


Sequent Calculus
Definition : Validity of Sequents
A sequent F

, ...,
Fut G, ...,

hm is valid

iff F1
, . . .,
Fu FGy, ..., 4m ,

that is every model

satisfying all of F1
, ....

Fu satisfies at least one

ofGr, . . .,
Um

Practically this means in an arbitrary interpretation
either one of F1

, ....
Fu evaluates to false or

one of ha
, ...,

hm evaluates to true.

Definition : Soundness of rules

A rule is sound iff whenever all premises are
valid

,
then so is its conclusion.

TFA ... TnF An

implies[Itn implies

T'EA'
Definition : Invertibility
A rule is invertible iff whenever its conclusion is

valid
,
then so are all its premises.

TFA n ... TnF An

implies[ttDn implies

T'EA'



Model Theory

Definition : Equality and Congruence Axioms

1)(x(x x)
2) Vxy(x y - y rx)
3) Vxyz(xyxyzz = x z)
4) for each n-any function symbols f :

Vxy (y 5 -> f(x) - f(j)) with X = X1 ...Xn , Y =

x ...Yn

5) for each n-any predicate symbol P :

Vxy(y 5 -> (P(z) ->P(j)))

Proposition :

Let i be a formula with equality :

"P sat in model with equality
is equivalent to

"PX(1)x(z)x(3)n(s)x(5) sort"



Model Theory

Definition : ForcingIn elements in the domain

:= Ex ...Exiwi

(1, 3) = -* iff /Daln

Definition : Forcing in Elements

=
+

: = 11)
IDal < n +1 i . e. IDAl = n

Lorollary : Infinite Satisfiability

VxP(x
, f(x))xVy -P(y, y)xVvvw((P(u , v)nP(v,

w)) -> P(r
,
u))

is satisfiable only in Models with infinite domain



ModelTheory

Definition : Isomorphic interpretations
Let 2 be a FO-language and (1, 3) .

(A
, 31)

be two -structures. They are isomorphic
if there exists bijective : Da Da s .t.
: for n-any function symbols f :

g(27(b, , . . ., bn)) = f1'(g(b) , . .

., g(bn)
·) for

n-any predicate symbols P :

P1(b
, ...,bn) P1(g(b), ..., g(bn)

Lemma : Isomorphism Lemma

18 A and A in the same language 2 are isomorphic ,

then for any WFF P :

AFP iff AFP



Intuitionistic Logic

Definition : Relation Properties
A relation R is called :

·) reflexive : Vx[xRX]

· transitive : Ex
, 7,

2 [(xRy n yRz) -> (x R2)]
:) serial : xFy [xRy]

·) evalidean : VX
, y ,

2 [(xRy x xRz) -> yRz]

Definition : Kripke Model for Intuitionistic Logis
A Kripke Model M = (W, R , V) is called intritionistic if
· R is transitive and reflexive

: for every propositional variable p it holds that :

weV(p) and wRv implies veV(p)
this is called monotonicity

Semantically ,
formulas of intuitionistic logic are evaluated

at worlds of intuitionistic Kripke models as in the usual

semantics for modal logics, except :
·) M

, w It A- B <= if wRv and M
,
vIA then M,

v It B

this reads as : for all veW ,
wRv :

M
,vItA implies M.

rItB

·) M , w It -A=> M
,
wIt- A- 1

this can be read as : for all veW
, wRv : M, n A

·)M,
wIX I

no world satisfies falsum



Modal Logic
Definition : Normal Modal Logic
Is a set of modal formulas s.

t
.
it contains

·) all propositional tautologies
·) all instances of Kripke schema : 1 (A +B)-> (IA-EB)

and is closed under

· Modus Ponens : At B A

B

·) Necessitation : F

Corollary : Even though validity of F implies validity ofF
the formula F- IF is not valid

Take the following Model :

F

7

F
3

7 F

~
F



Modal Logic

Definition : Common Modal Axiom Schemas

Name Axiom Frame Condition

K : /A -> B) -> (IA-> IB) holds in all Frames

T: A->A reflexive : wRw

Q : DIA -E A dense : wRu = Ju(wRuxvRu)

4:A- DJA transitive : wRv x vRu =wRU

D : Il A ->A or XT-TIL serial : VW ]v (wRu)

B : A -> [IXA or YI -> A symmetric : wRU = vRw

5:A-IYH euclidean : wRU 1 wRv = vRv

GL : FIIIA -> A) -> IA R transitive
,
R well-founded

Grz : I (l(A -> (A) ->A) -> A R refl.+ trans
,
R--Id of

H : I (lA ->B)vI(B ->A) wRu xwRv = uRv v vRu

M : EXA -> XI A

6 : XIA -> [IXA convergent : wRv 1 wRv =>Ex(uRxx vRx]

