
1 Why do we need multivariate statistics? 
Multivariate statistical analysis is referring to the analysis of observations 
which have been observed simultaneously on several variables. This is in 
contrast to univariate statistical analysis, where we only have observations of 
a single variable, and we analyze the statistical behavior of these univariate 
data. In order to analyze multivariate data, we need appropriate tools, called 
multivariate statistical methods. Multivariate statistics is thus the extension 
of univariate statistics to more than one dimension 
 

2 What is the Spectral Decomposition Theorem? 

 
3 What is the density of the multivariate normal distribution? 

 

 
4 Name distances for clustering, methods, and their respective objective 

functions/criteria. 



 
Hierarchical Clustering Methods:  

 



 
5 Partitioning Methods 

 



 
6 Explain model-based clustering and difficulties that could occur. 

 



 

 
7 Explain fuzzy clustering, what is the objective function? 

Partitioning methods are sometimes called hard clustering methods, since 
they assign an observation to a cluster or not (1 or 0). In contrast, fuzzy 
clustering methods.  

 



8 How can we evaluate clustering solutions -- Hetero/Homogeneity, 
Calinski-Harabasz, Hartigan, silhouette width, Gap statistic (principles)? 

 



 
Gap Statistic: 

 



9 What is the least squares estimator? 

 

 
10 How does multivariate linear regression work, what is the objective 

function, solution and appropriate inference (estimation of covariance of 
errors). Basic model selection? 



 



 
11 What are problems with non-robustness? How is it connected to the 

(empirical) influence function, maxbias curve, breakdown point and 
efficiency? 
The goal of robust statistics is to have less dependency on strict model 
assumptions. One still works with models and assumptions, but certain 
deviations and violations are tolerated. 
robust methods focus on fitting only the majority of the data, where the 
requirements need to be fulfilled, but allow for deviations from the minority. 
Further, covariance estimation is so crucial in multivariate statistics, so that 
various methods can be robustified just by plugging in a robust covariance 
estimate. 
Good robust estimators downweight outliers during the estimation, but then 
provide (robust) diagnostics in order to reveal those observations. 
Which properties should a robust estimator have? It should be resistant to a 
sizeable proportion of outliers or deviation from assumptions. It should also 
still yield reasonable results if these ideal assumptions are valid. In general, 



we are interested in the influence function, the maxbias curve and 
breakdown point, and in the statistical efficiency. 
 
Influence function: 
One of the basic ideas of robustness is that a limited amount of 
contamination should only have a small effect on the estimator. This can be 
simply empirically checked by varying single data points and looking at the 
effect on the estimator. We are interested in the effect of one observation 
when it is varied along the indicated vertical line. For each position of the 
data point, we are interested in the change of the slope parameter. 
The result is known as the empirical influence function (EIF). Ideally the EIF 
should be smooth: it should not show local spikes or should not be a step 
function:  

 
 
Maxbias Curve: 
What one expects is that a robust estimator can withstand a certain fraction 
of contamination. The mathematical tool to examine to which extent an 
estimator is distorted with respect to the fraction of contamination in the 
data is the maxbias curve. The maxbias curve measures the bias an estimator 
has with respect to the percentage of the worst possible type of 
contamination: 

 
 



Breakdown point:  

 

 
Statistical efficiency: 
The goal is to design robust estimators which are also efficient under 
normality, but at the same time achieve high (or at least positive) breakdown 
point and reasonable behavior of the influence function. 

12 What are M-estimators? What are the M-estimating equations? Why is it a 
weighted least squares estimator? 

 



 

 

 



 
 

13 What are S-estimators? What is the MM-estimator and the properties 
inherited from S- and M-estimators? 

 



 
14 Define affine equivariance. 

 
The property of affine equivariance is only valid for nonsingular 
transformation matrices. Note that the coordinate-wise median as a robust 
location estimator is not affine equivariant. Also a robust covariance estimate 
based on pairwise robust covariances would not be affine equivariant. 

15 What is the Minimum Covariance Determinant estimator? How does in 
work (in concept)? What properties does it have (related to tuning 
parameter h)? 
An estimator of multivariate location and covariance which is affine 
equivariant and has high breakdown point is the Minimum Covariance 



Determinant (MCD) estimator. The idea behind this estimator is in fact related 
to the LTS estimator. Here, one is searching for those h data points for which 
the determinant of the empirical covariance matrix is minimal. The location 
estimator t is the mean of these h observations, and the covariance estimator 
C is given by the covariance matrix with the smallest determinant, but 
multiplied by a constant to obtain consistency for normal distribution. The 
parameter h determines the robustness but also the efficiency of the 
resulting estimator. The highest possible breakdown point can be achieved if 
h ≈ n/2 is taken, but this choice leads to a low efficiency. On the other hand, 
for higher values of h the efficiency increases but the breakdown point 
decreases. Therefore, a compromise between efficiency and robustness is 
considered in practice. The data coming from the outlier distribution are 
inflating the tolerance ellipse based on the classical estimators while that 
based on the MCD is much more compact and reflects the structure of the 
majority of data.  
 

