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Rule-based systems and �rst-order logic

Block 1.

• Idea of a rule-based system (RBS).

Answer:

1. Represent the domain knowledge by rules (e.g., when is a movement dangerous,
critical, etc.),

2. Represent the case knowledge by �data items�,

3. Use an inference procedure to control the rule applications.

Sth. like: production memory (rules) 99K inference engine (pattern matcher) to agenda
L99 working memory (facts)

• Name the parts of a RBS.

Answer:

1. A collection of facts (short term knowledge of the KB, often case-speci�c) in the
working memory (simplest case: fact database and con�ict set); assert, retract,
modify.

2. A collection of rules (i.e., one or more rule bases) (long term knowledge of the
KB, often domain-speci�c)

3. An inference engine (procedure) or semantic reasoner, which infers information or
takes action based on the interaction of input and the rule base. (Matches facts
in the WM against rules (= productions); determines the applicable relevant
knowledge in the given situation; con�ict resolution)

4. A user interface or other connection to the outside world through which input
and output signals are received and sent.

Knowledge representation and reasoning are separated. Two principle tasks: (1) Derive
new facts (2) Determine whether a speci�c fact can be derived with the given rules
and already known facts.

• Why do we use RBS?

Answer: Conditions in programming languages usually if-then-else statements. Have
to be (deeply) nested to check composed conditions, therefore hard to implement cor-
rectly, hard to read, and even harder to maintain.
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Rules, in contrast, implement �local� conditions, are therefore easier to understand
because they are not nested.

• What is the general structure of a rule?

Answer:

(defrule <rule-name> [<comment>]

[<declaration>] ;; Rule properties

<conditional-element>* ;; Left-hand side (LHS)

==>

<action>* ;; Right-hand side (RHS)

)

The symbol ==> separates the LHS from the RHS. A rule is applicable if all conditions
in the LHS are satis�ed. The RHS consists of actions i.e., small program fragments or
function calls.

• Draw the RAC.

Answer: WM  determine possible rules  (agenda evaluation) select rule to �re:
(a) [if rule found] �re rule  WM or (b) [else] exit.

• Matching/RETE: Why? How? What nodes does the RETE network consist of?

Answer: Why: Matches all facts in the WM against all rules. Matching is computa-
tionally expensive. Typically, 90% of the runtime of a RBS is for matching.

How: (1) Reduce the numbers of conditions to check (do only once) (2) Don't start
from scratch with each matching operation (store partial matches and reuse them).

RETE: (if) changes (occur) to WM  index data structure (update)  change the
CS.

RETE-Network: (a) root node (unique entry point into the graph) (b) type nodes (to
check the type of a WM entry) (c) α-nodes (to perform the intra-element tests) (d)
β-nodes/join nodes (to perform the inter-element tests) (e) end nodes (connect the
graph to the CS).

• What is a rule instance? What is a token?

Answer: Rule instance: Consists of a reference to a rule and list of references to
objects (l-th element) in WM satisfying the positive conditions (l-th) (no reference for
the negative conditions). Each reference is a witness that corresponding condition is
true (there is an object in the WM which satis�es the condition).

Token: either + (add) or − (retract). Describe changes to the WM; used to report
WM changes to the index.
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• What is forward chaining? What are examples of forward resp. backwards chaining
systems?

Answer: Forward: e.g. RETE - Start with facts, determine applicable rules, i.e., check
whether the condition of a rule is satis�ed, and apply an applicable rule. Backwards:
e.g. Prolog - Look for rules which right hand side match the goal. Decompose the goal
by taking the rules conditions as subgoals. Solve all the smaller goals recursively.

• Can we emulate forward chaining with backward chaining systems?

Answer: Yes, implementations vary but in general not too di�cult.

• What is a Σ-structure in FOL, what does it contain and what is its syntax?

Answer: Σ = (Func, Pred), where constants c ∈ Func, c/0, |Σ| ≤ ℵ0, and Σ also
called �non-logical symbols�. Terms: x's, c's and f(t1, . . . , tn)'s, f/n and n > 0, ti
term. Atoms: P (t1, . . . , tn)'s, P/n and n > 0, ti terms. WFF: atom's, >,⊥, connec-
tives, ∀xϕ, ∃xϕ.

• What are the semantics of FOL (formal de�nition)?

Answer: Interpretation: Σ-structure M = 〈U , I, α〉, U 6= ∅ (quantors), α var. assign-
ment, I(c) ∈ U , I(f) : Un → U , I(p) ⊆ Un.

Evaluation: Given term t. M(x) = α(x) for x ∈ V ar, M(c) = I(c) for constants c,
M(f(t1, . . . , tn)) = I(f)(M(t1), . . . ,M(tn)).

