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Preface 
A first step in data analysis should be an exploratory approach, in which one tries to identify 

structures in the data in a more informal way. This access is primarily supported by 

appropriate graphic processing of the data. Graphic methods have a long tradition in 

descriptive statistics. Histograms, for example, are among the oldest methods used in applied 

statistics. Which graphic methods are best suited for a particular analysis also depends on the 

data to be analyzed. The size of the sample and the dimensions of the data play a decisive 

role. 

The dimension of the data often causes problems. It is true that univariate methods can be 

applied to each individual variable and certain partial information can be obtained, but this 

loses connections that can only be obtained through a multivariate approach. While graphic 

methods for displaying one- and two-dimensional data are practically standard methods, 

graphic methods for multivariate data are methodologically much more complex. A deeper 

understanding of such methods is essential in order to understand and interpret the results. 

Statistical decisions are based on observations or are made on the basis of special conditions 

(randomness, independence, normal distribution, etc.). It is precisely these prerequisites under 

which, on the one hand, the classical methods work and, on the other hand, the mathematically 

simple handling is enabled. Slight deviations usually lead to false conclusions. In practice, 

however, these ideal conditions are rarely met. 

Another goal of data analysis is to find procedures that are resistant to such deviations. Small 

deviations from the model should therefore have only minor effects. There are now several 

methods of doing this. Some of these are covered in this lecture so that an overview of the 

most common methods is given. 

One of the pioneers of exploratory data analysis was John W. Tukey, who knew how to easily 

develop efficient representations and methods for analyzing statistical data. Although the 

computer was only used more intensively for data analysis after these developments, many of 

these methods are still very popular, e.g., box plots. The appropriate processing of data is very 

important: "It is important to understand what you can do before you learn to measure how 

well you seem to have done it." (Tukey, 1977) 

The vast amounts of data that emerge today have had a profound impact on the world of 

statistics. For many problems there is no closed mathematical solution, which is why 

numerical algorithms for finding solutions are becoming increasingly important. In general, 

the use of efficient algorithms has grown in importance, and computer science has therefore 

achieved the same importance for modern statistics as mathematics. Today, many so-called 

statisticians do the same work as computer scientists: they develop program systems for 

analyzing large amounts of data. There is an increasing need in business for such systems, and 

especially for people who can use them and understand the "art of data analysis". In an August 

6, 2009 article in the New York Times, Google's chief economist Hal Varian said, "I keep 

saying that the sexy job in the next 10 years will be statisticians. And I'm not kidding." Today 
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we know that the data scientist profession is in enormous demand and that many companies 

have difficulties in finding suitable people. 

This lecture also focuses on the practicability of the methods learned, and practicability 

naturally means the use of the computer. The statistical software used here is R, see 

http://www.R-project.org, because the vast majority of newly developed statistical methods 

are implemented in R today, and because R goes far beyond the limits of the statistical world 

has also become of central importance. Most of the graphics in the script were created with 

R. In the legend to the figures, the corresponding R commands are in blocked font. 
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Chapter 1  
 
Sample Design: From Problem to 
Statistical Solution  
 
1.1 Introduction  
 
“Gather all the information you can get - we'll think about what to do with it later.” 

This motto would not be useful for meaningful statistical statements because:  

• Collecting information can be costly and time consuming. Collecting a lot of 

information can become even more costly and time-consuming. 

• Already when collecting the information, one should have the problem and the 

possible statistical methodology in the back of the head (result-oriented 

collecting). 

• The same applies here: quality over quantity 

• That is exactly the aim of statistics, that one can make more general statements 

even with little information (prognosis). 

• Data must be comparable in order to be able to make a common analysis with it. 

In the course of time, the framework conditions could change, with which the 

information can no longer be compared. 

• Statistics has nothing to do with detective work, where one looks for any clues, 

but rather one would like to come to generally valid conclusions on the basis of 

representative observations. 
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1.2 Basic terms 
 
Population: The population is the total of all statistical units with matching identification 

criteria. Examples of statistical units are people, households, or events. Examples of 

populations are all persons who had their main residence in Austria on a reference date. 

Sample: A sample is a subset of a population in a statistical investigation. The sample 

should be compiled in such a way as to examine certain characteristics of the total 

population. If one is interested in the median household income in Austria, the sample will 

consist of a subset of all possible Austrian households. 

With the help of a sample, one would like to infer the population. This procedure is used 

because the population cannot usually be observed, or because it is too expensive or too 

time-consuming to “question” or measure all elements of the population. 

Sample design: The sample design describes the selection process, how (according to 

which scheme) the sample is taken from the population. The overriding principle is that the 

sample must be representative in order to be able to draw valid conclusions about the 

population. 

Representative sample: A representative sample should reflect the complexity and 

composition of the population. If one is interested in an estimate of the median household 

income, the sample must reflect the structure of the population based on certain 

characteristics (age, gender, citizenship, income component, etc.). Figure 1.2 shows this 

schematically with mosaic plots (the number of observations in each category is 

proportional to the area shown): The structure of the population (left) and that of the sample 

(right) agree very well. 

Random or quota sample: These are two strategies (sample designs) to obtain a 

sample. In the case of the random sample, the observations are selected purely at random; 

A certain scheme is used for the quota sample in order to have certain target groups 

represented in the sample. The selection according to Figure 1.2 can only have been a quota 

sample, because with a purely random selection the various categories will not correspond 

so precisely to the ratio of the population. Within a quota sample, however, the observations 

(corresponding to the quotas) are again selected at random. 

 

1.3 Planning of statistical data collection 
 
First, the problem and objective must be defined. To answer the research 

questions, the following must be decided: 

 how the population is defined, 
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 which statistical units should be used for measurement, 

 which variables are collected, 

 how the information is measured (number, index), 

 about the type and scope (mostly synonymous with costs) of the survey. 

Example: An online trading company wants to improve the advertising effectiveness of its 

products. The population consists of all computers (IP addresses) from which your products have 

ever been accessed. The statistical units that are used for measurement could be all accesses from 

IP addresses that took place in a certain time interval on selected products. The variables to be 

measured for these products could be the number of sales per time interval and the number of 

accesses to the products per time interval. If personal data on the IP addresses are known, further 

variables can be gender, age, residential district, etc. As values for the variables, one receives 

directly numerical data or categories, numbers and key figures for gender, age and residential 

district, which can be processed directly. The type of survey is internet-based (and not surveys), 

and the scope is determined by the time interval chosen and the products selected. 

 

1.4 Statistical data collection 
 
There are three types: 

Primary statistical survey: We collect the data ourselves. This can be done through 

surveys,  

through our own observation and measurement, or through our own recording. All 

points mentioned earlier must be observed here, from correct planning to the 

selection of a representative sample. In the case of surveys in particular, important 

things must be observed, such as ensuring anonymity (otherwise distortion 

possible) or avoiding interference by the interviewer. 

Secondary statistical survey: We use existing databases, e.g. databases from Statistics 

Austria  
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or EuroStat, databases from banks, insurance companies, companies, etc. 

Disadvantages of such databases are that they do not have to be in the exact context 

of the research question, that they can be out of date, or that they have poor data 

quality. 

 

Tertiary statistical survey: We use existing aggregated data. For example, company 

sales are  

usually not available as individual data, but only in an aggregated (summarized) form, 

whereby the aggregation can be done e.g. according to spatial aspects or according to 

industries.  

 

 

1.5 Statistical data processing 
 
After the data are available, there is usually still a long way to go before the data analysis, 

because the data must first be prepared for a meaningful analysis. Possible problems 

include: 

Coding: There is only coded data, but no numerical values that can be compared. A 

conversion into  

numerical values is not always possible or useful; you would then have to work with 

“factor variables”. 

Data cleansing: The data can contain nonsensical values and must therefore be checked 

for  

plausibility and corrected if necessary. Data can contain outliers that can either be 

corrected or the influence of which is reduced with suitable robust statistical methods. 

Missing values are problematic for many statistical calculations. If it is not possible 

to complete these values (also using statistical methods), appropriate methods must 

be used that can deal with missing. Transformations of data (variables) might be 

necessary before statistical analysis. 

 

1.6 Statistical data analysis 
 
It makes sense to do this with suitable statistical software. If you want a very extensive 

software that is available free of charge, you will choose R (http://cran.r-project.org). Other 

commercial products are e.g. SAS, Statistica, SPSS, Stata, Eviews, Minitab. 

The statistical analysis is not done just with the installation of suitable software. Even the 

ability to “press the appropriate buttons” does not necessarily mean that the analysis is 

meaningful and expedient. A deeper understanding of the methods to be used is essential! 
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1.7 Interpretation of the results 
 
Interpretation also requires a deeper understanding of the 

statistical method that led to this result. In particular, the validity 

of the results must be coordinated with the requirements and 

limitations of the statistical methods. Rigorous interpretations 

should always be made by experts who are also familiar with the 

subject matter of the problem. The interpretation should of course 

be made with regard to the original question. Today, statistics 

often fall into disrepute because results are specifically steered in 

a direction that best corresponds to the desired interpretation. This 

approach is unscientific and devoid of any objectivity. A (self-) 

critical attitude cannot harm the interpretation. 
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Chapter 2 
 

Representation of one-dimensional 
data 
 

We assume here that n data values x1, x2, . . . , xn are given. 

 

2.1 One-dimensional scatter plots 
 

In the case of one-dimensional scatter diagrams, the data is simply plotted on a straight 

line with a selected symbol according to its value. 

 

Of course, the straight line does not have to be in a horizontal direction, but can in 

principle run in any direction. In order to be able to recognize the size of the data values, 

a scale should also be attached. 

Difficulties in the representation arise when the same observation values (multiple 

points) occur or when observations are very close to one another, but also when extreme 

outliers are present. 

 

2.1.1 Multiple points 
 

They can be indicated by the following variations of the scattergram: 

Variations in the symbol type, symbol size, symbol color. These variations are not  

recommended as they sometimes give the wrong impression of the data set. 

Horizontal or vertical offsetting of the symbols. Data values that are close together 

can  

cause problems, since symbols then usually overlap. 

Marking with vertical lines instead of marker symbols. The line length is chosen 

 proportionally to the number of identical data values. If data points are too close 

together, some lines can merge into an irregular area. 

Random choice of vertical position (jittering): instead of on a straight line, position  

x1, . . . , xn, points (xi, yi) are drawn, where (y1, . . . , yn)   are realizations of a 

uniformly distributed random variable. The plot should be shown as a narrow 

rectangle (y-direction short) because the essential information lies in the x-

direction. 
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Multiple points are overplotted. 

 Multiple points are offset vertically. 

 

 The vertical position is chosen at random. 

The graphics in Figure 2.1 can be generated as follows: 

 
data(ozone,package="plyr")       # load the entire data 
oz72  <-  ozone[,,72]                 # select only December 2000 
stripchart(oz72, method="overplot") 
stripchart(oz72, method="stack")  
stripchart(oz72, method="jitter") 

 

2.1.2 Outliers 

 

Extreme outliers cause the rest of the observations to be very close together on a scatter 

plot. 

 

Omitting outliers reveals more details about the body of the data. In this case, however, 

the presence of the omitted outliers should always be pointed out. 

 

Figure 2.1 Average monthly ozone concentration in December 2000 on a grid of 24 × 24 measuring points 

in Central America. (strip chart) 
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2.2 Histogram 
 

x1, . . . , xn . . . Sample 

n . . . Sample size 

k . . . Number of histogram bars 

t1, . . . , tk . . . Interval limits 

ni . . . Number of data in the interval [ti, ti+1) 

 

The histogram function is defined as: 

with the indicator function: 

The histogram function is defined here with relative frequencies, but can also be displayed 

with absolute frequencies. The division by the interval width makes sense above all with non-

equidistant interval boundaries, because then the individual bars of the histogram are 

displayed correctly in flat dimensions (see Figure 2.2). 

 

2.2.1 Choice of interval length 

The appearance of a histogram depends on the length of the interval, but also on the start (end) 

point at which the interval division begins (ends). In the following we assume that the interval 

boundaries ti are equidistant. This results in an interval length of hn = ti+1 − ti, for all i = 1, . . . , 

k – 1. 

Figure 2.2 - Representation of the histogram function based on the ozone data. LEFT: Only the relative frequencies are plotted. RIGHT: 

The relative frequencies are divided by the interval width. (hist) 
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Interval length according to Sturges: The optimal number k of histogram bars is chosen as: 

𝑘 =  ⌈log2(𝑛) + 1⌉ 

where ⌈∙⌉ means rounding up to the nearest whole number. Thus, the optimal interval 
length would be hn = (tk − t1)/k. This choice is intended for data that come from 
a normally distributed population. For a more detailed discussion, see 
https://robjhyndman.com/papers/sturges.pdf. 