 
16 What are problems in classic regression diagnostics (hat matrix)? What 

are robust regression diagnostics? 



 
If there is an exact fit, one can assume that this was caused by a leverage 
point, because an extremely strong influence was caused to the own 
estimation. In general, one needs to be careful if there are large values of hii. 
As a rule of thumb one could define the threshold hii > 2 · p+1 n for the 
identification of leverage points. 

 

 



 



 

 
 



 
17 How does robust multivariate regression work? (estimate covariance 

matrix with M-estimator of scale) 

 
 

18 Principal Component Analysis - how to select the vectors for the 
transformation, Lagrange problem definition. 
Aim is to describe complex relationships in given data in a simpler form. The 
data are represented by linear combinations of specific components in a way 
to preserve as much information as possible. Thus, the dimensionality is 
reduced to the number of those components. 

 



 

 



 
19 What is the expectation of the Principal Components? 



 

 
The contribution of the variables to the PCs are the loadings. 
The empirical variances of the PCs are equal to the eigenvalues. 

20 Why is PCA sensitive to scale? What happens if we center-scale the data? 



 

 
21 What are some rules for the number of principal components to select? 

(for hypothesis tests: only concept, not formulas) 
The answer might depend on the purpose, what the user wants to do with the 
PCs. If it is for visual inspection of the data, it might be sufficient to look at 
those PCs which are covering the most important data information. One 
could also argue, that part of the information just consists of noise, and this 
should be contained in the last few PCs, which are not interesting for the 
inspection.  

 
There exist several other tests, such as a test of the hypothesis that the 
explained variance of the first k PCs exceeds a certain threshold, such as 80 
% or  90 %.  
A further frequently applied criterion is to exclude those PCs which have a 
variance (eigenvalue) lower than the average. If the data are standardized, the 
sum of the eigenvalues is p, and thus the average is 1. 



 
22 What is singular value decomposition, how is it defined, and how is it 

related to PCA? What are the scores in terms of SVD? When would we 
prefer SVD to spectral decomposition of the covariance (correlation) 
matrix? 

 



 

 
23 How can we define the PCA problem in terms of reconstruction error 

(Frobenius norm)? 

 



24 What are Biplots? What is the rank-2 approximation? Define the G/H 
matrix. What are the properties of the biplot? (inner row product of G and 
H approximates elements of the X-matrix, etc.) 
Biplots have been introduced in Gabriel (1971) to display both variable and 
object information jointly in one plot – usually in 2 dimensions. The “bi” does 
not refer to the “2 dimensions” but to the joint presentation of variables and 
observations. Here we will introduce biplots to represent loadings and scores 
from a PCA.  

 



 

  
25 Which diagnostics do we have for PCA (formal definition of orthogonal, 

score distance)? 
Two distance measures have been introduced: the score distance (SD) and 
the orthogonal distance (OD). 



 

 

 



26 What is the factor analysis model (formal definition, assumptions)? What 
is the difference to PCA? 
In factor analysis we assume that what we observe is basically the result of 
underlying quantities which are not directly observable. These quantities are 
called latent variables, and they cannot be measured. The “factors” in factor 
analysis aim at isolating such latent variables, explaining the relationships in 
the data. 
Note that factor analysis is basically similar to PCA, since we also aim for a 
dimension reduction. However, we would like to have interpretable factors 
(the components in PCA are not necessarily interpretable), and we also have 
a statistical model (PCs were only defined by a linear transformation). 

27 Explain the decomposition of the correlation matrix in factor analysis. 

 

 



 
28 What are the uniquenesses and communalities, how are they defined, 

what is their meaning and how are they related? 

 
 

29 What is the maximum number of factors we can include in the factor 
model, and why? 

 



30 How can we estimate the communalities and loadings (PFA)? 

 

 



 
31 How can we interpret factors? Give an overview of factor rotation criteria. 

A rotation of the factors will change the loadings, and thus also the 
interpretation. The goal is to rotate in such a way that the resulting pattern of 
the loadings matrix is “simple” and thus interpretable. “Simple” basically 
means that the loadings matrix contains essentially small (absolute) values, 
and few values close to −1 or 1. If there is a large (absolute) value, then we 
know that the corresponding variable has a strong contribution on this factor, 
while others with loadings close to zero do not have a contribution. Many 
loadings close to zero would simplify the interpretation of a factor.  
From the rotated factors we get strong contributions from some variables and 
weak contributions from others. The rotated factors would thus have a much 
clearer interpretation.  



