 2b)




=: Assume ¢ is satisfiable. This means, that there exists an interpretation | under which ¢
evaluates to true. That means, that under the same |, =@ evaluates to false. Therefore,
there is an interpretation under which —¢ is false, which is the definition of =@ is not valid.

<: Assume —¢@ is not valid. Therefore, there exists an interpretation | that makes —¢ false.

Under |, ¢ evaluate to true. Therefore, ¢ is satisfiable.
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Principle of structural induction
Proving properties about app

Let P(x) denote app(x, nil) = x.
Show that, for all lists £, P(£) holds.

Proof: We proceed by structural induction on the definition of lists.

Basis case: £ = nil. Then P(¥) is app(nil, nil) = nil which follows
immediately from the first defining equality (1).

Induction hypothesis. Assume that P(£) holds for some list £.

19 /29

Principle of structural induction
Proving properties about app (cont'd)

Induction step. We have to establish P((c : £)). The induction
hypothesis gives us
app(Z, nil) = £.

We concatenate ¢ to the left on both sides resulting in
(c : app(L, nil)) = (c : £).

By the second defining equality (2), we get
app((c : £),nil) =(c : £).

Hence, P((c : £)) holds.
Consequently, P(£) is true for all lists. O

How can we use mathematical induction to prove the above result?

20 /20
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Block 3

Status: added by Student
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Block 4

a) This proof is very similar to one of the proofs from the exercise, which | pasted below.

ROB

Exam 06.12.2013 (FMI.136.pdf)

https://www.logic.at/lvas/fminf/angaben/fmi136.pdf

Block 1
Solution by student:

To show: SOLVE-EQUATION is semi-decidable.
Let Z be the following set of numbers = {0,1,-1,2,-2,3,-3,...}. This is the set of integers Z,

which is countably-infinite, so we can enumerate all of its values. We provide a
semi-decidability procedure:

1:forzin Z{

2: x = T14(z);

3: y = [My(z2);

4: if (x ==y) return true;
5:}

Let (M4,M,) be a positive instance of SOLVE-EQUATION. If we run the semi-decidability
procedure we reach line 2, I, will return (since this is guaranteed), then execution will reach
line 3 and will also return and will finally it will reach line 4. Since ([14,I1,) is a positive
instance x and y will be the same and line 4 return true.

Let (M,,M,) be a negative instance of SOLVE-EQUATION. That is, it is impossible to find an
integer, such that both programs return the same value. Our procedure will try number after

number, and loop forever, never returning any value.

Summarizing, on positive instances we return true, on negative instances we loop forever.
Therefore, this procedure is a semi-decidability procedure.
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Block 2

2.) (a) Use Ackermann’s reduction and translate

A(x)) = A(B(x)) = B(A(B(x))) = yV Clx,y) = ClA(x), B(z))
to a validity-equivalent E-formula ap"i'. A, B, and C' are function symbols, & and y are
variables. (4 points)
(b) Show: ¢ is satisfiable iff —¢ is not valid. (3 points)

(c) Let p"f be an equality formula containing uninterpreted functions. Let FC*(p%) and
flat®( (¢*f) be obtained by Ackermann’s reduction. Prove the following,

" is satisfiable  iff  FC" (p¥) A flat® (9") is satisfiable.

Hints:
H1: % is valid iff FC¥(p%) — flat” (o) is valid.
H2: flat® (- =—|ﬂar'L ).
H3: FCF(p¥) = FCF(—p*).
(8 points)

Solution for 2.b:

Proposition 1.45 Let ¢ be a formula of propositional logic. Then ¢ is sat-
isfiable iff —¢ is not valid.

Proor: First, assume that ¢ is satisfiable. By definition, there exists a
valuation of ¢ in which ¢ evaluates to T; but that means that —¢ evaluates

to F for that same valuation. Thus, —¢ cannot be wvalid.
Second, assume that —¢ is not valid. Then there must be a valuation

of =¢ in which —¢ evaluates to F. Thus, ¢ evaluates to T and is there-
fore satisfiable. (Note that the valuations of ¢ are exactly the valuations of

-$.) 0

Source: “Logic in Computerscience” by Huth

Block 3
Block 4
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