Evaluation: Given WFF ϕ. M(P (t1, . . . , tn)) = 1 i� I(P )(M(t1), . . . ,M(tn)) ⊆ I(P ),
connectives as usual, M(∀xϕ) = minc∈U{J (ϕ)|J = 〈U , I, α′ ∪ {x ← c}},M(∃xϕ) =
maxc∈U{J (ϕ)|J = 〈U , I, α′ ∪ {x← c}} (α′ restriction of α to free var.)

As usual: M |= ϕ i� M(ϕ) = 1 (= M is a model of ϕ = ϕ is sat), ϕ ≡ ψ i�
Mod(ϕ) = Mod(ψ).

• Give a formal de�nition of entailment in FOL.

Answer: ϕ1, . . . ϕn |= ψ i� Mod(ϕ) ⊆Mod(ψ) i� whenever M is a models of the lhs.
then M is a model of the rhs. and ϕ |= ψ i� |= ϕ→ ψ.

• Is there another way to interpret a FOL formula?

Answer: Herbrand basis/-universe.
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• What is a restricted domain? How can we restrict the domain in FOL?

Answer: When function-symbols are available, then restricting to �nite domains
would be too restrictive in general. Therefore one often restricts the set of all models
to Herbrand models. Herbrand models have as the underlying domain exactly the
term-algebra generated by the underlying language.

• Explain TC1 with its rules.

Answer: TC1 is a semi-decision procedure (construction always terminates [closed
T ] for unsat ϕ; termination for sat ψ not guaranteed). If ψ sat, T terminates and
procedure yields a model I of ψ. Important: If ϕ ≡ ψ, then Φ(ϕ) ≡ Ψ(ψ).

Explanation: Input nnf(ϕ) (¬ only in front of atoms, ∧, ∨ connectives) Decompose
formulas into immediate subformulas; results in a decomposition tree. Exhaustively
look at all possibilities of decomposition and look for clashes on the branches of the
trees; if clash on a branch then branch θ is unsat; if all θ have a clash then input
formula is unsat, else: decomposition stops and there is some branch without a clash
 branch provides a model.

Remark. If we want to know whether ϕ is valid apply T to nnf(¬ϕ). If T is closed,
then ϕ is valid.

• For formulas ϕ and ψ explain in detail how TC1 can be used to check (1) validity of ϕ
and (2) entailment ϕ |= ψ.

Answer: (1) ϕ is valid i� ¬ϕ is unsat. Construct a tableau T and check if T is closed.
(2) φ |= ψ i� |= φ→ ψ i� φ ∧ ¬ψ is unsat. Continue as in (1).

Description logic(s) and truth-maintance systems

Block 2.

• What is an ontology?

Answer: Conceptualization of a domain, which (a) separates the conceptual level from
the actual data (b) provides a common view of possibly heterogeneous data sources
(c) can be shared by di�erent task-speci�c applications. (semantic web: intended to
provide automated agents a shared understanding of web resources).

• Why/when do we use DLs?

Answer: Prominent languages for writing ontologies. Fragments of CL (FOL: function-
free and guarded quanti�cation � much related to modal logics) with a special syn-
tax(thus they are unambiguous), tailored for convenient representation of structured
knowledge. They provide a unifying approach to (1) semantic networks, (2) frame-
based formalisms and systems, (3) object-oriented representations (like UML dia-
grams), (4) semantic data models, (5) ontology languages.

Properties: decidable, syntax specially well-suited for describing structured knowledge
(no explicit variables, representation at the predicate level), may provide abbrev for
common KR constructs cumbersome to write in FOL.
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Hierarchy: DLs are a hierarchy of decidable logics with increasing expressive power
and computational complexity (trade-o� between expressive power and computational
complexity).

• What is the syntax of DL? (Vocabulary, Constructors) What kind of formulas can we
express in DL?

Answer:

1. Vocabulary: concept names (unary predicate) [female, hero], role names (binary
predicate) [likes, hasChild], and individuals (constants) [zeus, hero].

2. Set of concepts/role constructors: build more complex concepts and roles from
the basic names

3. Rules: for writing Knowledge Bases (KBs) K = (T ,A), where

Abox: list of facts that are known to be true (part. descr. of the world); con-
cept/role membership assertions.

T box: Set of terminological axioms that state how concept or roles are related
to each other; GCIs C v D and de�nitions A ≡ B. (descr. constraints on every
object; can imply the existence of more objects)

• Semantics of ALC.
Answer:

1. Vocabulary: NC , NR, NI (countable)

2. Concepts: A ∈ NC , >,⊥, if C,D then ¬C and C tD and C uD, and if D ∈ NR

then ∀R.D and ∃R.D.