 

Interval length according to Scott: Under the conditions 

f Density function of the data 

f continuous 

f ’, f ’’ continuous and limited 

 is the optimal interval length 

It is optimal in terms of that MSE (Mean Squared Error)  

                                                        MSE(x) = E(H(x) − f(x))
2 for solid x 

The IMSE (Integrated Mean Squared Error) is a measure of the deviations over the entire 

range: 

Since f is unknown, the above formula cannot be evaluated. Under normal distribution, 

the following applies: 

Interval length according to Freedman and Diaconis: Under similar conditions as with  

Scott, the optimal interval length is 

where IQR = q0.75 −q0.25, i.e. the difference between the quantiles 0.75 and 0.25. IQR 
is a robust way of estimating the standard deviation. This rule should therefore be less 
affected by outliers. 

 

Figure 2.3 shows a comparison of histograms calculated according to Scott and 

Freedman-Diaconis. Scott's rule is sensitive to outliers. 

 

Figure 2.4 shows a numerical and graphical comparison of the interval lengths between 

Scott and Freedman-Diaconis under the assumption that the data are normally 

distributed. A comparison of the number of classes (under normal distribution) can be 

found in Table 2.1. E (Rn) is the expected value for the range Rn, defined as the 

difference between maximum and minimum. 

https://robjhyndman.com/papers/sturges.pdf
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Figure 2.3 Comparison of histograms according to Scott and Freedman-Diaconis with normally distributed data with and 

without outliers 

Figure 2.4 Comparison of interval lengths (in units of the estimated scatter s) of optimal histograms under the assumption that the 

data are normally distributed 
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2.3 Density estimation 

 

We now try to estimate the density function of the underlying random variable directly. Using a 

local approach, a density estimate creates a smoother look. The density of the data at point 𝑥 is 

calculated from the data presented in a window [𝑥 −
ℎ

2
, 𝑥 +

ℎ

2
] (local density!). 

 

 

 

Table 2.1 Comparison of the number of classes of optimal histograms under the assumption that the data are normally 

distributed (EWn measured in units of the estimated spread s) 
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a) Rectangular weight function (boxcar function): 

 

The result is a step function. Usually, however, 𝑓(𝑥) is determined on equidistant x-values and 

these values are linearly connected. Then, however, no longer applies   ∫ 𝑓(𝑥)𝑑𝑥 = 1. 

b) Cosine weight function (cosine function): 

 

With this weight function the result is 𝑓(𝑥) as a continuous function. 
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2.4 Selection of a discrete probability model 

 

It makes sense to make assumptions about the distribution of the data for the following reasons: 

 Compact description of the data as a sample of a theoretical distribution. 

 Assumptions about the distribution lead to “better” statistical methods. 

 

Discrete distributions that can be easily identified graphically: 

 

Figure 2.5 Density estimation for the ozone data from Fig. 2.1 with the square weight function (left) and the cosine weight function 

(right). (density) 
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n 

The following requirements apply to the next two procedures: 

x1, . . . , xn Sample 

nx Number of xj , for which xj = x 

p̂x 

 

2.4.1 Procedure of Ord 
 

The following is suitable for a graphical representation for a large number of samples: 

 

Draw all points (𝑥, �̂�𝑥) for which  �̂�𝑥−1 > 5%. If �̂�𝑥 ≈ 𝑎 + 𝑏𝑥 (i.e. linear), then, depending on the 

course of the straight line, a decision as shown in Figure 2.6 must be made. 

 

 

2.4.2 Procedure by Hoaglin 1960 
 

For small samples. Decision between Poisson distribution and logarithmic distribution. Draw all 

points (𝑥, �̂�𝑥) and (𝑥, �̂�𝑥) with: 

�̂�𝑥 ∶= ln(𝑥! �̂�𝑥) 

and 

�̂�𝑥 ≔ ln (𝑥�̂�𝑥) 

Figure 2.6 Selection of a discrete probability model according to the method of Ord 
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(𝑥, �̂�𝑥) linear -> Poisson distribution 

(𝑥, �̂�𝑥) linear -> Logarithmic distribution 

 

2.5 Empirical distribution function and probability 
network 

 
2.5.1 Empirical distribution function 
 

There are samples 𝑥1, … , 𝑥𝑛 given. We no longer want to characterize the density function f as 

before, but the distribution function F. For continuous quantities the (theoretical) distribution 

function is given by: 

 

for all x from the domain of definition. The empirical distribution function 𝐹𝑛 represents an 

estimate of the theoretical distribution function F, and it is defined by: 

 

When comparing empirical and theoretical distribution functions, difficulties can arise if the 

theoretical distribution function has a domain of definition that contains −∝ or ∝ (e.g. normal 

distribution). The following definition is therefore better: 

 

Note: Usually only the values 𝐹𝑛(𝑥𝑖) are drawn. 

Figure 2.7 shows the empirical distribution functions of randomly generated standard normally 

distributed values. On the left 30 values were generated, on the right 1000. The dotted line is the 

theoretical distribution function of the standard normal distribution, and you can see that with few 

values the differences to the theoretical distribution function can be large, while with a higher 

number of samples the empirical distribution is hardly is distinguishable any more from the 

theoretical distribution function. One can also show that for 𝑛 →∝ the empirical to the theoretical 

distribution function converges. 

Figure 2.8 shows data from geochemistry. On the Kola peninsula in the border area of Norway, 

Finland and Russia, around 600 samples were taken at various depths of the soil. The earth material 

was then examined in the laboratory for the concentration of various chemical elements. The graph 
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on the left shows the values of Scandium (Sc) in the C horizon using an empirical distribution 

function. Obviously, the values in the laboratory were rounded for higher concentrations, which 

can be seen from the larger jumps. The right graph shows the values of nickel (Ni) in the O horizon 

on a log scale. High values of Ni in the O horizon indicate severe soil pollution. The distribution 

does not appear to be symmetrical. 

 

Figure 2.7 Comparison of the empirical distribution function with the theoretical distribution function (dotted). (ecdf) 

 

 

Figure 2.8: Empirical distribution functions. LEFT: Sc in the C horizon, RIGHT: Ni (log) in the O horizon 
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2.5.2 Probability Nets 
 

When plotting the empirical distribution function, it is often difficult to understand whether the 

data come from a special distribution (e.g. normal distribution). However, one could distort the 

vertical axis for this purpose by changing the scaling. In the probability grid, the vertical axis 

between 0 and 1 is not divided into equal intervals, but the distances are plotted proportionally to 

𝜙−1, where 𝜙−1 is the inverse of the distribution function of the standard normal distribution. 

When using this scaling, 𝐹𝑛(𝑥) is not graphically represented over 𝑥, but 𝜙−1(𝐹𝑛(𝑥)) over 𝑥. If 

the data are now approximately normally distributed, then 𝐹𝑛(𝑥) ~ 𝐹(𝑥) (i.e. 𝑁(𝜇, 𝜎2)) will be 

 

so that the points come to lie roughly on a straight line. One then reads an estimate for 𝜇 at a 

probability of 50% and an estimate for 𝜇 + 𝜎 at 84%. In the case of normal distribution, the 

deviations from the straight line should be "purely random" and not systematic, but they depend 

heavily on the number of observations. The more observations there are, the fewer deviations 

should occur. 

For the Kola data from Figure 2.8, the probability nets are shown in Figure 2.9. On the left one 

sees Sc in the C horizon. The deviations from the straight line seem to be considerable. The 

rounded values are again noteworthy, which are easier to see here than in Figure 2.8, because each 

individual value is entered. Due to the scaling of the horizontal axis, it is also possible to draw 

conclusions about the original data values. 

In the right graph of Figure 2.9 Ni is shown in the O horizon (log scale). Thus, one does not check 

for normal distribution but for logarithmic normal distribution. Here, too, strong deviations from 

the straight line can be seen. You can also see a "kink" in the function (around the value 10) and 

can therefore conclude that this is a combination of two distributions. Since nickel is typical for 

impurities in the OH horizon, one part could describe the uncontaminated areas and the second 

part the polluted areas. 

Note: Since the vertical axis actually corresponds to the quantiles of the standard normal 

distribution, it was also possible to scale with the quantiles instead of scaling with the probabilities. 

The structure of the plot would not change, only the scaling of the vertical axis. This is introduced 

as the Q-Q plot in the following section. 

 

2.6 Quantile-Quantile Plots 
 

With quantile-quantile plots, two distributions can be compared directly with one another. Most 

of the time, one of these distributions is a hypothetical distribution and the other is the distribution 

of existing data. For example, the normal distribution can be assumed as the hypothetical 
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distribution, and the data distribution is thus compared with the normal distribution. The basis of 

comparison are the quantiles of the distributions. 

Two distribution functions 𝐹𝑥 and 𝐹𝑦 are shown in Figure 2.10. The quantiles 𝑞𝑥(𝑝) and 𝑞𝑦(𝑝) can 

now be determined for a concrete probability p. 

 

Figure 2.9: Probability nets for the Kola data. LEFT: Sc in the C horizon, RIGHT: Ni (log) in the O horizon 

Let 𝐹𝑥 or 𝐹𝑦  be empirical or theoretical distribution functions. Then the quantiles are determined 

by the inverse functions: 

Figure 2.10: Representation of two distribution functions. 
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Quantile-Quantile Plot (Q-Q Plot): Draw the points (𝑞𝑥(𝑝𝑖), 𝑞𝑦(𝑝𝑖)) for selected 𝑝𝑖, e.g. 𝑝𝑖 ≔
𝑖−𝛼

𝑛−2𝛼+1
 for 0 ≤ 𝛼 < 1. 

If the two distributions are the same, the quantiles must also be the same and the points must lie 

on a straight line, so: 

𝐹𝑥 = 𝐹𝑦 ⟺ (𝑞𝑥(𝑝𝑖), 𝑞𝑦(𝑝𝑖)) 𝑙𝑖𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑦 =  𝑥. 

In general, however, you will not want to check for exact equality of the distributions, but rather - 

similar to the probability network - whether the two distributions come from the same distribution 

family. E.g. one would like to check whether the present data are normally distributed with 

parameters 𝜇 and 𝜎. However, since the parameters are unknown, the comparison can be carried 

out with a standardized form of the same distribution family, in this case with the standard normal 

distribution. The question now is whether and how this comparison can be carried out in the Q-Q 

plot. 

Let us assume that the random variable Y results from a transformation from the random variable 

X, i.e. 

 

Then the following applies: 

 

With 𝑡 = 𝑞𝑦(𝑝) we have: 

 

This means that for distribution families (e.g. constant uniform distribution, exponential 

distribution, normal distribution, ...), in which the distributions of the family differ only in terms 
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of position 𝜇 and scatter 𝜎, the points of the QQ plot lie between 2 distributions of the family in a 

straight line. The intercept term gives an estimate for 𝜇, the slope an estimate for 𝜎. 

This procedure is illustrated in Figure 2.11 for annual snowfall data from Buffalo from 1910-1973. 

In the left graph, the parameters 𝜇 and 𝜎 of the normal distribution are determined. The right graph 

shows the histogram with the estimated density function and shows the theoretical normal 

distribution with the determined parameters. Apparently, the estimation of the parameters led to a 

very good result. 

 

Figure 2.11: LEFT: QQ plot of the snowfall data from Buffalo (1910-1973) with the estimated parameters of the normal 

distribution; RIGHT: Histogram with estimated density function of the original data, as well as theoretical normal distribution 

with the determined parameters. 

 

2.6.1 Deviations from the straight line 
 

If the Q-Q plot shows deviations from the straight line, there are more or less large differences 

between the two distribution functions. The differences can be of a random nature, e.g. due to 

random samples with a very small sample size. In this case one cannot yet conclude that X and Y 

actually come from different distributions. However, there may be systematic differences that can 

be attributed to the following causes: 

1. Outliers: lead to individual isolated points in the lower or upper area 
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2. Curvature at the ends: Y (empirical VF) has more mass in the tails of the distribution than 

X (theoretical VF). 

