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Exercises on Semantics of Programming Languages

Solutions are to be handed in at the lecture on May 26th. Please hand the
exercises to the secretaries on the 3. floor, Stiege 3 during office hours.

Exercise 1 Compilation of Boolean Expressions (5 Points)

Define the compilation of the Boolean expressions from the While language into the
instructions of the Abstract Machine defined in the lecture. Formulate and prove the
correctness of your translation.

Exercise 2 Functionals (5 Points)

(a) Determine the functional F associated with the statement

while ¬(x = 0) do x ∶= x − 1

using the denotational semantics as defined on the lecture slides.

(b) Consider the following partial functions of States → 2States :

h1(s) = ∅ for all s

h2(s) = {
{s[x↦ 0]} if ⟦x⟧s ≥ 0
∅ if ⟦x⟧s < 0

h3(s) = {
{s[x↦ 0]} if ⟦x⟧s ≥ 0
{s} if ⟦x⟧s < 0

h4(s) = {s[x↦ 0]} for all s

h5(s) = {s} for all s

Determine which of these functions are fixed points of F and which function is the
least fixed point, if any.

(c) Extend WHILE with the construct repeat C until B and specify the denota-
tional semantics for it. The semantics for the repeat-construct is not allowed to
rely on the existence of a while-construct.

Exercise 3 Equivalence Proofs with Denotational Semantics (5 Points)

Prove the following equivalences:

(a) ⟦(C1;C2);C3⟧ = ⟦C1; (C2;C3)⟧

(b) ⟦if B then (C1;C3) else (C2;C3)⟧ = ⟦if B then C1elseC2;C3⟧

(c) ⟦repeatCuntilB⟧ = ⟦C;if ¬B then repeat C until B else skip⟧

Consider proofs for the above semantic equivalences in the small-step semantics, what
do you find more convenient?



Exercise 4 Denotational Semantics for Procedures (5 Points)

We extend the While language from the lecture with top-level procedure declaration. We
add the command C ∈ Com ∶∶= . . . ∣ call p. A program is a set of procedure declarations:
proc p1 C1end

⋮

proc pn Cnend

The procedure bodies C1, . . . ,Cn may contain calls call pi for 1 ≤ i ≤ n; in this way
procedures are potentially mutually recursive. Define denotational semantics for the
While language with top-level procedure declarations, i.e., state how to derive functions
⟦pi⟧ ∶ State → State for all 1 ≤ i ≤ n.