- : A - IA discrete : wRv== v

- : <A -> I A partial function : wRuxwRu == -

-:A II A function : Vu7 !v : wRu

- : IA or II empty : FuVuz(wRu)



Modal Logis
Definition : Common Modal Systems



Lambda Calculus

Definition : Numerals Definition : Successor

0 : = 18X .
X SUCC := Anfx . f (n fx)

1 : = 1fX . fX
Definition : Addition

2 : = 18x
. f (f x)

3 : = 1fx
. f(f(fx)) PLUS : = Amnfx . m (n f x)

:
= Amu

. m SUCC n

n : = 18x .L Definition : Multiplication
MULT : = 1mnf . m (nf)

=

Amn
. m (PLUS n) O

Definition : Predecessor Definition : Exponentiation
Defined by two equations : POW : = Abn

. n b

PREDO = 0 and PRED (SOCCn) =
n

=
Abn

. n (MULT b) 1

Let >M
,
NJ : = PAIR:A2

. z MN and

No : = Axy .
xy= xxy .y be projections

and h : = < p.

PAIR (my p) (SUCC (i- p))

then PRED := In
. To (n h /PAIR O OS

Definition : Boolean values Definition : Pairs

TRUE := exy. X PAIR : = Axyf . 8 x y
FALSE := AXy. Y FIRST : = Ap .p(axy.

x)

Definition : Boolean Operators SECOND : = A p. p(1xy.Y)
or : = 1 pq .PPq Definition : Linked List
AND : = Xpq . p qP NIL : = 18 . TRUE
NOT := 1 p . p FALSE TRUE the rest is just PAIRX(PAIRy(PAIR ... ))
ITE : = Apab . p a b NULL : = Ap. p (2xy .

FALSE)

Definition : Is Zero
cherks if p is empty list

IS ZERO : = In
.
n(IX

.

FALSE) TRUE Definition : Fixed Points

Definition : Less than Equal Y : = 1g . (2x . g(xx))(1x -g(xx)
LEQ : = 1nm

.
ISZERO (SUBmn) 0 : = (axy,y(xxy))(xxy,y(xXy))



Primitive Recursive Functions

Definition : Basic Functions Definition : Primitive recursion

zero" : IN" -> IN
,

Given g
: /N"-> IN and h : /Nk+2

->N

* - D
i

. e. g(xn, ...,
XK) and h(y, z ,

x1, . . ., Xn]

S : IN -> IN
then the primitive recursion operator p is

X- X +1 defined as :

proj?: IN"-> IN p(g ,
h) : = 2 : /Nk+ 1

-> IN

X # Xi with
- are all prim. rea

f(y , Xx,
. . ., xx) = g(x,..., Xk) if y

= 0

Definition : Composition Ihly, fly', X, . . ., Xn)
,

X
, ..

.,Xk)K
Let h : INm-> IN

, g
: /N - IN

if y
= S(y)then hog : IN"-> IN with

Definition :
for some y'EIN

ho(g, ..., gm) : =

Primitive recursive functionsn(gc(x,, . . .,Xx), ...,gm(x1, ..., Xx)) are closed under p and o

Definition : Addition Definition : Multiplication
0+
y

=
7 Mul = p (zero ,

Add o (proje , proj)
s(x) +

y
= s(x+y)

so for p(g ,
h) Definition : Predecessor

PRED := p(zero ,
proj)

g
: = proj Add(0, y) =

y

h: = Soprojec Add(S(x), y) = S(Hdd(x
, y)) Definition :Is zero

ISZERO : = p(so zero, zero2)
Definition : TruncatedSubtraction Definition : less or equal
Runs over second argument so LEQ : = ISZERO SUB

use auxiliary RSUB with x
, y flipped : Definition : greater or equal

RSUB : = p(proj ?, PRED oproj3) GEQ := LEQo(proje
, proj3)

Definition : If
than SUB := RSUB o(proj

, proj) ITE : = p (proje , proj)
Definition : Mecursion& partial Definition : And

,
Or

,
Not

, equal
g(x) = my(f(x ,y) = 0) = min

y
s .
t: AND := ITE o(proje

, proje ,
zero?

OR : = ITE o(proj
,

so zero
, proje)

& (x, y) = 0 and (f(x,2)t and f(x,2) = 0 Vz <y) NOT := ITE o(proj
, zero2

,
so zero2)

↑ otherwise EQ : = AND o(LEQ
, GEQ)