3. Curvature at the ends: Y (empirical VF) has less mass in the tails of the distribution than X 

(theoretical VF). 
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4. Convex or concave shape: If X is symmetrically distributed: Y is skewed to the left if the 

lower quantiles are further away from the median than the upper quantiles 

 

5. Convex or concave shape: If X is symmetrically distributed: Y is skewed to the right if the 

upper quantiles are further away from the median than the lower quantiles 

 

6. Horizontal segments: rounded values or discrete distribution 
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7. Plateaus: Composition of 2 or more distributions, or clusters in the data 

 

Annotation: 

1. Q-Q plots react sensitively to (also random) deviations near the margins in distributions 

whose definition range goes down to −∝ or ∝ (e.g. normal distribution). 

2. To see a nice linear shape, one needs a larger number of data values. 

 

2.6.2 Scatter in Q-Q plots 
 

Due to the asymptotic behavior of order statistics, the deviation of points in Q-Q plots is distributed 

according to 𝑁(𝑄(𝑝),
𝑝(1−𝑝)

𝑛𝑓(𝑄(𝑝))
2), where 𝑄(𝑝) is the quantile of the probability 𝑝, and 𝑓 denotes the 

density of the distribution. We denote by 𝑧𝑖 the empirical quantiles of the Q-Q plot. An estimate 

𝑠𝑧𝑖
 for the standard error of the empirical quantiles of a Q-Q plot is 

 

with: 

𝛿 Estimated value for the slope in the linear Q-Q plot, e.g. 
𝑄0.75−𝑄0.25

𝑞0.75−𝑞0.25
 with the 

theoretical quantiles 𝑞0.75 and 𝑞0.25 and the empirical quantiles 𝑄0.75 and 𝑄0.25 

 𝑔(𝑥) Density of the standardized distribution (e.g. standard normal distribution). 

 𝑞𝑖 theoretical quantiles of the Q-Q plot  

Figure 2.12 shows Q-Q plots with additional scatter information. The standard error was 

determined for each theoretical quantile 𝑞𝑖 (horizontal) and plotted twice up and down from the 

point of intersection with the straight line (concentration interval). The points were then connected 
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with lines to make the visual impression easier. Points that are thus outside these lines would have 

a significant deviation from the theoretical distribution. 

One notices that the standard errors become smaller as the sample size n increases, and thus the 

two lines are closer together. 

From Figure 2.12 (a) it can be seen that these (transformed) data correspond relatively well to the 

normal distribution. However, the precipitation data in Figure 2.12 (b) show significant deviations 

in the lower range. 

 

Figure 2.12: QQ Plots with additional scatter information, generated e.g. with the function qq.plot from the library (car) 

 

2.6.3 Check for symmetry of a distribution using Q-Q plots 
 

For one around x = a symmetrical density function f (x) applies: 
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With 𝑝 ≔ 𝐹(𝑎 − 𝑡) we have 𝐹(𝑎 + 𝑡) = 1 − 𝑝. Let us now consider the quantiles (for 𝑝 ≤ 0.5): 

 

Hence the quantiles 𝐹−1(𝑝)  and 𝐹−1(1 − 𝑝) (for 𝑝 ≤ 0.5) are symmetric about a. This idea can 

now be used to test for symmetry. 

We consider the ordered sample values 𝑥(1), … , 𝑥(𝑛) and the median 𝑥𝑀 of the sample. These values 

are understood as quantiles of the distribution and can be used in the Q-Q plot. 

 Symmetry around the median: 

We form the pairs of points 

 

In case of symmetry, the points had to lie on a 45-degree straight line. 

 Symmetry of all quantile pairs: 

We form the pairs of points 

 

In the case of symmetry, the points had to lie on a horizontal straight line (about 2 times the 

median). 

 

Example: Figure 2.13 shows both variants of the Q-Q plots for the Buffalo snowfall data. 

In the left graph you can see that the points in the center (bottom left) lie quite well around the 

straight line, which suggests symmetry around the median. The further you go from the center, the 

more asymmetrical the distribution becomes. Since the values are above the straight line, the upper 

quantiles have greater distances from the median than the lower quantiles, which suggests a right-

skewed distribution. The minimum is apparently much further from the median than the maximum. 

Similar statements are obtained from the graph on the right in Figure 2.13. The straight line drawn 

corresponds to twice the median of the values. It can be seen that the "inner" points still have a 

similar horizontal position, although they run slightly above the median. After that, an upward 

trend can be seen, which means that the differences become larger and there is thus a right-skewed 

distribution. The minimum is again recognizable as a special case. 



 

29 

 

 

Figure 2.13: Q-Q plots of Buffalo snowfall data. LEFT: Checking for symmetry with normalization around the median; RIGHT: 

Checking for symmetry without normalization. 

 

2.7 Boxplots 
 

Purpose: To present important characteristics of distributions of one-dimensional random 

variables.  

Comparison of several samples, of data groups, etc. 

Sample: 𝑥1, … , 𝑥𝑛 

𝑥𝑀 ≔ 𝑚𝑒𝑑𝑖𝑎𝑛(𝑥1, … , 𝑥𝑛) 

𝑄0.25 and 𝑄0.75 are the quantiles 0.25 and 0.75, respectively 

𝐼𝑄𝑅 = Q0.75 − 𝑄0.25 is the interquartile range 

 

Figure 2.14: Definition of a box plot (boxplot) 
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Box plots are a good supplement to the graphs presented earlier, as Figure 2.15 shows for the 

Buffalo snowfall data (left) and for the logarithmized arsenic data of the Kola O-horizon (right). 

 

Figure 2.15: Combination of histogram, density estimate, one-dimensional scatter plot and box plot for the snowfall data from 

Buffalo (left) and for arsenic from the Kola O-horizon (right). (edaplot or edaplotlog from library(StatDA)) 

Example 1: Box plots are particularly valuable for visually comparing two or more data series. 

Figure 2.16 shows a comparison of accidents on Swedish motorways in 1961. In that year speed 

restrictions were introduced. A box plot with data before the introduction of the restriction and a 

box plot with the data afterwards make it easy to see that the median remains the same, but the 

spread increases significantly. 

 

Figure 2.16: Number of accidents on Swedish motorways in 1961 on 22 consecutive days with or without speed limit. 

Box plots are very informative due to their construction: 

 Robustness through the use of median and quartiles. 

 To judge skewness according to the position of the median to the quartiles and according 

to the occurrence of outliers (i.e. if they occur only on one side or in clusters on one side). 

 Assessment of the curvature and the proportion of outliers (see Table 2.2). 
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+ 95% of the data with normal distribution 

Table 2.2: Behavior of different distributions when shown in box plots 

Modifications of box plots: 

1. Width proportional to √𝑛 

2. Notches as confidence intervals. 

Notches: 𝑚𝑒𝑑𝑖𝑎𝑛 ± 1.57
𝐼𝑄𝑅

√𝑛
(𝛼 = 0.05 for tests). 

Whether the box plots can be used for tests also depends on whether the variances of 

the plots differ to a greater or lesser extent. 

Example 1 continued: Figure 2.17 shows the comparison with notched box plots for the accident 

data. Since the notches overlap, a significant difference in the medians cannot be assumed. 

However, this statement should be made with caution because the variances are very different. 

Example 3: The data Carseats can be found in the R package ISLR. Here, the sales figures (Sales) 

of child car seats were recorded from 400 stores, as well as the quality of the accommodation of 

the seats on the shelves (ShelveLoc) with expression Bad/Median/Good, and No/Yes Information 

Urban (city/country), and US for the location of the business. These categorical variables can be 

used to group the sales data and to compare the individual data groups with box plots. This was 

first done in Figure 2.18. You can use the formula notation in R here: 
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Figure 2.17: Box plots with notches of the accident data from Figure 2.16. 

library(ISLR) 
data(Carseats) 
attach(Carseats) 
boxplot(Sales~Urban,notch=TRUE) 
boxplot(Sales~US,notch=TRUE) 
boxplot(Sales~ShelveLoc,notch=TRUE) 

 

 
Figure 2.18: Comparison of the sales data for child car seats according to different categories of additional variables. 

Figure 2.18 shows that the mean (median) sales for shops in the city and in the country are not 

significantly different (left), but that one can see significant differences with regard to location US 

and positioning on the shelves. 

You can also subdivide by several categorical variables at the same time, as the following code 

and Figure 2.19 show: 

boxplot(Sales~US:ShelveLoc,notch=TRUE) 
boxplot(Sales~US:Urban:ShelveLoc,notch=TRUE) 

In Figure 2.19 (above) it can be seen that the best (average) sales are achieved for stores located 

in the USA, and where the child seats are clearly visible in the store. The graphic below goes one 

step further: in addition to the previous insight, sales in urban areas are better than in businesses 

in the country. 
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Figure 2.19: Comparison of the sales data for child car seats according to several categories of additional variables. 

  



 

34 

 

Chapter 3 
 

Robust univariate estimators 
 

In the previous chapters it became clear that the location and the spread (or variance) play a very central 

role. For example, for data, 𝑥1, … , 𝑥𝑛, which come from a normal distribution 𝑁(𝜇, 𝜎2), is very 

important for how location 𝜇 and scatter 𝜎 are estimated. The estimation of these parameters depends 

strongly on the data quality. If the quality is good (no outliers, no coarse rounding effects, etc.), the 

arithmetic mean is recommended. 

 

as an estimate for 𝜇, and the empirical standard deviation 

 

to use as an estimator for 𝜎. However, if the data quality is poor because there are various outliers 

that deviate greatly from the main part of the data, these estimators will deliver very biased results. 

In this case it is better to use robust estimators that focus on the main (homogeneous) part of the 

data. 

Univariate here means nothing other than one-dimensional, that is, measurements of one variable 

are available. In contrast to this, we will get to know multivariate estimators later, when several 

variables are observed at the same time. 

 

3.1 Robust estimate of location and scatter 
 

Let 𝑥1, … , 𝑥𝑛 be the sample and 𝑥(1), … , 𝑥(𝑛) be the sample sorted from smallest to largest value. 

A well-known robust location estimator is the 𝛼-trimmed mean, which for 0 ≤ 𝛼 < 0.5 and 𝑔 =
⌊𝑛𝛼⌋ is defined as: 

 

Here ⌊𝑘⌋ means that the largest integer ≤ 𝑘 is taken (round down). 
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Another possibility for robust location estimation is the median: 

 

About the quartiles 

𝑄0.25 ≔ 𝑚𝑒𝑑𝑖𝑎𝑛 (𝑥(1), … , 𝑥
([

𝑛+1
2

])
) …  𝐿𝑜𝑤𝑒𝑟 𝑞𝑢𝑎𝑟𝑡𝑖𝑙𝑒 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 (𝑞𝑢𝑎𝑛𝑡𝑖𝑙𝑒 0.25) 

𝑄0.75 ≔ 𝑚𝑒𝑑𝑖𝑎𝑛 (𝑥
([

𝑛
2

]+1)
, … , 𝑥(𝑛)) …  𝑈𝑝𝑝𝑒𝑟 𝑞𝑢𝑎𝑟𝑡𝑖𝑙𝑒 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 (𝑞𝑢𝑎𝑛𝑡𝑖𝑙𝑒 0.75) 

the interquartile range is obtained as a robust measure of scatter: 

 

Analogous to the trimmed mean, one can also define a trimmed deviation: 𝛼-trimmed standard 

deviation, for 0 ≤ 𝛼 < 0.5,  𝑔 ≔ ⌊𝑛𝛼⌋ 

 

Another robust measure of scatter is the MAD (medmed): 

 

The MAD is very robust, but it has poor statistical efficiency. A very robust and efficient scatter 

estimator is the Qn: 

 

where (k) represents the kth value of the ascending order, with 𝑘 = (
ℎ
2

) ≈ (
𝑛
2

)/4 and ℎ = ⌊
𝑛

2
⌋ + 1. 

Neither IQR, nor 𝑆(𝛼), MAD or Qn are suitable for estimating the parameter 𝜎 of a normal 

distribution, because these are not consistent estimators (the "estimator function" does not 

converge to the parameter 𝜎). If you want to achieve consistency, you have to correct with factors. 

Consistent estimates for the standard deviation 𝜎 are: 

 

Note: The square of the stated estimation functions is used as the estimation function for the 

variance. 
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Example: 

 

Qn: 

absolute differences |2.1 − 3.7|, |2.1 − 2.6|, … , |2.1 − 4.8|, |3.7 − 2.6|, … , |3.1 − 4.8| sort,  

and take the k-largest value with 𝑘 = (
6
2

) = 15 

The 15th largest value is 𝑄𝑛 =  1.5. Thus 𝑠𝑄𝑛 =  3.33  

The R function Qn in the robustbase package returns the value 2.397, because there a correction 

is made for small sample sizes. 

