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31) Find an Eulerian graph with an even/odd number of vertices and an even/odd number of
edges or prove that there is no such graph (for each of the four cases).

& — 0O—0
AN [ NS N/
o —0 o — 0 / \ /\
0dd [ 0dd ever [evan ©—9° °L°
d [even
evan [odd

32) Let (G, denote the n-dimensional hypercube. Show that (,, is Hamiltonian if n > 2.

Proof beyy  Inkeo duckion :

449 140
6 ——©
BO\SO Case : nN=12 \ Q
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Vx e {0,436-4 ]e €E : (Ox,h1x) copy of hypocvle
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33) Prove that a graph G is bipartite if and only if each cycle in G has even length.

= Lel G be o bipeckile doph  wikh an odd cycle
< Va = Vg = vy v, = kis odd

Po delinitien of o bipurkile Graph, the vulices  con be
potioned soch that Fv eV, i k) €E  helds cnd 4he gome

or V, ond Y,uoVp=V (ne edges belweern aAcdes in

ond lhe same (oc Vo, oaly odges 5. Vxgy:Guy €E = xe\,, yey

Se i V4 € VY e Only v; Witk j20dd in ¢ can be in \,.
howevy thol means thal v, would be ia V., by ocscomphion.
Por Jdeliailion of B-‘parldw 9terphs , thee
Uxy : o) €E = xe\y,yel  oual hold |

&= Packi bion  as follows :
(.GL va Ge ia V.‘
and V> $x| XV A shockest puth {0 v, s e\w\3

and V> I x| XEV AN shoctest pubh  {o vy 15 odd 3

Prook vol Lhwewe 1y Nne wvelx in V4 Cont\chCJ o o
Vobex ta V,:

AssUme & cyde c:v, =2 v; =DV} b v,  such thal

Vi3 € Va vV ViV 6V,

cese v;‘vo-e\l.‘
Then lhe lenglw ol Uk V iy @va  oand  Since  we oxre

u(\J:cce\-QJ , Mo \0\%‘-‘; ol Vi V. s \e lM%“A Ceomn

Vi b VS W i 1S e, ‘05 CO(\S‘fch\'Of\ Ot. U4
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60 len (vab=1 vi)+ (an(vit=av,) iy v~ bul  wilw
he edge (ViV;) so (en (c)=len (vab= vi)+ (an (vjt=d vy )01
Which musl Fhew be odd. Conteadiclion since no c%c(e
& eaé

ase V| v;&\V,
leal W v;) . edd  len (V=) . odd

so la( Vb v;) ¥ lon (Vi V,) v open
bob wiltwh ere (Vi,\l;)

(nlcyzlaal Vb= v;) + 1+ lan Ly v,) o odd

34) For which m and n is the complete bipartite graph K,, , an Eulerian graph?

MN Cre N

=3 %mp"\ is eularian 1(:‘, ecach uvelex has evn chfee

s cach vubw in ona parkition muslt be conneded o all
veskees ia el W“kon bul nel o aay of lhe sume
erhibon. Se 60%«0 can 00ly be ewsn L Have are
0o euin Avmby Of aodey in twe olhe pokibion

?Peocl siamilnr to* Ul ex3  (parhcioning of cycles)
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35) Let G be an Eulerian graph and H be a subdivision of G. Is H Eulerian? Suppose that G is
Hamiltonian. Does this imply that H is Hamiltonian as well?

Beo: velices in H are <ithey verlicey of G or aew oned
sifce ae%ru ol volices in (o} Jdo nol clmm%t . J—"\«Q reovoy A
wilh | e~ degree, Now voulica, ore alwoys oadded o\bﬂs
an edge, Hhos Maewy always “Nave degree b,

Co all vukictn \ave avan JQ%MQ" Eule {out Oti'sl.sz

Mo’ counle acomple

36) For which m and n does the complete bipartite graph K, ,, have a Hamiltonian cycle?
Fece Mman 322 0—e ~2 aog cycle

=> Assome ‘LM'\ is hamilleniq n and mé¥n  end V,vV, =V

S.L VsV, orve twe bwo porkions,

=2 twe cycle Wag le cllunale balween valkicas of V, and U,
I mya (then MHawe i35 o veolex | such thal thve is
ne vulex in the ol parkhen winid e havy Aok yet
(eodied . Thus il sl coaneck lo o verlex in Llu goma

poctition . How eve, the qragh is biperkle ang thvefore adl
Possi e

(= DBosvere mr = A and X, 9 : Xa9=B A XYV of Uaa
e bhwwe s o puia X0—" 40 = x1 =3Y1... => XM = Yym

olreq %«afk i COMP(.L. . JeecE: e- ( gm,x0)
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37)

a) Prove that every simple, connected and planar graph with at least 3 vertices satisfies a; (G) <
3ap(G) — 6. Show that this implies that K35 is not planar.

