Computer Aided Verification — SS2016 — Exercise Sheet 1

Update: There was a typo in Ex. 5. The correct formula is (a A X X b)U —¢, whereas
the original exercise sheet contained the (invalid) formula (a A X X b)U.

Update June 13: The original statement of Ex. 1b was wrong. If you have already
uploaded a solution disproving the original statement, you will receive full points for
that. We are very sorry for any inconvenience caused!

« The exercises are optional, but correct solutions will give you bonus points
for the exam. The exact amount of bonus points has not yet been determined.

« To get the bonus points, upload your solutions on TUWEL on or before June 23.
If you solve the SMV exercise, please upload a separate text file with the SMV
model.

« We will release a second exercise sheet with two more tasks within the next two
weeks.

« If you have questions about the exercises, contact Jens Katelaan (mailto:
jkatelaaneforsyte.at).

Exercise 1 — Order theory and fixed points

(a) Let A be a set with n elements and f : 24 — 24 be a function that is monotone
w.r.t. the partial order C. Le., for all S, C A it holds that S C T = f(S) C f(T).
Assume we perform a least fixed point construction starting with f((}). Derive a strict
upper bound on the number of iterations until this construction converges.

(b)LetP = {Py,...,P;} beasetof propositional variables andlet P = { P, ... P}
be their negations. Show that the set of formulas {\ Q | Q@ C (P U P)} ordered by
implication forms a lattice. Is it complete, i.e., does every set of formulas over P have
a least upper bound and greatest lower bound?

Exercise 2 — Temporal logic properties

Let K = (5, 59, T, AP, L) be a Kripke structure with a unique initial state sy and
AP = {i,a,b,c,d}. Assume that sg is the only state labeled with i. Write CTL*
formulas for the following informal specifications of K.

(a) A state with label a appears infinitely often on at least one path from the initial
state sq.

(b) The initial state does not occur in a cycle.

(c) Every path originating at the initial state will reach a state labeled with a and
after that the path will reach a state labeled with b.

(d) There is a path from the initial state to a cycle that contains a state labeled with
a and does not contain a state labeled with b.
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Exercise 3 — Linear time properties

(a) Prove or disprove: Every LTL property is either a safety property or a liveness
property.

(b) Show that all LTL properties have counterexamples which are either finite
paths or finite paths which lead to a loop.

Exercise 4 - CTL Model Checking
Perform CTL model checking (using the nested fixed point construction) on the
following Kripke structure for the formula EG a A E ((a V EX b)U ¢)

a a
c
b,c

Exercise 5 — Biichi automata & LTL Model Checking
Construct a Biichi automaton for the LTL formula (a A X X b)U —c¢. Assume that
the formula has already been negated, i.e., you do not have to negate the formula

Exercise 6 — BDDs
Let f(x1,...,Zn,Y1, - - - ,Yn) be the Boolean function that checks whether x5 - - - 2,
is the reverse of y1ys - - - Yn, defined by

1, fzixe...2n = YnYn-1..--U
0, otherwise

f(‘rla sy sy, .- 7yn) = {

Construct a ROBDD that encodes f and has size linear in n.

Exercise 7 - SAT Encoding
LetU = {uy,...,un} be a set with n elements and S1,Ss, . . . ,Sy, be subsets of U,
ie,S; CU forall 1 < i < m. Define a propositional formula ¢ in conjunctive normal
form such that
« Computing ¢ takes time polynomial in n 4+ m and
« (o is satisfiable if and only if it is possible to pick indices I = {i1,...,i¢} such
that
1. U :Sil US,‘Z U"'USZ‘Z and
2.8,NS,=0forjkel j#k

!Note that the algorithm in the slides was adapted from [3]]; you can also read about the algorithm in the
text books by Clarke et al. [2] Sec. 9.4] and Baier et al. [1} Sec. 5.2]



Exercise 8 - SMV

There are n prisoners in solitary cells. There is a central living room with one light
bulb; this bulb is initially off. No prisoner can see the light bulb from his or her own
cell. Every day, the warden picks a prisoner, and that prisoner visits the living room.
While there, the prisoner can toggle the bulb if he or she wishes. Also, the prisoner
has the option of asserting that all n prisoners have been to the living room by now.
If this assertion is false, all n prisoners are shot. If it is true, however, all prisoners
are set free. Thus, the assertion should only be made if the prisoner is certain of its
validity. The prisoners are allowed to get together on the first night to discuss a plan.
Once they’ve agreed on a plan, the game starts and they can’t meet again.

Devise a plan that works for any number of prisoners n > 2. and encode it as an
SMYV program. (In the program, you can assume a constant n.) Prove that your plan is
correct, i.e., if the prisoners assert that all n prisoners have been in the living room,
then this must really be the case. Also show that if the warden picks the prisoners in a
fair manner (i.e., he doesn’t keep picking the same prisoner indefinitely), then your
strategy guarantees that the prisoners will eventually go free.

Try your solution for different numbers of n. What is the largest number of n for
which SMV is able to prove the correctness of your solution?

Exercise 9 - Bounded Model Checking
Provide a propositional encoding ;[¢1 U 5] for the LTL until-operator 1 U o
(k,l)-loops (see slides on BMC, slide number 93).
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