 

3.2 One-dimensional outlier detection 

Box plots are immediately suitable for identifying outliers in a series of measurements. We can, 

however, derive further rules for the identification of univariate outliers, namely those based on 

robust location and scatter estimation. Corresponding rules for the robust case can be derived based 

on the normal distribution, where the inner 95% of the values lie in the range mean ± 2 times the 

standard deviation. Figure 3.1 shows the comparison of such rules for simulated normally 

distributed (left) and log-normally distributed (right) data. It should be noted that the proportion 

of identified "outliers", which here more likely represent the extremes of the distributions, depends 

on the scope of the data. 

What is interesting, however, is how the outlier rules work when there are actually outliers in the 

data. For Figure 3.2, simulated data with a correspondingly large number of observations of normal 

distribution (A) or log-normal distribution (B) were used, but in which a varying proportion comes 

from a different distribution. This proportion can be viewed as the actual outlier proportion. The 

outlier rules can now be used to compare how many of the simulated outliers are actually 

recognized, or how high the proportion of outliers may be until the rule "collapses". 
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Figure 3.1: Proportion of identified "outliers" for normally distributed (A) and lognormally distributed (B) data. 

 

 

Figure 3.2: Proportion of identified "outliers" in normally distributed (A) and log-normal distributed (B) data with real 

simulated outliers. 
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Chapter 4 
 

Representation of two-dimensional 
data 

 

4.1 Scatter diagram (Scatterplots) 
 

There are observations of the two variables X and Y. Both X and Y can be random variables. The 

simplest form of a scatter diagram is to draw the pairs of points (𝑥𝑖 , 𝑦𝑖) for i = 1, …, n. However, 

multiple points are not marked in this way. They can be made visible in the following ways: 

 due to random blocking of the data points (jittering) 

 

with 𝑢𝑖 , 𝑣𝑖 independently continuously in (-1,1) uniformly distributed random numbers and 

𝜃𝑥, 𝜃𝑦 fixed (e.g. 𝜃𝑥 = 0.02(𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛) and 𝜃𝑦 = 0.02(𝑦𝑚𝑎𝑥 − 𝑦𝑚𝑖𝑛)). 

 by Sunflowers 

Encryption of multiple points using the following symbols: 

 
 by division into cells and sunflowers 

The data area is divided into cells and the cell frequencies are displayed according to the 

Sunflowers transformation rules. 

 

Examples: Table 4.1 gives age data for managers who are employed by Bell Laboratories. The 

data is two-dimensional as the age is in 1982 and the years elapsed since graduation. 

The original data is shown in Figure 4.1 (left). However, there are multiple points that cannot be 

seen in the plot. A division into cells is therefore made. The right graphic shows the individual cell 

frequencies with the help of sunflowers. 

 

4.2 Stripe box plots 
 

Aside from the problem with multiple points, it is often difficult to read trends from a 2-

dimensional point cloud. As a remedy, you can subdivide the data (e.g. in a horizontal direction) 
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and display it using box plots. This is also a sensible approach if there are an extremely large 

number of measurements, so that the scatter plot would only give a "large black spot". 

Table 4.1: Data from managers at Bell Labs: Age in 1982 (A) and number of years (Y) elapsed 

since graduation. 

 

 

 

 

Figure 4.1: Scatter plot of the manager data with cell division (left) and the resulting sunflowers (right). (sunflowerplot from 

package graphics) 
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Let us consider the data from Table 4.2, in which hamsters reached age and the percentage of 

hibernation in their lives. 

Table 4.2: Hibernation data from 144 hamsters: age of hamsters at the time of death (A) and 

percentage of hibernation in their life. 

 

The observations are shown in the left graph of Figure 4.2. In the plot on the right, the data were 

divided into vertical strips (you could also choose horizontal strips), whereby each strip should 

contain approximately the same number of data points. 

The observations of each strip should now be shown with box plots. In the left graph of Figure 4.3, 

the medians in the y-direction are now calculated for the observations of a strip and shown with 

lines. The length of these lines in the x direction corresponds to the length of the areas separated 

by the strips, and the position of the lines in the y direction corresponds to the medians. You can 

also see dotted vertical lines in the plot: The horizontal position of these lines corresponds to the 

median (in x-direction) of the individual areas (the length in y-direction has no meaning here). 

In the right graph of Figure 4.3, the box plots are now shown for the individual areas separated by 

the stripes. The box plots are centered in the horizontal direction on the dotted lines shown in the 

graphic on the left. 
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Figure 4.2: Division of the hamster data from Table 4.2 into strips. The areas should contain approximately the same number of 

data points. 

 

 

 

 

Figure 4.3: Scatter plot of the hamster data from Table 4.2 with strip medians (left) and presentation of the data as strip box 

plots (right). 
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The stripe box plots in Figure 4.3 show trends well. You can clearly see that the age of the hamsters 

increases as the proportion of hibernation increases. Note that the graph on the left in Figure 4.3 

shows this trend well, and that the data can also be displayed. 

For a more objective representation, the number of strips could be varied. 

 

4.3 Density estimation in two dimensions 

Similar to the one-dimensional case, a density function can also be estimated in the two-

dimensional case. The basic principle is again to select a sub-area (square, circular) in which a 

given weight function is evaluated. The weight function can take the form of a box car function: 

 

It applies again to∫ 𝑊(𝑢, 𝑣)𝑑𝑣𝑑𝑥 = 1. The local density then has the form: 

 

Smoother densities can with the cosine weight function 

 

be achieved. 

Representation of 𝑓(𝑥, 𝑦) by 

1. Grayscale or color gradations 

2. Isolines 

3. Mountains 

4. . . . 

As an example, consider the Old Faithful Geyser data, which describes hot spring activity in 

Yellowstone National Park from Nov. 1-15. August 1985. There are 299 observations for the 

eruption time (in minutes) and the waiting time until the next eruption (the data are available in R 

in the library(MASS) under data(geyser).) Figure 4.4 shows the original data. For the following 

representations, the bivariate density function of the normal distribution was chosen as the weight 

function. The window width and height were selected using a special procedure that is not 

mentioned here. The associated R function is called kde2d from the MASS package. 

Figure 4.5 shows the representation of the two-dimensional density function using gray levels (left) 

and isolines (right). In Figure 4.6 the density function is represented spatially by mountains. 
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Figure 4.4: Old Faithful Geyser Data 

 

 

Figure 4.5: Representation of the two-dimensional density function using gray levels (left) and isolines (right). (image or 

contour) 
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Figure 4.6: Spatial representation of the 2-dimensional density function. (persp) 
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Chapter 5 
 

Robust estimate of linear trends 
 

This problem is known in the literature as linear regression. Based on an input variable x (independent 

variable), an output variable y (dependent variable) should be predicted with the linear function 

𝑦 = 𝛼 + 𝛽𝑥 + 𝜖 , 

where 𝜖 represents a random error. The abscissa distance 𝛼 and the slope 𝛽 are the parameters of a 

straight line. 

There is now a sample of size n, i.e.(𝑥1, 𝑦1), … , (𝑥𝑛 , 𝑦𝑛), the parameters of the straight lines are to be 

estimated, i.e. coefficients 𝛼 and 𝛽, so that the resulting straight line goes through the pairs of points 

"as best as possible": 

 

The estimated y-values are also obtained with the estimated parameters 

 

which of course now lie exactly on a straight line. The errors that arise in the prognosis are called 

residuals 

 

To estimate the parameters 𝛼 and 𝛽, the least squares (LS) criterion is usually used: 

 

The solution for the regression parameters is: 

 

Although the LS estimators have good statistical properties under certain conditions, there is the 

serious disadvantage that they are sensitive to outliers. Outliers in the y-direction, but especially 

outliers in the x-direction, can have a massive influence on the parameter estimation. The reason 

is the criterion. Deviating values have a large residual square, and the minimum of the above 

criterion becomes smaller if the residuals are distributed "more evenly" (see Figure 5.1). 

The following chapters therefore discuss regression methods that are more robust against outliers. 
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Figure 5.1: The usual least squares regression line (left) is sensitive to outliers. The hypothetical straight line in the plot on the 

right is robust. (lm) 

 

5.1 Robust straight line according to Tukey 
 

It is an iterative method that was developed by Tukey (1970) and that is defined as follows: 

1. Sort the data pairs according to the x-values. 

2. Division of the data pairs into 3 groups. 

Group L (left)  pairs (𝑥𝑖 , 𝑦𝑖) with the 𝑛𝐿 smallest x-values 

Group M (middle)  pairs (𝑥𝑖 , 𝑦𝑖)with the 𝑛𝑀 mean x-values 

Group R (right)  pairs (𝑥𝑖 , 𝑦𝑖) with the 𝑛𝑅 largest x-values 

𝑛𝐿  +  𝑛𝑀  + 𝑛𝑅  =  𝑛. 

Directive: 

 

Pairs with the same x-values should be assigned to the same group. 

3. Calculation of the medians for x-values and y-values in the 

individual groups: 

(𝑥𝐿 , 𝑦𝐿), (𝑥𝑀, 𝑦𝑀), (𝑥𝑅 , 𝑦𝑅) with  

𝑥𝐿 = median
(𝑥𝑖,𝑦𝑖)∈𝐿

𝑥𝑖 , 𝑦𝐿 = median
(𝑥𝑖,𝑦𝑖)∈𝐿

𝑦𝑖, etc. 

 

4. �̂�0 ≔
𝑦𝑅−𝑦𝐿

𝑥𝑅−𝑥𝐿
 first estimate for 𝛽 
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5. Residuals 

 

6. Steps 3-5 with the data pairs (𝑥𝑖, 𝑟𝑖
(0)

)  𝑖 = 1, … , 𝑛 results in the straight line 

𝑟𝑖
(0)

= �̂�1 + �̂�1(𝑥𝑖 − 𝑥𝑀) and the residuals 𝑟𝑖
(1)

≔ 𝑟𝑖
(0)

− (�̂�1 + �̂�1(𝑥𝑖 − 𝑥𝑀)) 

7. Iteration: all further steps as in step 6, i.e. 

𝑟𝑖
(𝑗)

→ �̂�𝑗+1, �̂�𝑗+1 → 𝑟𝑖
(𝑗+1)

 until a suitable termination criterion is met. 

8. �̂� = �̂�0 + �̂�1 + �̂�2 + ⋯ 

�̂� = �̂�0 + �̂�1 + �̂�2 + ⋯ 

Note: weaknesses in the procedure 

 possibly very slow convergence with "poor" configuration of the data. 

 sometimes no convergence → but can be repaired by modifying the algorithm slightly. 

 

Figure 5.2: Tukey's robust straight line after 3 iteration steps. (line) 

 

5.2 Robust straight line by Theil 
 

Theil (1950) takes into account the medians of pairwise slopes in the calculation of the straight 

line. The prerequisite for the procedure is that all 𝑥𝑖 are different. 
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The "degree of robustness" of different methods can be compared. In general, one can even specify 

the robustness for each estimator (not only for the parameters in regression), i.e. the sensitivity to 

a proportion of outliers. This measure is called the breaking point for an estimator. 

n … Sample size 

k … maximum number of sample elements that can be replaced by any values without 

the estimated value becoming unlimited. 

The breakpoint of an estimator is defined as the minimum proportion 
𝑘

𝑛
  of the data that can be 

replaced by any value, so that the estimator delivers nonsensical results. 

Breakpoints for different procedures: 

 

If the outlier proportion is smaller than this value, the estimator will change, but meaningful 

results can still be expected. In special cases, however, a much larger proportion of outliers 

can occur without having a massive impact on the estimated value, e.g. with IQR, even an 

outlier proportion of up to 50% can remain with limited influence if the "bad" data values 

are evenly divided between both ends of the ordered sample. The definition of the 

breakpoint means, however, a contamination of the data that is designed in such a way that 

it can cause as much "damage" as possible (e.g. only on one side of the value range). 

Breaking point for the robust straight line after Theil: 
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5.3 Robust straight line according to Siegel 
(repeated median line) 

 

Siegel's estimator (1982) is also based on medians of pairwise slopes, but these are calculated 

repeatedly: 

i.e. when calculating the median for �̂�𝑅𝑀, the slope between 

(𝑥𝑖, 𝑦𝑖) and (𝑥𝑗, 𝑦𝑗)  appears twice. 