3. ALC KB K = (T ,A): Abox (C(a), R(a, b)) and T box (C v D).

Semantics: I = (∆I , ·I), where ∆I 6= ∅ and A ∈ NC : A
I ⊆ ∆I , R ∈ NR: R

I ⊆
∆I ×∆I and c ∈ NI : c

I ∈ ∆I .

Moreover1, >I = ∆I , ⊥I = ∅, C to ∆I\CI , C t D resp. C u D to CI ∪ DI resp.
CI ∩DI and ∀R.C to {d1|∀d2 ∈ ∆I : (RI(d1, d2)→ d2 ∈ CI)} and ∃R.C to {d1|∀d2 ∈
∆I : (RI(d1, d2) ∧ d2 ∈ CI)}
Moreover2, I satis�es (GCI) C v D if CI v DI , I satis�es T box if I satis�es all GCIs
(in T ),
I satis�es C(a) if aI ∈ CI ; satis�es R(a, b) if (aI , bI) ∈ RI , I satis�es Abox if I
satis�es all membership assertions,

I satis�es K = (T ,A) if I satis�es T box and Abox.
Moreover3, concept C is satis�able if ∃I s.t. CI 6= ∅ (equivalently, 6|= C v ⊥) and
|= C v D (subsumption: CI ⊆ DI) i� C ∧ ¬D unsat, and K = (T ,A) sat if K 6|= ⊥.
(we write T |= . . . or K |= . . . if we consider the above w.r.t to T or K resp.).
Furthermore, K |= C(a) and K |= R(a, b) if a or (a, b) is an instance of C or R resp.

Remark. T 6|= C v ⊥ i� (T , ∅) 6|= C v ⊥ and T 6|= C v D i� (T , ∅) 6|= C v D (T
reduced to KB reasoning), and (T ,A) 6|= C v ⊥ i� (T ,A ∪ {C(a)}) 6|= ⊥ (a /∈A).
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• Other interpretations of ALC.
Answer: (a) FOL: For any concept C in ALC introduce ϕx(C) s.t.: ϕx(A) := A(x)
(A ∈ NC), ϕx(¬A) := ¬ϕx(A), ϕx(A u B) := ϕx(A) ∧ ϕx(B), ϕx(A t B) := ϕx(A) ∨
ϕx(B), ϕx(∀R.A) := ∀y.R(x, y)→ ϕy(A) and ϕx(∃R.A) := ∀y.R(x, y) ∧ ϕy(A). Note,
that A and ϕx(A) have the same extension in every I.
T box: T equiv. to T #, where T # =

∧
CvD ∀x.ϕx(C)→ ϕx(D).

Abox: A equiv. to A#, where A# =
∧

A(a)∈AA(a) ∧
∧

R(a,b)∈AR(a, b).

Then it holds that: I |= K i� I |= T #∧A# (meaning: K DL-sat i� T #∧A# FOL-sat)

(b) Modal: Every concept C in ALC corresponds to multi-modal K; concepts C to
variables, role names R to accessibility relations, ∀R.C to �RC, ∃R.C to �RC (PSpace-
completion).

• Describe the tableaux method for concept satis�ability.

Answer: For a concept C0 (negated normal form; CI ≡ nnf(CI)) build a graph
representation (tree) of a model I for C0:

- Start with graph G0 = ({n0}, ∅,L), where L = {C0} (labeling function).

- Apply tableaux rules to infer Gi+1 = (V,E,L) from Gi, where L ⊆ sub(C0) (for
v ∈ V ) and L(v, v′) ∈ roles (for (v, v′) ∈ E). Each rule may add a new node
(concept) or add labels to existing nodes. (non-deterministic)

- At any moment, the algorithm stores a set G of labeled graphs G; intuitively:
each new graph makes some constraint resulting from K explicit that was still
implicit in the previous step.

 A complete (no more rules applicable) and clash-free (not C ∈ L(v) and ¬C ∈
L(v)) G represents a model I of C0.

Model IG: I = (∆I , ·I) is an interpretation for G = (V,E,L), where ∆I = V , and for
concepts A, AI = {v|A ∈ L(v)} and roles R, RI = {(v, w)|R = L(v, w)}.

• What (reasoning) problem is essential to ALC? Describe the extend tableau method
(concepts) for KB satis�ability

Answer: Premier reasoning problem in ALC is KB-sat, i.e. deciding whether a given
KB K has a model. Special case: K = {C0(a)}.
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Method: Like before, with some changes � G0 represents ABox, elements of E are sets
of roles, Gi can be a forest (before: tree). For K = (A, T ):

- Start with graph G0 = ({n0}, ∅,L), where L = {â, . . . ân} (for each individual in

A) with label L(â) = {A|A(a) ∈ A}, and (â, b̂) ∈ E i� R(a, b) ∈ A (labeling
function).

