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1 Introduction

Macroeconomists...

• empirically describe the aggregate economy.

• theoretically explain the determination of production, prices, employment, ex-
change rates, etc.

• quantitatively evaluate economic policies.

1.1 Trend versus Cycle

Macroeconomic time series are often decomposed into two components:

• trend component: long-term growth

• cyclical component: fluctuations around trend (business cycles)

1.2 HP-Filter

yt = gt + ct

min
(gt)

T
t=1

T∑
t=1

(yt − gt)
2

︸ ︷︷ ︸
cyclical fluctuation

+ λ ·
T−1∑
t=2

(
(gt+1 − gt)− (gt − gt−1)

)2
︸ ︷︷ ︸

change in growth trend

The parameter λ smoothes the trend:

• λ = 0 ⇒ gt = yt (no cyclical fluctuations)

• λ → ∞ ⇒ gt+1 − gt = gt − gt−1 (linear trend)
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2 One-Period Real Macroeconomic Model

2.1 Assumptions

representative rousehold

• Life-time utility function u(C, l) describes the preferences over consumption C and
leisure l:

uC(·) > 0 uCC(·) < 0

ul(·) > 0 ull(·) < 0

• Time constraint: l + NS = h, where NS is labour supply and h is the available
time.

• Flow budget constraint: C ≤ wNS+rKS, where NS and KS are labour and capital
supplied by the household. The household takes the wage w and the interest rate
r as given.

representative firm

• The final good Y at given total factor productivity A is produced with
Y = AF

(
Kd, Nd

)
, where F (·) is a Neoclassical production function combining

capital Kd and Nd.

2.2 Representative Household: utility maximation

max
C,l,KS

u(C, l)

s.t. C ≤ w(h− l) + rKS

C ≥ 0, l ∈ [0, h], KS ∈ [0, K0]

⇒ L
(
λ,C, l,KS

)
= u(C, l) + λ ·

(
w(z − l) + rKS − C

)
The relevant FOCs for an optimum are:

I. ∂L(·)
∂C

!
= 0 ⇒ uC(·) = λ

II. ∂L(·)
∂l

!
= 0 ⇒ ul(·) = λw

III. ∂L(·)
∂λ

!
= 0 ⇒ C = w(h− l) + rKS

Solutions can be characterised by:

MRSl,C ≡ ul(·)
uC(·)

= w

C = w(h− l) + rKS

For given (w, r) and endowment K0, 2 equations can be solved for 2 unknowns, (C, l).
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2.3 Representative Firm: profit maximisation

max
Nd,Kd

ΠF
(
Nd, Kd

)
= AF

(
Nd, Kd

)
− wNd − rKd

The FOCs for an optimum are:

I. ∂ΠF (·)
∂Kd

!
= 0 ⇒ AFK(·) = r

II. ∂ΠF (·)
∂Nd

!
= 0 ⇒ AFN(·) = w

2.4 Competitive Equilibrium

• Every market participant is a price-taker.

• Households maximise utility and firms maximise profit. ⇒ The decision of
households and firms are consistent with each other, therefore all markets are
clear:

– Good market clearing: C = Y

– Labour market clearing: Nd = NS

– Capital market clearing: Kd = KS

The system can be reduced to:

ul(C, l)

uC(C, l)
= AFN(K,h− l)

C = AFN(K,h− l)(h− l) + AFK(K,h− l)K

C = AF (K,h− l)
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3 T-Period Real Macroeconomic Model

3.1 Assumptions

representative household

• Life-time utility function U
(
(Ct, lt)

T
t=0

)
describes the preferences over consumption

Ct and leisure lt and is time-separable:

U(·) =
T∑
t=0

βtu(Ct, lt)

• β ∈ (0, 1) is the houshold’s discount factor.

• Time constraint: lt +Nt = h, ∀t

• Household’s initial capital endowment is K0 > 0.

• Net investment in the capital stock via savings, St = It:
Kt+1 − Kt = It − δKt, ∀t, where δ ∈ [0, 1] is the rate of depreciation and It is
gross investment.

• Flow budget constraint: Ct + It ≤ wtNt + rtKt, ∀t

representative firm

• The final good Y at given total factor productivity A is produced with
Y = AF

(
Kd, Nd

)
, where F (·) is a Neoclassical production function combining

capital Kd and Nd.

3.2 Representative Household: utility maximisation

max
(Ct,lt,It)

T
t=0

T∑
t=0

βtu(Ct, lt)

s.t. Ct + It ≤ wt(h− lt) + rtKt

Kt+1 = (1− δ)Kt + It

Ct ≥ 0, lt ∈ [0, h], Kt+1 ≥ 0

⇒ L =
T∑
t+1

βtu(Ct, lt) + λt

(
wt(h− lt) + (1− δ + rt)Kt − Ct −Kt+1

)
The relevant FCOs are:

I. ∂L(·)
∂Ct

!
= 0 ⇒ βtuC(Ct, lt) = λt, ∀t
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II. ∂L(·)
∂lt

!
= 0 ⇒ βtul(Ct, lt) = λtw, ∀t

III. ∂L(·)
∂Kt+1

!
= 0 ⇒ (1− δ + rt+1)λt+1 = λt, ∀t ∈ [0, T − 1]