 

Break point: 0.5 

Proof: for n = 2k 

If 𝑘 − 1 elements are outliers, then median
𝑗≠𝑖

(�̂�𝑖𝑗) is for 𝑘 − 1 indices 𝑖1, . . . , 𝑖𝑘−1 outliers. 

If (𝑥𝑖, 𝑦𝑖) is a "good" data point, then median
𝑗≠𝑖

(�̂�𝑖𝑗) is also "good", since only                              

𝑘 − 1 (<
𝑛

2
) �̂�𝑖𝑗 are outliers. 

⇒ 𝑖𝑛 median
1 ≤ 𝑖 ≤ 𝑛

(median
1 ≤ 𝑗 ≤𝑛

𝑗 ≠𝑖

(�̂�𝑖𝑗)) only 𝑘 − 1 (<
𝑛

2
) values are outliers.  

lim
𝑛→∞

𝑘 − 1

𝑛
=

𝑘 − 1

2𝑘
=

1

2
 

An analogous proof holds for 𝑛 =  2𝑘 +  1. 

Note: Greater robustness (= resistance) is bought at the cost of greater computing effort. 

 

5.4 Least Median of Squares (LMS) Regression 
 

While the sum of the squared residuals is minimized in LS regression, the LMS criterion 

(Rousseeuw, 1984) is defined as: 

 

So, you replace the sum with the median, which results in a strong robustness (breaking point 

50%). 

The solution for 𝛼𝐿𝑀𝑆 and 𝛽𝐿𝑀𝑆 is found with a "subsampling" algorithm, see below. 
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5.5 Least Trimmed Squares (LTS) Regression 
 

LTS regression (Rousseeuw, 1984) tries to minimize only the sum of the smallest squared 

residuals. Let 𝑟(1)
2 ≤ 𝑟(2)

2 ≤ ⋯ ≤ 𝑟(𝑛)
2  be the squared residuals in order of magnitude. Then the LTS 

criterion is: 

 

with 
𝑛

2
 < ℎ < 𝑛. Depending on the choice of ℎ, you get a method with a breakpoint between 0 and 

50%. The robustness suffers with a lower breaking point, but the efficiency (precision of the 

estimator) is increased. 

Note: For a simple regression problem (x versus y), the advantage of robust regression often does 

not seem to be immediately apparent, because outliers in two-dimensional space can still be 

recognized graphically without further ado. However, all of the methods mentioned above also 

work in the case of several x variables (multiple regression), and then the graphic outlier detection 

is generally no longer possible. 

Algorithm: An algorithm based on "subsampling" was developed for both LMS and LTS 

regression. In the following we assume that there are 𝑝 ≥ 1 x-variables that can be used to explain 

y: 

1. Randomly choose 𝑝 + 1 observations. This precisely determines the regression line 

(regression hyperplane). 

2. Calculate all residuals and from them the LMS or LTS criterion. 

3. Iterate 1. and 2. "very often", and choose the final (approximate) solution that gives the 

smallest value of the objective function. 

The computational effort increases especially with a larger p. 

Fast-LTS algorithm: A faster algorithm was developed for LTS regression: 

1. Randomly choose h observations. 

2. Estimate the regression parameters with the h observations using LS regression (least 

squares - not robust!). 

3. Calculate the residuals of all observations and order their absolute values after the 

magnitude. 

4. Take those h observations that come from the smallest (absolute) residuals from point 3. 

5. Iterate 2.-4. until convergence. This is assured because the sum of the squared residuals 

chosen never becomes larger. 

6. Perform steps 1.-5. several times through. The approximate solution is the one that gives 

the smallest value of the objective function. 

R-code: In the library(rrcov) the Fast-LTS algorithm is implemented in the function ltsReg. The 

library(robustbase) contains the function lmrob, which is copied from the input/output structure 
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of the function lm for classic LS estimation. lmrob performs robust MM-regression, a method that 

achieves the best possible robustness with optimal precision. 

 

5.6 Multiple x variables 
 

In the more general case, one would like to explain an output variable y not only by an input 

variable x, but there are several input variables 𝑥1, 𝑥2, … , 𝑥𝑝. These p inputs could be p different 

variables that are measured in a production process in order to ultimately predict the product 

quality y. If one takes again a linear prediction function of the inputs, then the regression model 

has the following form: 

 

Here 𝛼 is again the abscissa distance, the 𝛽𝑠 are the slope parameters for the individual inputs, and 

𝜖 is the random error. 

For each of these quantities there are then n observations, and one thus has the sample 

(𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖𝑝, 𝑦𝑖) for 𝑖 = 1, … , 𝑛. With the estimated parameters �̂�, �̂�1, … , �̂�𝑝 you get the 

predicted values again. 

�̂�𝑖 = �̂� + �̂�1𝑥𝑖1 + ⋯ + �̂�𝑝𝑥𝑖𝑝 

and the residuals 

𝑟𝑖 = 𝑦𝑖 − �̂�𝑖 for 𝑖 = 1, … , 𝑛. 

As in the simple linear regression case (one x variable), different criteria can also be used here in 

order to arrive at estimates for the parameters. The LS criterion would be obvious, but again with 

the disadvantage that it is sensitive to outliers. Note here that outliers in the x-direction (so-called 

leverage points) can now be outliers in p dimensions, i.e. in the variables 𝑥1, … , 𝑥𝑝, and are 

therefore difficult or impossible to find by graphic means. 

Not all of the methods dealt with in the previous chapters can be used here as robust variants, but 

LMS or LTS regression, as well as the mentioned MM-regression, are ideal. The criteria are 

exactly the same, only the algorithms for estimating the parameters become a little more complex. 

Example: We consider the rice data from the rrcov package with subjective evaluations of 105 

different rice varieties. The y variable represents the overall evaluation, the x variables are aroma 

(flavor), appearance, taste, stickiness and toughness. A model might now be obtained in order to 

be able to predict the quality on the basis of the x-variables. 

For now, we only consider simple linear regression, with the x-variable aroma. LS regression and 

robust MM regression are compared as methods. The resulting regression lines are shown in Figure 

5.3 on the left. Apparently, the estimated coefficients of the two variants are very similar to each 

other. There seem to be no major outliers that would influence LS regression more strongly. 
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Figure 5.3 on the right shows the result of the classical and robust regression for two explanatory 

variables. Here, too, there is not much difference to be seen, as can be seen from the estimated 

regression coefficients: 

mod <- lm(Overall_evaluation~Favor+Appearance,data=rice) 
coef(mod) 
(Intercept)  Favor        Appearance 
-0.1385352 0.5041728 0.7237637 
 
mod2 <- lmrob(Overall_evaluation~Favor+Appearance, data=rice) 
coef(mod2) 
(Intercept)  Favor        Appearance 
-0.1582099 0.4895092 0.7668813 
 

 

Figure 5.3: Linear regression (LS and MM) for the rice data, with one (left) or two (right) explanatory variables. 

Finally, all 5 explanatory variables should be used for the forecast. A visualization of the problem 

is no longer possible. For this we take a closer look at the so-called inferential statistics: 
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In the case of the LS regression model, the variables Flavor, Taste and Stickiness contribute 

significantly to the explanation. The estimated regression coefficients can be read under Estimate. 

Appearance is on the verge of significance. The model explains the output variable very well, 93% 

(multiple R-squared). 

The following results are obtained for MM-regression: 

 

The coefficient of Appearance is very different from the LS result, and also far from significance. 

Observation 75 is an outlier. Figure 5.4 shows diagnostic plots for MM-regression that are obtained 

with plot(re2). The graph on the left shows the estimated values �̂� versus 𝑦. In fact, there are a few 

deviating observations that the model does not predict as well. In general, however, you get very 

good estimates. The right graph shows robust Mahalanobis-Distances (comes later in the script) 
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against the standardized residuals, i.e. residuals divided by the standard deviation of the residuals, 

which should be in the area of the dashed lines. In fact, there are a few outliers in the y-direction. 

 

 

 

 

 

Figure 5.4: Diagnostic plots for robust MM-regression for the rice data. 
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 Chapter 6 
 

Smoothing and estimating non-linear 
trends 

 

We assume that pairs of observations (𝑥1, 𝑦1), … , (𝑥𝑛, 𝑦𝑛) exist. Here the x-values could also be 

points in time, and the y-values could be the observed values of a variable over time. 

The following two sections deal with smoothing a two-dimensional signal, and thus estimating 

non-linear two-dimensional trends. The sections differ in that equidistant y-values are initially 

assumed (e.g. regular points in time), and then non-equidistant y-values are also possible (e.g. 

measurements on a second continuous characteristic). 

 

6.1 Nonlinear smoother for equidistant (time-) 
points 

 

We assume that there is a time series in the form of measurement points 𝑥𝑡, 𝑡 = ⋯ , −2, −1,

0, 1, 2, … with a constant difference between the measurement times. Our goal is to use simple 

exploratory methods to smooth the time series, which is also to a certain degree robust against 

disturbances in the signal (peaks, jumps). The smoothing is intended to identify patterns in the 

time series. 

 

 G  …  Smoothing algorithm 

 𝑟𝑡 ≔ 𝑥𝑡 − 𝐺𝑥𝑡 

Linear filters: 

𝑧𝑡 = ∑ 𝛼𝑖𝑥𝑡+𝑖

𝑙2

𝑖=−𝑙1

 𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑥𝑖 𝑖𝑛 𝑎 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑜𝑓 𝑡 

with 0 ≤ 𝑙1, 0 ≤ 𝑙2, 𝛼−𝑙1
≠ 0, 𝛼+𝑙2

≠ 0.  

Note: Linear filters are very sensitive to outliers. 
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Robust procedures: 

 Usually formed with the help of the median. 

 Rather difficult to analyze mathematically. 

 Area of application: EDA, robust adjustment of seasonal fluctuations, signal and image 

processing. 

Range of a smoothing algorithm: (largest index - smallest index + 1) with regard to the 𝑥𝑡, from 

which 𝑧𝑡 is calculated. 

Median smoothing algorithms with odd span 2s + 1: 

 𝑧𝑡 = 𝐺𝑥𝑡 ≔ 𝑚𝑒𝑑𝑖𝑎𝑛(𝑥𝑡−𝑠, 𝑥𝑡−𝑠+1, … , 𝑥𝑡 , 𝑥𝑡+1, … , 𝑥𝑡+𝑠) 

E.g. 𝑠 = 1: 𝑧𝑡 = 𝑚𝑒𝑑𝑖𝑎𝑛(𝑥𝑡−1, 𝑥𝑡 , 𝑥𝑡+1) 

 ⟹ get time series … , 𝑧𝑡−1, 𝑧𝑡 , 𝑧𝑡+1, … 

Median smoothing algorithms with an even span 2s: 

 𝑧
𝑡+

1

2

= 𝐺𝑥𝑡 ≔ 𝑚𝑒𝑑𝑖𝑎𝑛(𝑥𝑡−𝑠+1, … , 𝑥𝑡, 𝑥𝑡+1, … , 𝑥𝑡+𝑠) 

E.g. 𝑠 = 1: 𝑧
𝑡+

1

2

= 𝑚𝑒𝑑𝑖𝑎𝑛(𝑥𝑡, 𝑥𝑡+1) 

 ⟹ get time series … , 𝑧
𝑡−1−

1

2

, 𝑧
𝑡−

1

2

, 𝑧
𝑡+

1

2

, 𝑧
𝑡+1+

1

2

… 

An integer index 𝑡 is achieved by a second even median smoothing algorithm. Mostly one takes 

𝑠 =  1.  ⟹ 𝑧𝑡 = 𝐺2𝐺1𝑥𝑡 

Figure 6.1 (a) shows a time series of body temperatures of a cow, which was measured daily on 

75 consecutive days at 6:30 a.m. Figure 6.1 (b) shows the results of various smoothing algorithms. 

 

Figure 6.1: Effects of different smoothers on the time series of the cow data. 
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6.2 Robust filtering with repeated median 
 
Smoothing and filtering are equivalent tasks. With smoothing one is more interested in the signal, 

with filters also in the smoothed signal, but also in the residuals, especially residuals that are 

outliers. Such "significant" deviations can provide important information about the underlying 

data-generating process. However, a prerequisite for reliable outlier identification is that the 

smoothing is robust, i.e. that it is influenced as little as possible by the outliers themselves. 

Some such filter algorithms are implemented in the R package robfilter, which also provide outlier 

diagnostics. The repeated median (see Section 5.3) is used there because it is very robust and 

quickly calculable, and is therefore also suitable for online filtering (these algorithms were 

developed in connection with online monitoring in intensive care medicine). 