- Apply adapted tableaux rules

- rest as before.

Model IG: I = (∆I , ·I) is an interpretation for G = (V,E,L), where ∆I = V −
{v|v not blocked}, individuals aI = â, and for concepts A, AI = {v|A ∈ L(v)} and
roles R, RI = {(v, w)|R = L(v, w)} ∪ {(v, w′)|R = L(v, w), w′ blocks w}.

• Consider the ALC tableau algorithm for KB-sat. Explain (1) why blocking is required
and (2) the concept of cycle-detection in the context of blocking.

Answer: (1) Problem with the T -rule: what happens, e.g. if C v ∃R.C is in T ?  
The naive extension of the algorithm does not terminate! Idea: to regain termination,
avoid generating new successors for nodes that look exactly like some ancestor (2)
(cycle-detection) (blocked nodes may create cycles) [reuse a blocking node v′ for a
blocked on v]

Def.: For completion graph G = (V,E,L), v′ reachable from v; v′ directly blocked by
v if L(v) = L(v′) and there is no directly blocked v′′ s.t. v′ is reachable from v′′; v′ is
blocked if it is directly blocked or reachable from a directly blocked node.

• Describe the ALC type-elemination method for T Box-sat.
Answer: Let CT = uCvDnnf(¬C tD). A T -type is a set τ ⊆ sub(T ) that satis�es
(a) C ∈ τ i� nnf(¬C) /∈ τ , (b) if C u (t)D then C ∈ τ or (and) D ∈ τ , (c) CT ∈ τ .
Method: A type is a local snapshot of model, for one element. Models of T are
composed of types, one for each element in the universe, that match. To decide the
existence of a model: 1. generate all types, 2. eliminate those which can not occur in
the models of T , 3. if the remaining set is not empty, algorithm answer �sat�, else
�unsat�.
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• Complexity of ALC, complexity of Tableau for ALC compared to the Type elimination
algorithm

Answer: Time complexity of ALC-KB-Sat: [note, branches may have exponential
depth (in�nite � cycle-detection!; cycles in T box axioms causing high complexity); for-
rest double exponentially large](non deterministic) 2NExpTime, (tree-blocking) NEx-
pTime. Moreover, deciding satis�ability for ALC-KBs is ExpTime-complete (i.e. is
ExpTime-hard and runs in ExpTime), whereas time complexity of ALC-KB-Sat with
type elimination: 2O(|sub(T )|), (sub(T in linear time).

• Comparison and complexity of di�erent kinds of DLs.

Answer:

• Even though the type elimination algorithm has better theoretical complexity, why is
the tableau better in practice?

Answer: Drawback of the type elimination algorithm: one needs to enumerate all
types, this requires exponential time and space, just for the base case, while the tableau
algorithm performs better on simple instances.

• What is the property of monotonicity (w.r.t. to logic formulae)?

Answer: For sets of formulas Γ,∆: (a) If Γ ` ϕ, then Γ ∪∆ ` A. (b) If Γ ⊆ ∆, then
Cn(Γ) ⊆ Cn(∆), where Cn(Γ) = {ϕ|Γ ` ϕ}.

• Outline the idea of truth-maintance systems. Which one do you know?

Answer: Roots: Reasoning under uncertainty (symbol: �) often violates the property
of monotonicity. TMS historically earlier than ASP. Aim: 1. Manage dependencies
between propositions, 2. Maintain consistency (as far as possible), 3. Model state
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transitions. Related objects are belief revision, database maintance an abduction (some
sort of inverse MP). TMS in two �avors: Justi�cation-based TMS and Assumption-
based TMS.

• What are the key concepts of JTMS?

Answer: General idea: Abstract and non-monotonic rule application. Doesn't use a
logic-based formalism, but works with the notions �in� and �out�. De�nition of admis-
sible models in terms of properties (a) supportedness (acceptance of a statement must
have a reason), and (b) closure (consequences from dependencies must be respected).

Basic elements ("syntax"): Truth-maintance network T = (N,J ), where N is a set
of nodes (elementary propositions; not logical ones), J a set of justi�cations (rules)
J = 〈I|O → n〉 with n ∈ N , I, O ⊆ N ; read as: �If all nodes contained in the set
I (input) are accepted and no node contained in the set O (output) is accepted, then
infer n (consequence)�; If I = {n1, . . . , np}, O = {m1, . . . ,mq}, J can be represented
as:

Remark. O = then J monotonic classical rule and non-monotonic else, I = O = then
J is a fact. Moreover, N⊥ is a set of contradictory nodes.