IV. ∂L(·)
∂λt

!
= 0 ⇒ Kt+1 = wt(h− lt)− Ct + (1− δ + rt)Kt, ∀t

Solutions can be characterised by:

MRSlt,Ct ≡
ul(Ct, lt)

uC(Ct, lt)
= wt ∀t

MRSCt,Ct+1 ≡
uC(Ct, lt)

βuC(Ct+1, lt+1)
= 1− δ + rt+1 ∀t ∈ [0, T − 1]

Kt+1 = wt(h− lt) + (1− δ + rt)Kt − Ct ∀t

3.3 Representative Firm: profit maximisation

max
Nt,Kt

ΠF (Nt, Kt) = AF (Nt, Kt)− wtNt − rtKt

The FOCs for an optimum are:

I. ∂ΠF (·)
∂Kt

!
= 0 ⇒ AFK(·) = rt

II. ∂ΠF (·)
∂Nt

!
= 0 ⇒ AFN(·) = wt

3.4 Competitive Equilibrium

• Every market participant is a price-taker.

• Households maximise utility and firms maximise profit. ⇒ The decision of
households and firms are consistent with each other, therefore all markets are
clear.

The system can be reduced to a system of 3T+ 2 nonlinear equations and 3T+ 2
unknowns (endogenous variables):

ul(Ct, lt)

uC(Ct, lt)
= AtFN(Kt, h− lt)

uC(Ct, lt)

βuC(Ct+1, lt+1)
= 1− δ + AFK(Kt+1, h− lt+1)

Kt+1 = AF (Kt, h− lt)− Ct + (1− δ)Kt
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4 Ramsey-Cass-Koopmans Model

4.1 Assumptions

representative household

• The representative household grows at rate n ≥ 0:
Nt+1 = (1 + n)Nt, ∀t, N0 = 1

• Life-time utility function U
(
(ct)

∞
t=0

)
describes preferences over consumption ct:

U(·) = N0

∞∑
t=0

βt(1 + n)tu(ct) ct ≡
Ct

Nt

• T → ∞ can be justified since the representative household is a family, where
altruistic parents care about their offspring (dynasty).

• The instantenious utility function is isoelastic:

u(ct) =

 c1−σ
t −1

1−σ
σ ̸= 1

ln(ct) otherwise

• σ measures relative risk aversion: σ(c) ≡ −ucc×c
uc(c)

• Household’s initial capital endowment is K0 > 0.

• Net investment in the capital stock via savings, St = It:
Kt+1 −Kt = It − δKt, ∀t

• Flow budget constraint: Ct + It ≤ wtNt + rtKt, ∀t

representative firm

• At is interpreted as an exogenous labour-augmenting technology, g ≥ 0 being the
rate technological progress : At+1 = (1 + g)At, ∀t, A0 = 1

yt = F (kt, At) yt ≡ Yt/Nt

ỹt = F
(
k̃t, 1

)
= f

(
k̃t

)
ỹt ≡ Yt/(AtNt)

⇒ Fk(kt, At) = FK(Kt, AtNt) = fk̃

(
k̃t

)
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4.2 Representative Houshold: utility maximisation

max
(ct,it)

∞
t=0

N0

∞∑
t=0

βt(1 + n)tu(ct)

s.t. ct + it ≤ wt + rtkt

(1 + n)kt+1 = (1− δ)kt + it

⇒ L =
∞∑
t=0

βt(1 + n)tu(ct) + λt

(
wt + (1− δ + rt)kt − ct − (1 + n)kt+1

)
The relevant FCOs are:

I. ∂L(·)
∂ct

!
= 0 ⇒ βt(1 + n)tuC(Ct, lt) = λt, ∀t

II. ∂L(·)
∂kt+1

!
= 0 ⇒ (1− δ + rt+1)λt+1 = (1 + n)λt, ∀t ∈ [0, T − 1]

III. ∂L(·)
∂λt

!
= 0 ⇒ (1 + n)kt+1 = wt − ct + (1− δ + rt)kt, ∀t

Optimal behaviour requires the transversality condition to hold:

lim
T→∞

βT (1 + n)T+1λTkT+1 = 0

Solutions can be characterised by:

MRSct,ct+1 ≡
uc(ct)

βuc(ct+1)
= 1− δ + rt+1

kt+1(1 + n) = wt + (1− δ + rt)kt − ct

4.3 Representative Firm: profit maximisation

max
Nt,Kt

ΠF (Nt, Kt) = F (Kt, AtNt)− wtNt − rtKt

The FOCs for an optimum are:

I. ∂ΠF (·)
∂Kt

!
= 0 ⇒ FK(·) = rt

II. ∂ΠF (·)
∂Nt

!
= 0 ⇒ FN(·) = wt

4.4 Competitive Equilibrium

• Every market participant is a price-taker.

• Households maximise utility and firms maximise profit. ⇒ The decision of
households and firms are consistent with each other, therefore all markets are
clear.
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The system can be reduced to:

uc(ct)

βuc(ct+1)
= 1− δ + Fk(kt+1, At+1)

kt+1(1 + n) = F (kt, At) + (1− δ + rt)kt − ct

4.5 Steady State

4.6 Log-linearised Equilibrium Conditions

4.7 Equilibrium Dynamics
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