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Semantics
Structural Induction

Well Formed Formulas WFF v : WFF — {0,1} is an interpretation if:
> L:v(L)=0
> —P:v(~P) =1iff v(P) =0
Formally, > PAQ:v(PAQ)=min{v(P),v(Q)} '
- > PV Q:v(PvQ)=max{v(P),v(Q)} Proposition
Defmmo.nv PTQlPAQIPVQ Let A be a property. If
Is the minimal set X s.t. 00 0 0 » Aholds for L, A,B,...
> LAB,...cX 01| o 1 > For all WFF P If A(P) then A(-P)
> It P e Xthen (-P) € X 1]0] © 1 » For all WFFs P, Q If A(P) and A(Q), then A(P « Q), where
> If P,Qe X then (P Q) € X, where x € {A,V,—} 1)1 1 1 *€{A,V,—}
>P=2Q: v(P—Q)=0iftv(P)=1and v(Q)=0 then A holds for all WFFs.
Priority to avoid parenthesis: = > A > Vv > — PlQP=Q Proof: Let Y = {P € WFF | A(P)}. Y satisfies the properties of
ojoy 1 the definition of WFF. Hence WFF C Y, hence A holds for all
Definition: Subformula of a WFF Qis Q and every WFF P 01 1 WFFs.
which appears in Q. 1 ? (1)
Definition. If v(P) = 1 we say that P is satisfied by v, or that v
is a model for P.
Semantics Formalizing arguments
Formalizing arguments I
> Pis satisfiable if it has at least a model. P is unsatisfiable
otherwise. Semantical Consequence
> A set of WFF I is satisfiable it there is at least a model Let I' be a set of WFF and Q be a formula. Qs a (semantical) Theorem I |= Qiff U {~Q} is unsatisfiable.
which satisfies all its formulas consequence of I iff for each interpretation v Proof
((forall P e T,v(P) =1) = v(Q)=1) (denoted by I' = Q). I = Qiff, for every interpretation v,

» Pis atautology (or valid) if every interpretation v is a (4P, € T V() = 1) = V(Q) = 1). L. for every v either hers
€T, v(P) = =1). lLe.

model for P (denoted by = P). » central notion: an argument is true if the conclusion is true / b that v(P) = 0 (Q) = 1 Theref ;
" — o _ whenever the premises are true (independently on whether exists a P; € ' such that v(P;) = 0 or v(Q) = 1. Therefore, for
> Pand Q are equivalent (P = Q) if v(P) = v(Q) for all v. the premises are actually always true) every v there exist at least one formula F € ' U {-Q} for which
v(F)=0.

Theorem
P is a tautology iff =P is unsatisfiable.