Semantics: (a) A model M of T is a set of nodes (M ⊆ N) s.t. the nodes in M are
referred to as �in�, the nodes in N\M as �out�, where M must comply with Js: J is
valid in M if I ⊆M , I ∩O = ∅; (trivially valid: 〈∅|∅ → n〉).

1. A model M of T is closed if for all J (J valid in M) n ∈M .

2. A model M of T is founded if there exists an ordering n1 < . . . nk of M =
{n1, . . . , nk} s.t. each nj ∈M has a valid 〈I|O → nj〉 inM with I ∈ {n1, . . . , nj−1}
(supporting Js for nj)

3. A model M of T is consistent if M ∩N⊥ = ∅.

(b) A model M of T is admissible if 1., 2. and 3. hold (for M). (Admissible) model
maintance: Input: T , admissible model MT and fresh J0. Output: Admissible model
M ′ of T ′ = (N,J ∪ {J0}).
(c) We write A �J b (b non-monotonic inferred from A w.r.t. J ) for b ∈

⋂
adJ (A), if

the set of all admissible models of a set A of facts (= adJ (A)) is nonempty and b ∈ A,
else. [M admissible for A w.r.t. J if A ⊆M , M closed, M founded in A.

Properties of �J : cut (A �J n,A ∪ {n} �J m, then A �J m), cumulativity (Given
A �J n: A ∪ {n} �J m i� A �J m).
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• How does (the) JTMS(-algorithm) work?

Answer: 1. Add J0 to J . 2. Revisit status of n0 if n0 �in� or J0 not valid for M or
n0 not supporting any n ∈ M halt, else do n0 status: �unknown�. 3. if n0 (fv) then
n0 �in�, else n0 �out�.

Remark. The JTMS-algorithm may (1.) not terminate (incomplete), (2.) output a
model M that is not admissible. JTMS (model-decidability) is NP-complete.

• Describe the relation of JTMS to ASP.

Answer: 1. Nodes in a JTMS refer to atoms (facts, elementary propositions) in
normal logic program, 2. Justi�cations J refer to rules rJ with pos(r) = I, neg(r) = O
and head {n}; That is: J = 〈{A1, . . . , An}|{B1, . . . , Bm} → H〉 translated to τ(J) :=
H ← A1, . . . , An, notB1, . . . , notBm.

Theorem (Elkan). Let T be a JTMS, N⊥ = ∅. Then S ⊆ N is an admissible model
for T i� S is a stable model of PT = {τ(J)|J ∈ J }.

• Describe the (alternative to JTMS) ATMS?

Answer: General idea / key concepts ("syntax"): A = (N,J ), where J ∼ n1, . . . , nk →
n (semantically: n1∧ . . .∧nk ⇒ n). An assumption is an atom A that makes a node n
true: A → n. An evironment is a set of assumptions. The context of an environment
is the set of nodes that can be derived from it and the justi�cations (in a monotonic
manner). An evironment is a nogood (yeah boy), if falsum (⊥) can be derived from it
and the justi�cations.

Representation: n = 〈P,J ,L〉, where P is a set of (negated) atoms assoc. with n and
label L, the set of all subset-minimal and consistent environments that contain n in
their context.

Method: 1. De�ne environment E(= set of assumptions), 2. infer the context C(E) (=
the conclusions): (i) �nd nodes ni s.t. E

′ ⊇ E for E ′ ∈ \〉 and (ii) C(E) :=
⋃

ni
{ni},

3. �nogood-test�: keep set MNG of all minimal nogoods

• Compare JTMS and ATMS.

Answer: ATMS may store exponentially many environments  space issue; Transi-
tion of a model (= environment) easy in ATMS, complex in JTMS; Adding assumptions
is complex in ATMS, less problematic in JTMS; ATMS eliminates inconsistencies in
advance; JTMS: representation and handling of non-monotonic relations possible (com-
plicated with ATMS).

• Compare some logical systems (a) syntactically and (b) w.r.t. to some important prop-
erties.

Answer:
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(a)

(b)

Answer-set programming and probabilistic reasoning

Block 3.

• What is the idea behind ASP?

Answer: Roots: How to model an agent's belief sets, commonsense reasoning, defea-
sible inferences, preferences and priorities.

Method: logic-based formalism (e.g. Prolog �algorithm = logic + control�). To this
end, declarative programming (�logic programming = truth + beauty�) � order of
program rules and subgoals in a rule do not matter; termination is not subject to such
an order.  ASP (also: A-Prolog), developed in analogy to default (non-monotonic)
default logic.