b) Prove the following statement or find a counter-example: For all n,m, f withn—m+ f =2
and for which there exists a simple graph with ag = n, a; = m there exists also a simple
planar graph with ayg = n, ay = m and ag = f.

a)
eae‘\ co\eg ko-; c;‘- (&5‘ 3 QJ%Q

evvy odae  acconty for hwo Laces
3o, & 2 oy
Op = Xq40l, 282 =5 Xy = 2-Kgt X,
= 3 (2-ctpixn,) ¢ 2-0,

6- 3o+ 301, % 2.0, l_ .o, |. -1

3%-6 B “1

Ky o =5

“-1 340

= J3:-8§-6 =210

9 =10

k)

Kt is o counlyaxomple
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38) Let G and H be conected graphs with no vertices in commen and = € V(G), y € V(H).
Define the graph K = (V,E) by V=V(G)UV(H) and F = E(G) U E(H) U {zy}.

a) Prove the following statement or find a counter-example! If G and H are Eulerian, then K
has an Eulerian trail, but is not Eulerian itself.

b) Prove the following statement or find a counter-example! If K has an Eulerian trail, then G
and H are Eulerian.

c¢) Choose a concrete example with ag(G) = ag(H) =7 and a1 (G) = oy (H) = 21 and find an
Eulerian trail for K, using your proof of a) or b).

<)
s} %MP»\ 15 Eoulovian i”. all vezlicas have an v
degree, Peool work similos to VE1 Ex3:

Pool i
P.’W\i‘ac;u\\a= ed node> do not Vave evan Jegeee:

=> Circle Qxisls mack cgele PJa-lo

= L G is qulcion  oad W s evlarimn, dhen
G ond UL have wolicas wilh ouan degrea
Ly oddicg on edgye balwen § ond U,
X€G oand e W Vowe odd degeee =3 neol avloriin

=2 kol is Poasible | siace

/ ’/

L‘;ﬂ " s"‘f.- ‘

v\ leur hefe V
Possildh e oo evlw tout poss ibla

lo AW beqp\u‘ rmolhe lovr lMwre =3 JW\C

ey volue © dhe glork verles ol an euler tour
4 such o VYeur exislg
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b) covaler exom Pl :

O — 0O O =0

) Y
x J

B'K nol avlation boul lail

¢) Choose a concrete example with a(G) = ag(H) =7 and o (G) = ay(H) = 21 and find an

Eulerian trail for K. usine vour nroof of a) or b).

WYN volex hos eden deqree in G end U
=5 ore wlacion,

=> p pool of o = { evlaran kail

=3 starl in x, choose ixidel edage € G ek it and
ge lo accou'it\s ne{g‘\ bouc.
do e seme uing wilh Lhe acighbour
valil qou ceacth o vulben Med hag ae
vimaclied incidal odyes, This is I,
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39) Prove that a connected planar graph always has a vertex v with d(v) < 5.
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40) Let G be a connected planar graph. Suppose that every vertex has the same degree d and
that boundary of every face is a cycle of length /.

a) Prove that 2a1(G) = £ - as(G).
b) Find an equation relating ag(G), o1 (G) and d and prove it.

c) Use Euler’s polyhedron formula and what you proved so far to show that ¢ > 6 implies
d=ws(G) =2.

a)

(- oty (: X, boundacies aad evey
o(o > J
velex hos d boundary edqes
{com M:M&«g Alse evey eJaQ 18 ch\dou'% bo
(emman ¢ ‘o Go.u; .
2. oa
oAy =
o /0\ (+eea 3.2a2¢
\ =2
= (-at z _ 2-x, o/:,w,;:?,;\j,,,, ‘\o =3 2 = 3 = do
o d
(a, = 2-¢,
b)
20,4
2o, = Xy ‘J -> Olo > T Crom \,\.\AJ;I,QL.‘% lemmo
v

all \Wawe same chn-c L> So 'l‘ ij- does nol ‘\O‘J,
lhe hand shabking [(emma
does ael hold Y
) |
(COM BG(B(Q 1 o(o =

y

q’.‘

ciD &P
R
-

Proof by cenbiadickion :

Assume , thee 18 some (26 suech thal dw2
oad oy - X, + x, =2 heldg

Since (26 and Jdcdl makes no sense (no (oeps possibld
d23 must held

Assomphon :

cKhq - dq + 2-'“4 -2

LTS
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