
VU Programm- und Systemverifikation
Solution: Hoare Logic

June 5, 2017

Task 1: The domain of all variables in the program are the natural numbers including 0.
The required invariant is a ≥ b.

{true}
{true} Ç

if (x > y) {
{x ≥ y} Æ

a = x;

{a ≥ y} Å

b = y;

{a ≥ b}
} else {
{y ≥ x} Ä

a = y;

{a ≥ x} Ã

b = x;

{a ≥ b}
}
{a ≥ b}
while ((a-b)>0) {
{a > b} Á

a = a-1;

{a ≥ b} À

}
{¬(a > b) ∧ (a ≥ b)} Â

{a = b} È

À loop invariant a ≥ b
Á assignment: {a−1≥b} a=a−1 {a≥b}

consequence: (a−1≥b)⇒(a>b) {a−1≥b} a=a−1 {a≥b}
{a>b} a=a−1 {a≥b}

Â loop: {(a>b)∧(a≥b)} a=a−1 {a≥b}
{a≥b} while (a>b) { a=a−1 } {a≥b}

Ã assignment: {a≥x} b=x {a≥b}

Ä assignment: {y≥x} a=y {a≥x}

Å assignment: {a≥y} b=y {a≥b}

Æ assignment: {x≥y} a=x {a≥x}

Ç apply composition to branches

consequence: (x>y)⇒(x≥y) {x≥y} a=x {a≥y}
{x>y} a=x {a≥y}

then conditional:
{(x>y)} a=x; b=y; {a≥b} {(y≥x)} a=y; b=x; {a≥b}
{true} if (x>y) {a=x; b=y;} else {a=y; b=x;}... {a≥b}

È Finally, (a ≤ b) ∧ (a ≥ b)⇒ (a = b)
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Task 2: The domain of all variables in the program are the integers, and N is a positive
constant. The required invariant is (x + y = N) ∧ (x ≥ 0).

{true}
{(N = N) ∧ (N ≥ 0)} Å

x := N;

{(x = N) ∧ (x ≥ 0)} Ä

y := 0;

{(x + y = N) ∧ (x ≥ 0)} Ã

while (x > 0) {
{(x + y = N) ∧ (x > 0)} Â

x = x - 1;

{(x + y + 1 = N) ∧ (x ≥ 0)} Á

y = y + 1;

{(x + y = N) ∧ (x ≥ 0)} À

}
{¬(x > 0) ∧ (x + y = N) ∧ (x ≥ 0)} Ã

{y = N} Æ

À loop invariant (x + y = N) ∧ (x ≥ 0)
Á assignment: {(x+y+1=N)∧(x≥0)} y=y+1 {(x+y=N)∧(x≥0)}

Â assignment: {(x+y=N)∧(x−1≥0)} x=x−1 {(x+y+1=N)∧(x≥0)}

apply composition, then

consequence: (x−1≥0)⇒(x>0) {(x+y=N)∧(x−1≥0} x=x−1; y=y+1 {(x+y=N)∧(x≥0)}
{(x+y=N)∧(x≥0)} x=x−1; y=y−1 {(x+y=N)∧(x≥0)}

Ã loop: {(x>0)∧(x+y=N)∧(x≥0)} x=x−1; y=y+1 {(x+y=N)∧(x≥0)}
{(x+y=N)∧(x≥0)} while (x>0) { x=x−1; y=y+1; } {¬(x>0)∧(x+y=N)∧(x≥0)}

Ä assignment: {(x=N)∧(x≥0)} y=0 {(x+y=N)∧(x≥0)}

Å assignment: {(N=N)∧(N≥0)} x=N {(x=N)∧(x≥0)}

The precondition is true since we assumed that N ≥ 0.
Æ Finally, (x ≤ 0) ∧ (x ≥ 0) ∧ (x + y = N)⇒ (y = N) (consequence)
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