As in the previous section, we assume a time series with measured values 𝑥𝑡 that was observed at 

the (equidistant) times 𝑡 =  1, . . . , 𝑇. The filter should work locally again, i.e. use information that 

lies within a certain time window, with the time window being pushed forward continuously. To 

do this, we assume the range as 2s + 1, with s > 0. So, if we want a smoothing for 𝑥𝑡 (filter at time 

𝑡), then the values {𝑥𝑡−𝑠, 𝑥𝑡−𝑠+1, … , 𝑥𝑡 , 𝑥𝑡+1, … , 𝑥𝑡+𝑠} are taken into account. 

We denote the underlying signal as 𝜇𝑡, for 𝑡 =  1, . . . , 𝑇, which, however, cannot be observed and 

should be estimated. The time series then comes about by 𝑥𝑡 = 𝜇𝑡 + 𝜖𝑡, where 𝜖𝑡 represents an 

error that is characterized by a mixture of normal distribution and a "heavy-tailed" distribution 

(generates outliers). We assume that 𝜇𝑡 can be approximated locally (within a time window with 

a span of 2𝑠 + 1) by a linear function: 

 𝜇𝑡+𝑖 ≈ 𝜇𝑡 + 𝛽𝑡 ∗ 𝑖 for 𝑖 = −𝑠, −𝑠 + 1, … , 𝑠. 

The parameters of this linear function are the "level" 𝜇𝑡 and the slope 𝛽𝑡, which have to be 

estimated. In principle, this can be carried out with any (robust) regression method, whereby the 

authors propagate the repeated median: 

For outlier diagnostics, an estimate of the standard deviation of the residuals 𝜎𝑡 at each point in 

time 𝑡 is required. This can be obtained with the above principle of the local linear approximation. 

The residuals are obtained locally at time 𝑡 

 𝑟𝑡(𝑡 + 𝑖) = 𝑥𝑡+𝑖 − �̂�𝑡 − �̂�𝑡 ∗ 𝑖 for 𝑖 = −𝑠, −𝑠 + 1, … , 𝑠. 

One can now use any (robust) scatter estimator to estimate 𝜎𝑡, such as the Qn, see Section 3.1: 

�̂�𝑡 = 2.219 ∗ {|𝑟𝑡(𝑡 + 𝑖) − 𝑟𝑡(𝑡 + 𝑗)|; 𝑖 < 𝑗}(𝑘) with 𝑘 = (
ℎ
2

) and ℎ = ⌊
(2𝑠+1)

2
⌋ + 1. 

With this scatter estimate one can now do the usual robust outlier diagnosis: an outlier is diagnosed 

if |�̂�𝑡| > 2 ∗ �̂�𝑡, where �̂�𝑡 = 𝑥𝑡 − �̂�𝑡 is the estimated residue at time 𝑡. 
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Example: We consider the cow data from the last section. The following R code shows an 

application of the algorithm described above, where the range 2s + 1 = 7 is chosen (must be an 

odd number). The result is shown in Figure 6.2 on the left. The right graph shows the result for a 

range of 2s + 1 = 19. So, you can see that the result depends strongly on this parameter. An 

algorithm (scarm.filter()) is also implemented in the robfilter package, which automatically selects 

the range on the basis of statistical tests. However, "enough" data is required for this. 

 

6.3 LOWESS 
 

LOWESS stands for LOcally WEighted regression Scatter plot Smoothing and is a smoothing 

method that can be used on scatter plots and that allows trends in the data to be recognized. 

Conceptually, it works like a non-linear regression method: x-data are given and the corresponding 

y-data are smoothed. LOWESS could also be used in the context of time series. 

Figure 6.2: Application of a robust filter to the cow data, with window widths 7 (left) and 19 (right). Detected 

outliers are marked. 
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About the n 2-dimensional data (xi, yi), i = 1, . . . , n, nothing is assumed. LOWESS is described by the 
following algorithm: 

1. f  . . .  Proportion of points that should be used in smoothing. 

 
2. Choose the q points closest to (xi, yi) (xk, yk) ((xi, yi) is contained in these q points), for i = 1,. 

. . , n. 
 

       dik :=| xi −xk | Distance between (xi, yi) and (xk, yk) (only the x-direction is relevant!). 

       di :=| xi − ximax | with imax = index of the point furthest from (xi, yi) of the selected q  

points. 
Tricubic weight function: 

 
3. Weight of (xk, yk)  with respect to (xi, yi): ti(xk) 

 

Note: di = 0 means that all q points have the same x-coordinate. 

4. Weighted regression for all i: i.e. 

 

              di = 0 → b̂(i)  not estimable → ŷi := â (i) (ŷi is set to a constant, e.g. to the median of the q  

                 considered yk 

5. Compute residuals  ri := yi − ŷi, for i = 1, . . . , n. 
6. Calculate new robust weights w(xk) with the weight function B(t) (Biweight) 

 

(with normal distribution, m is an estimate for  ≈
2

3
𝜎 ⇒  3𝑚 ≈ 2𝜎) 

 
For each point, weights are assigned that depend on the size of the residuals. Points with very 

large residuals (outside the 2σ range) are completely weighted down.  
 

7. Weighted regression as in point 4, but with weights w(xk)ti(xk). Repeat steps 4 - 7 several times. 
8. Steps 1 - 7 for each data point (or for each different x-value) provide a sequence of points that 

are linearly interpolated. 
Annotation: 

1. f between 1/3 and 2/3 gives good results. 
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2. In the case of the weighted regression in point 4, there is also the version that non-linear 

regression, but rather higher order regression is used. Linear regression would consider the model 

y = a + bx + error, quadratic regression would consider y = a + bx + cx2 + error. This extension can 

be found in loess R function. 

3. In order to see changes in the scatter depending on the xi, the LOWESS method can be applied to 

the absolute residuals. This process is also called spread smoothing. 

 
LOWESS Smoothing the scatter plot (xi , | ri |). 

 

In Figure 6.3 the LOWESS algorithm is applied to the cow data from Figure 6.1 (a). The effects of different 

choices of the parameter f (proportion of the points used for smoothing) are shown. 

 
Figure 6.4 shows the LOWESS smoothing applied to the hamster data from Table 4.2. Spread smoothing 

is carried out in the right graph. 

 

6.3.1 Upper and Lower Smoothing 
In addition to the smoothed values, Upper and Lower Smoothing also offers scatter information. 

Proceed as follows: 

1. LOWESS smoothing of the scatter diagram (xi , yi). The smoothed values are ŷi. 
2. Division of the residuals ri := yi − ŷi into positive and negative residuals: 

 

3. Smoothing of (xi
+, ri

+) and (xi
−, ri

−) 



 

61 

 

 

 
Figure 6.5 shows an example of this procedure with the hamster data from Table 4.2. 

 

Figure 6.4: LOWESS smoothing of the hamster data from Table 4.2 (left) and spread smoothing of the same 

data (right), which shows a slight increase in the scatter of the residuals with increasing x-values 

 

 

Figure 6.5: Upper and Lower Smoothing of the Hamster Data. 

6.3.2 Pairs of Middle Smoothing 
After it does not matter whether LOWESS on data (xi , yi) or on (yi , xi), for i = 1 , . . . , n is used, both variants 

could be tried. In Figure 6.6 this is done for 4-dimensional data, always comparing pairs. This representation is 

introduced in the following chapter as a scatter plot matrix or Draftman's display. The curves (xi, ŷi) and (x̂i, 
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yi) are obtained for each pair. The data are measurements of the air quality in New York and can be found as 

environmental in the R-package library(lattice). 

 

Figure 6.6: Pairs of Middle Smoothing of the environmental data from the library (lattice). To make it easier to 

distinguish, the curves (xi, ŷi) have been drawn with solid lines and the curves (x̂i, yi) with dashed lines. 
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Chapter 7 

Time Series Analysis - An Introduction 
The aim of this chapter is to get an overview of the procedures with time series, and to impart knowledge 

of how basic analyzes are carried out in practice. The name time series analysis already says what you are 

getting at, namely not only displaying time series visually but also analyzing them. Important questions in 

this context are: 

 Are there trends or seasonal fluctuations? If so, can this be quantified? 

 What is the structure of the residuals that remain after deducting the trend and the seasonal 
fluctuation? 

 Does the time series follow a certain pattern that can be modeled? 

 Is it possible to forecast the future? 

 Are there structural breaks in the time series or outliers? 
 

Some of these questions are given here an insight. 

We are only concerned here with univariate time series, i.e. with values xt, for t = 1, . . . , T. 

 

As an example of such a time series we consider the monthly volume of beer produced in Australia, in the 

period from January 1956 to August 1995. The data is available on the page 

http://134.76.173.220/beer.zip. You can read it into R, convert it as a time series object, and display it 

graphically with: 

 
Figure 7.1 (above) shows the resulting time series. You can see a clear trend, but also clear seasonal 

fluctuations. Apart from that, there are always larger local deviations (outliers). If you look closely at  the 

time series in Figure 7.1 (above), you notice that the upward deviations are greater than the downward 

deviations. This could have disadvantages in the later estimate. As a simple way out, one can work with the 

logarithmized data shown in Figure 7.1 (below). The local deviations of the log data now seem to be a little 

more symmetrical. Differences from the logarithmized neighboring values are: 
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Figure 7.1: Original (above) and logarithmized (below) time series of the beer data. 

 

The latter relationship holds because the log differences between neighbors are generally small numbers. With the 

logarithmic values one is only interested in relative differences and not in absolute ones. A log representation is also 

often made for financial time series; the technical term in this context is log-returns. We will now work with these 

log-transformed values in the following. 

 

7.1 Breakdown of the time series into components 
The trend of a time series means that the time series tends to increase or decrease over a longer period 

of time. Seasonality means that certain fluctuations exist, such as seasonal fluctuations. Often both occur 

together, but one would still like to appreciate each component individually. So we want to break down 

the time series into the following components:  

 
with the trend component τt, the seasonal component δt, and the residual component et. We also know 

that the time series has a periodicity of P. For the beer time series, P = 12 because monthly values are 

available. This results in C = ⌊T/P⌋ cycles. In Chapter 6, methods were already dealt with which a signal can 

be smoothed or with which non-linear trends were estimated. The R function stl uses such methods, 

especially the function loess, see Section 6.3. stl works according to the following iterative scheme: 

 

In the kth iteration, k = 1, 2, …, the estimates of the components 𝜏𝑡
(𝑘)

 and 𝛿𝑡
(𝑘)

 of iteration (k + 1) have the 

form: 

(1) Trend adjustment (detrending): 𝑥𝑡 −  𝜏𝑡
(𝑘)

 

(2) loess applied to (1) for the time points 𝑡𝑖 = 𝑡 + 𝑖 ∗ 𝑃, with 𝑖 = 0, … , 𝐶, in sequence for all 𝑡 ∈ {1, … , 𝑃}. 

E.g. all January values are smoothed, then all February values, etc. 
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(3) Applying a (linear) filter to the values of (2), see Chapter 6, results in 𝛿𝑡
(𝑘+1)

 

(4) Seasonal adjustment: 𝑥𝑡 − 𝛿𝑡
(𝑘+1)

 

(5) loess applied to (4) gives 𝜏𝑡
(𝑘+1)

 

 

Similar to the LOWESS algorithm, see Section 6.3, weights are calculated from the residual component 

𝑒𝑡
(𝑘+1)

= 𝑥𝑡 − 𝜏𝑡
(𝑘+1)

− 𝛿𝑡
(𝑘+1)

  (residuals), which are intended to weigh down outliers in the iterations of 

the above procedure. 

 

Figure 7.2 shows the result of stl applied to the logarithmized beer time series, generated with: 

 
Plot(stl(log(beer),s.window="periodic")) 

 

If the remainder has no structure, this would be called white noise. If this is not the case, they still contain 

important information to be modeled. In the results in Figure 7.2, the residuals contain not a conspicuous 

structure, but “peaks” of different heights, which can also be of interest. 

7.2 Regression models for time series 
An important goal when modeling time series is the forecast for future values. You could now try to use 

regression to forecast the future. We'll use a few simple models for this purpose here. 

 

7.2.1 Linear model 
In chapter 5 methods for the (robust) estimation of linear trends were presented. For logarithmic time 

series the linear model has the form: 

 

with the coefficients β0 and β1, and the error term et. The coefficients could be estimated using the 

methods from Chapter 5. In the following we use LTS regression. For the beer data we would proceed as 

follows: 
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Figure 7.3 (left) shows the result. The linear model is, of course, too simple and we should move on to a 

more complex one. 