Basic idea: Semantics of programs adhere to the multiple preferred models approach,
i.e. selection of the collection of all classical models and (selected models are called
stable models or answer sets). Models, not proofs, represent solutions (in need of
techniques to compute models).

Approach: Given search problem Π and an instance I, reduce it to the problem of
computing intended models of a logic program P :

1. Encode (Π, I) as a logic program P such that the solutions of Π for the instance
I are represented by the intended models of P .

2. Compute one intended model M of P .

3. Reconstruct a solution for I from M .

Desiderata: Expressive power, ease of modeling (intuitive semantics, concise encodings,
modular programming), performance (speed)
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• Explain the di�erence between queries and inferences w.r.t. an ASP P, by de�ning
those two notions.

Answer: E.g. in Prolog: Solutions are obtained via queries (goals) that are posed to
the program, where proofs provide answers (query processing is top-down from query
to facts).

Query: a statement starting with a predicate and followed by its arguments, some of
which are variables (:- R(x, y, Bepi)). The purpose of submitting a query is to
�nd values to substitute into the variables in the query such that the query is satis�ed.
Similar to asking �what values will make my statement true�. Issuing the query starts
the inference process.

Inference: Prolog tries to satisfy the current goal by matching it with a fact or the
head of a rule (via uni�cation). If a fact is found, it becomes the solution. If a rule is
found which head uni�es with the goal, its body becomes the new goal.

• What do we mean by NAF or CWA?

Answer: In CLP, the closed-world assumption (CWA) expresses that the failure to
prove an atomic proposition A means that the negation of A is asserted (reasonable
under the proviso that the knowledge is complete � assumed in CLP); negation as
failure (NAF) is of the form: �if (not p), then (assert ¬p)�
Note, that (not p) is true if p cannot be proven and false if p can be proven. We call
�not� negation as failure and we call ¬ (strong) logical negation.

• De�ne the syntax of classical logic programs (CLP).

Answer: Basic elements are clauses : Horn clause are clauses with at most one positive
literal; de�nite clauses are Horn clauses with exactly one positive literal:

H ∨ ¬B1 ∨ . . . ∨Bn ∼ H ← B1, . . . Bn (= rule)

where lhs ← is referred to as head and the rhs ← is called body (of the rule). H ← is
a fact. A CLP is a set of rules.

• Name some possible approaches for the semantics of classical logic programs (CLP).

Answer: Di�erent, equivalent approaches: model theoretically (least Herbrand model),
proof theoretically ((SLD-)resolution), algebraically (�xed-point semantics of a map-
ping over models).

• Explain the Herbrand semantics.

Answer: Let P be a (classical) logic programming and ΣP be its signature. The
Herbrand universe is the set of all ground terms over Σ. The Herbrand basis H(P) of
P the set of all ground atoms over Σ.

Semantics: An Herbrand interpretation M ⊆ H(P) of P is a Herbrand model

1. of a ground rule A← B1, . . . , Bn if {B1, . . . , Bn} ⊆M ⇒ A ∈M ,
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2. of a rule r ∈ P if M is a Herbrand model of all ground instances of r over the
Herbrand universe of P ,

3. of P if M is a Herbrand model of all r ∈ P .

Theorem (Intersection). M(P) (the set of all Herbrand models of P) is closed under
intersection. Thus, there exists a least Herbrand model LM(P) =

⋂
N∈M(P) N .

 The least Herbrand model of logic program P is the set of all ground logical conse-
quences of the program: M(P) = {A ∈ H(P)|P |= A}. That is,M(P) is the unique
set of total knowledge speci�ed by the program.

• Explain the �xed-point semantics.

Answer: Given a classical logic program P , the direct-consequence operator TP over
the Herbrand base H(P) (for any Herbrand model M) is

TP(M) = {A|∃H ← B1, . . . , Bn ∈ P ∃σ : A = σ(H) and {σ(B1), . . . , σ(Bn)} ⊆M},

where σ is a substitution.

Remark. TP is monotonic (if M1 ⊆ M2, then TP(M1) ⊆ TP(M2)) and continuous (if
Mi ⊆Mi+1 for any i, then TP(

⋃
i≥1Mi) =

⋃
i≥1 TP(Mi).

Theorem (Kleene). For TP ↑ 0 := ∅, TP ↑ (k+ 1) := TP(TP ↑ k); TP ↑ ∞ =
⋃

k∈N(TP ↑
k) is a �xed point of TP (w.r.t. to ⊆).
 The least Herbrand model of TP ↑ ∞ = P = lfp(P) = LM(P) =

⋂
N∈M(P) N .