 

 

 



 

 
32 How are factor scores estimated (Bartlett and Regression method). Name 

the models, formulas and solutions for the factor scores estimates. 

 

 



 

 
33 What is the problem setting in multiple correlation analysis? What is the 

objective function to minimize? 
In statistical data analysis, one is often interested in determining 
relationships and dependencies of features. If one also wants to measure the 
existence and the strength of dependencies, correlation analysis can be 
used. The correlation measures the linear relationship between features. 



 
 

34 What is the linear prediction function in multiple correlation analysis? 
Describe the structure of the proof. 



 

 
35 Name a hypothesis test for the multiple correlation coefficient. 

 



 
36 What is the problem setting in canonical correlation, what is the 

maximization problem? 
In canonical correlation analysis we are interested in the linear dependence 
between two groups of variables. As it turns out, this dependence can no 
longer be expressed by a single correlation coefficient, but results in a 
subspace that describes the linear dependence between the groups. 

 
37 How do we get the linear combinations for canonical correlation? Why is 

a matrix product and Eigenvector/Eigenvalue problem involved? 



 

 
The canonical correlation coefficients are invariant to linear transformations, 
which will be shown below. 

38 What happens if there is the same variable in X and Y in canonical 
correlation? 
If the same variable is included in both sets XXX and YYY, the first canonical 
correlation will likely be close to 1, as that variable will have a perfect 
correlation with itself. This redundancy can lead to overestimation of the 
strength of the relationship between the two variable sets. It is typically 
advisable to remove duplicate variables to avoid misleading results in 
canonical correlation analysis. 



 
39 What are some hypothesis tests in canonical correlation analysis? 

(WS20: focus on permutation test) 

 
A permutation test is carried out, which does not rely on a distributional 
assumption. The idea is to permute the observations of one data set, by 
keeping the other data set unpermuted. Then the canonical correlations are 
estimated, and this is done many times. Finally, a p-value is determined as 
the fraction of bootstrap correlation results exceeding the canonical 
correlation of the unpermuted data. 

40 What is the goal of discriminant analysis? What is the expected cost of 
misclassification, what is involved? How can the ECM be minimized, and 
how do we arrive at those rules? 
It is a multivariate method that deals on the one hand with the classification 
of different object groups and on the other hand with the assignment of new 



objects to previously determined groups. In the former case, the attempt is 
made to capture the differences of the objects which are known to originate 
from two or more populations, either graphically or algebraically. One is thus 
looking for a discriminant function that allows the best possible separation. 
In the second case, one would like to divide the objects into two or more 
groups. The goal is then to classify new objects by means of defined rules. 
The above cases are often directly related, because a function that separates 
objects can also be used to classify new objects or vice versa. 
 
 
The objects are classified on the basis of measurements of p underlying 
random variables X = (X1, . . . , Xp) ⊤. Assuming that there are two groups, the 
objects to be measured are then divided into the classes π1 and π2 
respectively. Let the sum of the values of the first class be the population of 
the x-values of π1, and that of the second class the population of the x-values 
of π2. The two populations are then described by the probability distributions 
f1(x) and f2(x). 
 
Let Ω be the entire sampling space, i.e. the space containing all observations 
x. Each object x must come from either population π1 or π2. Furthermore, let 
R1 be the space of observations x to which we assign the objects of π1, and 
R2 the space to which the remaining objects of π2 are assigned. Ω is the 
union of R1 and R2. It may happen in the case of group assignment that 
objects which actually belong to population π1 are falsely classified as π2. If 
the probability functions f1(x) and f2(x) are known, this probability of incorrect 
assignment can be calculated as a conditional probability P(2|1) by:  



 

 

 



 

 
41 Two-group case: What is linear discriminant analysis, what are the 

assumptions? How to arrive at the rule for classification? Why is it called 
linear discriminant analysis, and how do we estimate the involved 
components? 
The rule in case of p-dimensional features reduces the decision to a 1-
dimensional variable y, which results from the corresponding linear 
combinations of the observations of π1 and π2. 

42 Two-group case: Explain the downprojection in LDA (graphic would 
probably help), if the priors and costs are equal. 



 

 



 
 

43 Two-group case: Why is QDA called "quadratic"? 

 



 

 
44 Two-group case: What is the Fischer criterion to maximize? What is the 

solution for the projection vector? What is the relation to LDA? 



 

 

 



 
45 Extend the ECM to the multi-group case. What is the resulting decision 

rule if costs are equal? What are the discriminant functions? 
Deviations from the normal distribution of the groups or different covariances 
could strongly distort the good theoretical properties. 

 



 

 



 

 
 



 
 

46 What is the idea to extend the two-group Fischer criterion to the multi-
group case? 

 



47 How to arrive at the Fischer multi-group solution (variation within and 
between groups)? 

 

 

 



 