 

7.2.2 Regression with a quadratic term 
The above linear model can be easily extended with a quadratic term: 
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For our example it looks like this: 

 

The result is shown in Figure 7.3 (right). This gives you a (smooth) estimate of the trend. Future values 

could now be forecast very easily. If �̂�0, �̂�1  and �̂�2 are the estimated regression parameters, so is 

 

the estimate for future points in time t = T + 1 , . . . ,  N. However, since the model is relatively simple, the 

prognosis will only make limited sense and, at best, only be applicable for the near future. 

7.2.3 Regression with Fourier coefficients 
A time signal f(t) with period length P could also be represented with (finite) Fourier series: 

 

The summands in the series correspond to the frequencies with increasing oscillation, starting with the 

fundamental oscillation with period length P. If we added the first summand to our model, the seasonality 

could be modeled as well. So we have the model:  

 

For our example it looks like this (attention, we have already divided t by P = 12): 

 

Figure 7.4 shows the result, which of course is still not predicting "perfectly". One could also include higher 

order terms to improve the fit. 

R also provides an inference table for the model with summary(res): 
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Accordingly, all coefficients except 4 are significantly different from 0. However, one would still include 

this term for a Fourier representation, because cosine and sine should only appear as a pair. 

7.3 Exponential smoothing 
The forecast of future values could be made in such a way that the observed values are weighted 

according to their relevance. If the time series 𝑥𝑡  for t = 1,…, T is observed, the smoothed values are 

obtained by �̃�𝑡: 

 

with the smoothing factor 0 <  𝛼 < 1. The smaller 𝛼 is taken, the less the most recent values are taken 

into account, and it follows that the sequence of �̃�𝑡 becomes smoother. The starting value �̃�𝑚 can be  

chosen as the arithmetic mean of the first m values of xt. 𝛼 can practically be determined in such a way 

that the sum of the squared residuals (or a more robust criterion) is minimized for the available data: 

 

It's easy to see that this type of weighting is equivalent to a recursive calculation: 
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The weights for past values drop exponentially, which also justifies the name of the method. 

If one now wants to estimate h time steps in advance at time t, denoted by 𝑥𝑡+ℎ|𝑡, then one can use the 

current smoothed value for this, i.e. 

 

The prognosis of all future values does not depend on the horizon h, up to which one would like to 

forecast. This is useful for stationary time series that show no trend and no seasonal dependencies and 

that always return relatively quickly to their mean value, but not for time series with a trend. When 

smoothing according to Holt-Winters, a trend variable bt is taken into account: 

 

At each point in time t, bt   records the local increase in the time series. α and β are again in (0, 1) and 

regulate the degree of smoothing. The prognosis with Holt-Winters is then by h time steps forward 

 

The prognosis is thus determined according to a straight line equation with the most recent increase bt, 

starting from �̃�𝑡. 

A seasonal component can also be modeled in a similar way. 

For the beer time series, the Holt-Winters method in R is used as follows: 

 

Both a trend and a seasonal component are taken into account. The result of the smoothing is shown in 

Figure 7.5 (above). The estimated parameters are: 

 

With this model you can now forecast the future, here for the next 48 months: 

 

Figure 7.5 (below) shows the result. 
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7.4 Modeling of time series 

7.4.1 Parameters 
Time series models take into account dependencies that are given when the time series is systematically 

shifted by k steps. So we consider the values 𝑥𝑡 and the values 𝑥𝑡−𝑘, where t varies. One speaks in this 

context of a lag k. Dependencies are analyzed with the autocovariance. The autocovariance of the order 

k is defined as 𝐶𝑜𝑣(𝑥𝑡 , 𝑥𝑡−𝑘) and it can be estimated with: 

 

with the arithmetic mean 

 

The autocovariance for lag 0, i.e. c0, is the variance of xt. Thus the autocorrelation of order k can be 

defined as: 

 

and estimate with 𝑟𝑘 = 𝑐𝑘/𝑐0. 

 

We spoke of stationary time series above. These are characterized by the fact that they have the same 

expected value (mean) and the same variance for all t, and that their autocovariance is the same for all t 

and every k > 0. Stationary time series with zero autocorrelation for k > 0 are called white noise. 

You can test for the property white noise with the Q-statistic, also called Ljung-Box statistic. The 

hypothesis  𝐻0: 𝜌1 = 𝜌2 = .  .  . =  𝜌𝑘𝑚𝑎𝑥 = 0  is tested with a fixed value kmax. 
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Figure 7.6 shows the water level (annual mean) of Lake Huron in the period 1875-1972 (in feet). Figure 

7.7 (left) shows the autocorrelations for several values of k. This representation is also called a 

correlogram. The dashed horizontal lines correspond to the limits for significance and they are 

determined by uncorrelated time series. 

 

In the case of uncorrelated and stationary time series, all autocorrelations for k > 0 had to be within these 

limits. In this example, you can see pronounced correlations that only subside after a large lag. 

Correlations between neighboring points in time can be transferred, i.e. from 𝑥𝑡 to 𝑥𝑡−1, from 𝑥𝑡−1 to 

𝑥𝑡−2, etc. The resulting correlation between 𝑥𝑡 and 𝑥𝑡−𝑘 is therefore influenced by the observations in 

between. In order to take this effect out of the equation, another gutter for assessing the dependency is 

defined, namely the partial autocorrelation of order k: 

 

This corresponds to the autocorrelation between the residuals of a regression from 𝑥𝑡  to 𝑥𝑡−1, … , 𝑥𝑡−𝑘+1  

and the residuals of a regression of 𝑥𝑡−𝑘 on the same variables 𝑥𝑡−1, … , 𝑥𝑡−𝑘+1  . Figure 7.7 (right) shows 

the partial autocorrelations for the data from Lake Huron. So up to 2 you still get pronounced partial 

correlations. This representation is called a partial correlogram. 
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7.4.2 Basic time series models 
Moving Average (MA) model 

A stationary time series follows a moving average process of order 1, or MA (1) for short, if 

 

with the unknown parameters 𝑎 and 𝜃. Here 𝑢𝑡 stands for white noise. Similarly, moving averages of 

order q, i.e. MA (q), can be defined as 

 

with the unknown parameters 𝑎 and 𝜃1, . . . , 𝜃𝑞 . 

The autocorrelations of MA (q) are 0 for lags greater than q. If the correlations in the correlogram drop 

sharply and after lag q are no longer significant, this is an indication of an MA (q) process. An example of 

MA (2) can be seen in Figure 7.8 (above). 

Autoregressive (AR) model 

A stationary time series follows an autoregressive process of order 1, AR (1) for short, if 

 

with the unknown parameters 𝑎 and 𝜙. Analogously, an autoregressive process of order p, i.e. AR (p), can 

be defined as 

 

with the unknown parameters 𝑎 and 𝜙1, . . . , 𝜙𝑝. The partial autocorrelations of AR (p) are 0 for lags 

greater than p. The autocorrelations approach 0 more slowly, and sometimes they have a sinusoidal 

structure. An example of AR (2) is shown in Figure 7.8 (below). 

ARMA (Autoregressive Moving Average) model 

If neither the correlogram nor the partial correlogram shows an "implosion" to 0 from a certain lag, then 

a mixture of AR (p) and MA (q) can make sense. This is called ARMA (p; q) and is defined as 

 

Preference should be given to simple models, i.e. p and q should be chosen small. 

ARIMA (Autoregressive Integrated Moving Average) model 

The ARMA model assumes a stationary time series. If there is a trend, one speaks of a non-stationary or 

integrated, i.e. a trend-affected time series (seasonally included). Trends can be eliminated by forming 

differences. To do this, we define the "difference operator" Δ as: 
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Linear trends can be eliminated by applying Δ once, quadratic trends can be eliminated by applying Δ 

twice, that is: 

 

Definition: a time series 𝑥𝑡, 𝑡 = 1, … , 𝑇 follows an  𝐴𝑅𝐼𝑀𝐴(𝑝, 𝑑, 𝑞)  model if Δ𝑑𝑥𝑡 follows an 𝐴𝑅𝑀𝐴(𝑝, 𝑞)   

model. 

Because of the preferred simplicity of models, 𝑑 is usually chosen as 0 or 1. 

Example: The model ARIMA (1,1,0) has the shape: 

 

So: 

 

7.4.3 Estimation of the parameters 
The parameter estimation for the models described above is based on the principle of least squares, i.e. 

by minimizing Σ𝑡=1
𝑇 (𝑥𝑡 − 𝑥𝑡)2. However, we do not want to go into the technical details of this estimate 

here. In R the parameters can be estimated with: 
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for the data data, with the corresponding orders of the ARIMA (p, d, q) model. For the data from Lake 

Huron, we try the following model based on Figure 7.7: 

 

So this is an ARMA (1,1) model of the shape: 

 

The estimates of the parameters 𝜙, 𝜃, and 𝑎 are: 

 

7.4.4 Diagnosis of time series models 
A very important step in the search for a model is diagnostics. The ARMA (1,1) model for the data from 

Lake Huron gives estimates of the coefficients, but we do not know whether the model is suitable at all. 

Diagnostics can be made with: 

 

The result is shown in Figure 7.9. At the top you can see the (standardized) residuals, which should be 

white noise in a correctly specified model, in the middle the correlogram of the residuals, where no 

structure should be visible, and at the bottom the Ljung-box statistics up to lag 10, where all p-values 

should be beyond the limit 0.05, i.e. not significant. So our model seems to be well specified. 

7.4.5 Prediction 
Now that we have a reasonably specified model, we can move on to the most interesting point, namely 

the prediction. However, a sensibly specified model does not necessarily have to be a good prediction 

model. The fit result also provides information about the model properties, such as the variance of the 

estimates. This is used to obtain a concentration interval in addition to the forecast. 

 

Figure 7.10 shows the prediction for the next 8 years, together with a 95% confidence interval. The size 

of this interval clearly shows that our model - although it makes sense in terms of content - is not very 

valuable as a prediction model. 

You can also go on the internet: 

http://www.glerl.noaa.gov/data/now/wlevels/lowlevels/plot/data/Michigan-Huron-1860-.csv 

http://www.glerl.noaa.gov/data/now/wlevels/lowlevels/plot/data/Michigan-Huron-1860-.csv
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to find historical and current data on Lake Huron water levels. Figure 7.11 shows this data as a red line, in 

addition to the information from Figure 7.10. The data from R do not exactly agree with the data from the 

Internet, which may be due to the fact that measurements were taken at another point in the lake. Here 

the forecast has now been continued up to 2011, just to have a comparison with the current data. The 

confidence interval spans practically the entire data range, and the prognosis quickly settles towards the 

mean value. The prognosis can only be used for a very short time, if at all. Our model is generally either 

too simple, or no better model can be found. 
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Chapter 8 
Multivariate graphics 
Multivariate data is usually presented in a rectangular table (matrix) consisting of 𝑛 rows and 𝑝 columns, 

with each cell containing a numerical value. Each row contains information about an object, and each 

column contains information about a variable. The matrix is referred to as 𝑿 in the following. The rows or 

samples are noted with 𝑥1, … ,  𝑥𝑛. The 𝑖-th sample is thus 𝑥𝑖 = (𝑥𝑖1 , … ,  𝑥𝑖𝑝)𝑇 (column vector!). 

8.1 Scatterplots 
In scatter diagrams of low-dimensional data, the data must also be represented by varying the symbol 

(marker) by which the data values are represented. The 4-dimensional iris data are given as an example 

in Figure 8.1. The first two dimensions Sepal Length and Sepal Width form the horizontal and vertical axes 

in the plot. The variable petal length is represented by the size of the symbols. The variable Petal Width is 

represented in the plot by different shades of gray. 

 

 

Another possibility is to display all (
𝑝
2

) 2-dimensional views of the 𝑝 variables (Draftsman's display), as 

was done with the 4-dimensional iris data in Figure 8.2. In addition, the information about the group 

membership of the 3 types of irises was visualized by different selection of gray levels. 
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This representation of all pairs of 2-dimensional views can even be used for data of higher dimensions, 

provided the data have distinctive structures. However, one must always be aware that one sees "only" 

2-dimensional projections of the p-dimensional data. 

Of course, multidimensional data could also be displayed in 3-dimensional scatter diagrams (different 

symbols, colors, etc. had to be selected for the remaining dimensions). However, this only makes sense 

with a corresponding interactive visualization. 