• De�ne the syntax of extended logic programs (ELP).

Answer: Background: A model represents one of possibly several alternatives repre-
senting a totality of knowledge induced by the program (corresponding to a solution
of a given problem). That is, existence of several, one or no model.

 Extended syntax: An ELP P is a set of rules of form

r : : A← B1, . . . Bn, not C1, . . . , not Cm

where each letter is a literal (atoms or strongly negated atoms), and not is unary opera-
tor (= default negation). Moreover: head(r) = A, body+(r) = {B1, . . . Bn}, body−(r) =
{C1, . . . , not Cm}; r is a fact if body+(r) = body−(r) = ∅. A normal logic programm
(NLP) is an ELP in which no strong negation occurs.

• What can you say about the epistemic background of logic programs?

Answer: Logic program P is a representation of the knowledge of a rational agent. A
models M of P is a state of knowledge of a rational agent based on facts which can be
derived from the rules of P , where (¬)A ∈ M means �the agent knows that A is true
(false)� and A /∈M means �the agent does not know A explicitly ( notA is true).

If the agent considers the body of a rule in P as being true, he must also be prepared
to accept the head of the rule. Conversely, the agent should not believe something
which cannot be founded on the knowledge expressed by P .
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• Name some possible approaches for the semantics of ELPs.

Answer: (a) normal logic programs: sets of ground atoms  stable models.

(b) extended logic programs: sets of ground literals  answer sets.

• Explain the semantical approach via stable models.

Answer: Key concepts: Let P a NLP and S be an interpretation (state) (= is a
consistent set of ground literals, i.e. for any literal: {P (t1, . . . , tn),¬P (t1, . . . , tn)} /∈ S).
S is closed under P if for each rule r ∈ P if body+(r) ⊆ S, then head(r) ∈ S (i�
{A1, . . . , An} ⊆ S ⇒ A ∈ S).
Basic idea: Gelfond-Lifschitz Reduction  elimination of default negation: Given
(P , S) the reduct PS of P relative to S is

PS := {head(r)← body+(r)|r ∈ P , body−(r) ∩ S = ∅}

that is, 1. eliminate r whose bodies contain some notB with B ∈ S and 2. for all r,
eliminate the negative body literals.

Remark. PS is a LP without default negation that depends on S and contains all facts
and all rules of P without default negation.

Semantics:

1. P contains no default negation (then P is a CLP): The stable model of P is the
least Herbrand modelM(P .

2. P contains default negation: A set S of atoms is a stable model of P if S is a
stable model of PS.

For a stable model S of P (NLP) and a ground atom A: (a) A ∈ S: A is true in S and
(b) A /∈ S: A is false in S  ¬A is true in S. Thus, de�ne P |=stab F i� F is true in
all stable models of P .
Remark. P 6|=stab A (= A is not contained in all stable models of P) is not the same
as P |=stab ¬F Remark. P 6|=stab A (= A is contained in no stable model of P)

• What do we mean by �Three-valued answer behaviour of ground queries Q�?

Answer: �yes�, if P |=stab Q; �no�, if P |=stab ¬Q and �unknown�, else.

• What is a strati�ed program?

Answer: For P NLP de�ne the level mapping || · || : H(P)→ N. Then P is (locally)
strati�ed if there is || · || for P s.t. for each r in P :

1. ∀A ∈ body+(r) : ||A|| ≤ ||head(r)|| and
2. ∀B ∈ body−(r) : ||A|| < ||head(r)||

Theorem (Apt, Blair & Walker, 1988). A strati�ed NLP has precisely one stable model.
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• Explain the semantical approach via answer-sets.

Answer: Problem: Negation in NLP determined by CWA (negative information ex-
pressed only implicitly; no distinction between certain negative knowledge and uncer-
tain knowledge)

 Answer-set semantics: enables to distinguish between a query which fails because
it is not provable, and one which fails because its negation can be proved.

Semantics: Let P ELP, S interpretation (state).

1. P contains no default negation (then P is a CLP): S is answer set of P if it is a
minimal set closed under P .

2. P contains default negation: S is answer set of P if S is answer set of the reduct
PS.

For an answer-set S of P (NLP) and a ground literal A: (a) A ∈ S: A is true in S;
A ∈ S: A is false in S; (c) {A,A} /∈ S: unknown. Thus, de�ne P |=as F i� (literal) F is
true in all answer-sets of P . (analogously to |=stab, |=as three-valued answer behaviour)

Remark. For PS = P (ELP without default negation) there exists at most one answer-
set. Each answer set of an extended logic program P contains all its facts. Answer
sets of P can only contain literals which occur as head of some rule in P. Moreover, if
S0, S1 with S0 ⊆ S1 answer-sets of ELP P , then S0 = S1. (minimality of answer sets)

• What are constraints?

Answer: Constraints (e.g. the programm that consists of the single rule r : p← not p
which has no answer-set; rules with empty head) eliminate the stable models that
violate the constraint, that is, for any P with constraints and any constraint C, the
stable models of P ∪ C can be characterized as the stable models of P that satisfy C.

• De�ne the syntax and semantics of extended disjunctive logic programs (EDLP).

Answer: Syntax: An EDLP P is a �nite set of rules of form

r : : A1 ∨ . . . ∨ Ak ← B1, . . . Bn, not C1, . . . , not Cm

where each letter is a literal (atoms or strongly negated atoms), and not is unary
operator (= default negation).

Semantics: Answer-sets of EDLPs are de�ned similarly as for ELP. The di�erences are
1. S is closed under a program P without default negation if ∀r ∈ P : if body+(r) ⊆
S, then head(r) ∩ S 6= ∅, and 2. the condition �S is the least model of PS� is
replaced by �S is a minimal model of PS�. (PS may have multiple minimal models).
Properties of answer-sets in EDLP: (subset-)minimality, di�erent answer sets of an
EDLP are incompatible, EDLP may have no, one or several answer-sets (decidability
Σp

2-complete).

• What is a discrete probability space?
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Answer: A triplet 〈Ω,A, P 〉, where Ω is a countable set (sample space), A ⊂ 2Ω is
a σ-Algebra and P is a probability measure, i.e. P : A → [0, 1] s.t. P (Ω) = 1 and
P (

⋃
nAn) = ΣnP (An), Ai ∩ Aj = ∅ for i 6= j.

Important results: 1. P (A|C) = Σn
i=1P (A|Bi ∧C) ·P (Bi|C) (law of total probability),

2. P (A|B) = P (B|A)P (A)
P (B)

(Bayes rule)

• How does logic relate to probability theory?

Answer: For A ∈ Σ (�nite set of PL atoms) de�ne P (A) = P (ModΣ(A)). Moreover1r,
P (>) = 1, P (⊥) = 0 and for contradictory A,B we have P (A∧B) = 0, P (A∨B) = 1
(P (A) = Σω|=AP (ω)). Moreover2, V1, V2, V3 (disjoint) sets of atomic propositions with
P (c) > 0 for every complete conjunction c over V3: V1 and V2 conditionally independent
given V3 (V1 ⊥P V2|V3) i� P (a∧b|c) = P (a|b)·P (b|c) i� P (a|b∧c) = P (a|c), for complete
conjunction a, b, c over V1, V2, V3 resp.

Probabilistic Reasoning: di�cult and often fruitless. The central problem being what
is the in�uence of additional information? (if P (B|A) is known, what can be said
about P (B|A ∧ C)?

• What are probabilistic networks?

Answer: Quantitative probabilistic reasoning is combined with qualitative infor-
mation over structures (i.e., dependencies and independencies of variables)  via
G = (V, E), where V = {A1, . . . An} ⊆ Σ and E represent direct dependencies under
Ai. G comes in two �avors: 1. Undirected graphs (Markov nets) (A � B, A,B depend
on each other); 2. Directed graphs (Bayesian nets) (A → B, B directly dependent of
A).

Global Markov property: For sets V1, V2, V3 ⊆ V , V1, V2 separated from V3 (V1 ⊥G

V2|V3) if each path between a node in V1 and a node in V2 contains at least one node
from V3. Then V1 ⊥G V2|V3 ⇒ V1 ⊥P V2|V3 (that is: independence in G corresponds
to independence in P ).

• What are Bayesian networks?

Answer: B = 〈V, E , P 〉, where (V, E is a directed acyclic graph, P probability measure
over V , where each variable Ai is conditionally independent of each non-descendants
nd(Ai) given its parent nodes pa(Ai): Ai ⊥P nd(Ai)|pa(Ai), ∀i = 1, . . . , n.

Remark. Parent-child relations in Bayesian networks represent direct dependencies:
parent nodes are direct causes for child nodes. Bayesian networks considered as causal
networks or belief networks. A potential representation of a Bayesian network is
P (V ) = ΠAi∈V P (Ai|pa(Ai)).

Problems (of the Bayesian approach): Large data sets required in order to get reli-
able probabilities; conditional probabilities in general di�cult to determine; "learning"
Bayesian networks from data di�cult; no representation of non-knowledge; contradict-
ing information often not detected and propagated further.
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