Another variation are the Casement Displays - a layered representation of the data, as well as the Multi-

window Plots, in which one or two of the 𝑝  variables are used to decompose the sample and the resulting 

subsets are shown in scatter diagrams. 

 

8.2 Profiles, stars, segments, Chernoff faces 

8.2.1 Profiles 
Each data value 𝑥𝑖 is represented by 𝑝 bars or lines. The length of the j-th bar (line) of the k-th point is 

proportional to 𝑥𝑘𝑗. 
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As an example, consider the data in Table 8.1 for Virginia death rates. The "variables" are different 

population groups (columns), and the "objects" are different age groups (rows). Figure 8.3 shows profiles 

for the individual objects (left), but also the equivalent representation of the profiles in relation to the 

individual variables (right). 

Table 8.1: Death rates (in%) in Virginia in 1940. The data are broken down into age groups (rows) and 

population groups (columns). 

 

 

 

The representation with profiles is suitable for data with a relatively high dimension (around 20), but there 

is undoubtedly a limitation with regard to the number of objects. Although the profiles can be displayed 

without a coordinate system, side by side and one below the other, the display is no longer clear even for 

a three-digit number of objects. 

If variables with very different scales are considered, the data should be normalized beforehand, 

otherwise the clarity can be lost. Many possibilities are conceivable for normalization, e.g. normalization 

of each variable to 

• the interval [0, 1] (or another interval), 
• (robust) variance 1, 
• Norm 1, i.e.  Σ𝑖=1

𝑛 𝑥𝑖𝑗
2 = 1  for all j. 

 
Alternatively (or additionally) the variables can also be transformed (e.g. with logarithm). 
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8.2.2 Stars 
Depending on the type of variation, they are also called "webs", "polygons" and "circular plots". The data 

points are "normalized", e.g. 

 

with: 

 

and then the �̃�𝑘𝑖  plotted radially in the 𝑝 directions  
2𝜋

𝑝
𝑘  (𝑘 = 0, … , 𝑝 − 1) 

As an example we consider the vehicle data from Table 8.2. These various characteristics of 32 vehicles 

are taken from American motor journals from 1974. (The entire data is available in R under data(mtcars).)  

In Figure 8.4 these 7-dimensional data are shown with stars, with each of the 32 vehicles representing a 

star. Due to the similarity of some stars, the vehicles can be visually divided into groups (clusters). 
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Table 8.2: Vehicle data: Various characteristics were collected from 32 vehicles. The data comes from 

American motor journals from 1974 

 

8.2.3 Segments 
The representation with segments is very similar to that with stars. The data are first standardized 

accordingly. Then the entire angle of 2𝜋 is regularly subdivided into 𝑝 parts. Now the value of each variable 

of an object is entered in a segment, whereby the area of the circle segment corresponds to the value on 

the variable. 

Figure 8.5 shows the vehicle data above with segments. 
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8.2.4 Chernoff Faces 
Each variable is represented by the size, direction or curvature of a part of the face. Here it is hardly 

possible to draw conclusions from the representation of a data point on the values of its components (i.e. 

on the 𝑥𝑖𝑗). In addition, a certain subjectivity is always stored in this representation, because the analyst 

pays more attention to some parts of the face and some appear less important. Figure 8.6 shows this 

representation for the vehicle data. 
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8.2.5 Boxes 
 

The variables are divided into 3 groups using a cluster analysis. The decisive factor here is the similarity 

between the variables, which can be determined using the correlation matrix. Then each group of 

variables is represented as a separate page in a box. The relative proportions of each observation in the 

variables ultimately determines the size of the box. Figure 8.7 shows the representation with boxes for 

the above vehicle data. 
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8.3 Trees 
 

This is a representation of the data in the form of a tree structure. An attempt is made to express the 

correlation between the variables in the presentation of the data. This is decisive for the sequence of the 

branches. 

The following algorithm describes the construction of a Hartigan tree. It is about the thickness and length 

of the branches, the angles between the branches and between the trunk and the branches: 

1. The thickness of a branch is proportional to the number of branches above the branch (the cluster 
tree indicates what is above). 

2. Angle between 2 branches: A minimum angle and a maximum angle are specified. The range of 
the angles increases with the number of variables. 

3. The branches should be directed in such a way that they do not overlap. 
4. Angle: 

(a) The angle of a branch with the vertical is proportional to the thickness of the branch. 
(b) The angle of the trunk with the vertical is inversely proportional to the thickness. 
(c) The sum of the two angles between the branches of a branch and the vertical is given by 

point 2). 
5. The length of a branch is proportional to the mean length of all variables over the branch. 
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Figure 8.8 shows the representation of the vehicle data using trees. 

 

 

 

 

8.4 Castles 
As an alternative to the trees, the representation form "castles" can also be selected. The principle of 

the construction is analogous to trees, only that here the angles of the branches are equal to zero. 

Figure 8.9 shows the representation of the vehicle data using castles. 
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8.5 Plot with parallel coordinates 
The idea here is that the individual variables are placed side by side as coordinate axes. The values of the 

individual variables are brought to the same range, 

 

Then objects are plotted in the form of lines according to their coordinates. You can integrate further 

information in the plot by using different colors or shades of gray, as well as different line thicknesses or 

line types. 

Figure 8.10 shows the iris data with parallel coordinates. The group information is visualized by different 

colors. 
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As a further example of a plot with parallel coordinates, the data glass from the library(chemometrics) is 

shown in Figure 8.11. Concentrations of various oxides were measured. The colors correspond to different 

types of glass. 

Comments: This type of visualization has the following properties, among others: 
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• The data quality (rounding effects, extreme outliers) is recognized at a glance. However, 
categorical variables often lead to a subjective clustering. 

• The order of the variables (coordinates) in the representation can be decisive for the clarity. 
• This plot "can withstand" a very large number of objects, but many dimensions can also be 

represented. 
• Trends or clusters are relatively easy to recognize, as are values that deviate completely from the 

data structure (these have a completely different line course). 
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Chapter 9 
Parameter Estimation in the Multidimensional 
In Chapter 3, important estimators for univariate data were listed. Here we would like to make an 

extension to the multivariate case. We assume that measurements of 𝑝 variables (features) 𝑥1, … , 𝑥𝑝, and 

not just a univariate quantity 𝑥. Of course, we shall need 𝑛 observations again later for each of these 

variables, namely the concrete multivariate data. 

9.1 Covariance and Correlation 
The covariance and the correlation represent a measure of the relationship between these variables. 

Usually, only dimensions are given for the linear relationship. The correlation can be interpreted better 

than the covariance because it is a standardized quantity. 

We first assume that 𝑥1, … , 𝑥𝑝 are random variables, the realizations of which form the 𝑛 × 𝑝 data matrix 

X later. The covariance between the pair 𝑥𝑗 and 𝑥𝑘    (𝑗, 𝑘 ∈ {1, … , 𝑝}) is defined as: 

 

The symbol "E" describes the usual expected value, which for a specific sample is usually estimated using 

the arithmetic mean. For 𝑗 =  𝑘 we get 𝜎𝑗𝑗 = 𝜎𝑘𝑘, the variance. 

If one has now given concrete data, i.e. the observations were measured simultaneously on each variable, 

then there are, in particular, the values 𝑥1𝑗, … , 𝑥𝑛𝑗 for 𝑥𝑗 and the values 𝑥1𝑘, … , 𝑥𝑛𝑘for 𝑥𝑘. The classical 

estimate of the covariance 𝜎𝑗𝑘 is called sample covariance and it is defined as: 

 

with the arithmetic means 

 

If one sets 𝑗 =  𝑘 again, one obtains the sample variance. 

The correlation coefficient between the random variables 𝑥𝑗 and 𝑥𝑘 is defined as: 
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and is a dimensionless measure for the linear relationship between these two features. This quantity 

always takes a value in the interval [-1, 1]. With a value of 1 or -1, 𝑥𝑗 and 𝑥𝑘 contain the same information, 

with -1 there is an inverse relationship. With a value of 0 there is no linear relationship between 𝑥𝑗 and 

𝑥𝑘. 

The classical estimate of the correlation 𝜌𝑗𝑘  is called the sample correlation and it is defined as 

 

This correlation measure measures the linear relationship between 𝑥𝑗 and 𝑥𝑘. So if 𝑟𝑗𝑘 = 0, there is no 

linear relationship between 𝑥𝑗 and 𝑥𝑘, but there could very well be a non-linear relationship. 

If the covariance or the correlation is determined for all pairs of variables, matrices of order 𝑝 × 𝑝 are 

obtained. The (theoretical) covariance matrix is denoted by Σ, it contains the elements 𝜎𝑗𝑘. If one 

estimates these elements with the sample covariance 𝑠𝑗𝑘, one obtains the 𝑝 × 𝑝 sample covariance matrix 

S. Analogously, if one estimates the correlations 𝜌𝑗𝑘  with the sample correlations 𝑟𝑗𝑘, then the matrix R is 

obtained. 

 

Figure 9.1 should give a feeling of what a theoretically defined covariance matrix could look like in practice. 

The theoretical covariance matrices below in the figures result in the theoretical correlations  0.8,  0, and 

-0.8, and the point cloud shown comes from 200 randomly generated values with this covariance matrix. 

If the sample correlations were to be determined from the points, the value had to be very close to the 

theoretical value. 

 

9.1.1 More robust estimates of covariance and correlation 
As stated in previous chapters, the arithmetic mean and sample variance are very sensitive to outliers. 

More robust estimators are, for example, median or MAD. Similarly, the sample covariance is sensitive 

to outliers because an observation that is (arbitrarily) far away can have a very large influence on the 

result. 
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More robust estimates of covariance or correlation can be obtained by giving less weight to observations 

that deviate from the "bulk" of the common data structure. In the extreme case, the weight could even 

be 0, which means that the observation is no longer directly entered. 

One approach to robustification is the Spearman rank correlation, where not the data values themselves, 

but only the range of the values of the individual variables are taken. The sample correlation is then 

calculated from these ranges. The rank is always a number from {1, ..., n} (with n observations), and it 

does not matter how extreme the values of outliers are. Ranges can also map nonlinearities well, so that 

the resulting measure is a measure not only for the linear but also for the nonlinear relationship. 

 

A more robust variant is obtained, for example, with the MCD (Minimum Covariance Determinant) 

estimator. As the name suggests, the determinant of the covariance matrix is minimized. However, not 

all 𝑛, but only ℎ < 𝑛 observations are taken from which the sample covariance matrix is calculated. Their 

determinant then defines the target criterion, and an algorithm is used to search for those observations 

that lead to the smallest determinant. For ℎ it is recommended to take about half or 3/4 of the 

observations. The robust covariance estimate is thus the empirical covariance matrix of these ℎ 

observations (multiplied by a factor for consistency with normal distribution). A robust location estimate 

with the arithmetic mean of the ℎ observations is also obtained as a "by-product". 

 

The robust covariance estimate using MCD can be used directly to obtain a robust estimate of the 

correlation matrix. Let 𝑐𝑗𝑘 be the element (𝑗, 𝑘) of the MCD covariance matrix, for 𝑗, 𝑘 =  1, … , 𝑝. The 

robust variances are then given by 𝑐𝑗𝑗. The correlation is defined as covariance through the roots of the 

variances, i.e. is: 

 

the element (𝑗, 𝑘) of the robust correlation matrix. 

9.2 Distance and Similarity 
While the relationships between the variables were in the foreground in the last section, the relationships 

between the objects will now be examined. We again consider observations in p-dimensional space, in 

particular the observations 𝒙𝐴  =  (𝑥𝐴1, … , 𝑥𝐴𝑝)𝑇 and 𝒙𝐵  =  (𝑥𝐵1, … , 𝑥𝐵𝑝)𝑇 . 

The Euclidean distance between 𝒙𝐴 and 𝒙𝐵 is defined as: 
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The Manhattan distance (also city block distance), on the other hand, takes the absolute coordinate-

wise distances: 

 

 

The above two distance measures are generalized with the Minkowski distance, defined as: 

 

 

The cosine of the angle α between the object vectors is a measure of similarity. It is independent of the 

length of the vectors and therefore only takes into account the relative values of the variables: 

 

In general, a measure of distance 𝑑 can easily be converted into a measure of similarity by calculating, 

for example, 1 −  𝑑 / 𝑑𝑚𝑎𝑥, where 𝑑𝑚𝑎𝑥  is the maximum distance between all pairs of objects. 

Figure 9.2 shows these different distance measures for observations in two dimensions. 
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The Mahalanobis distance is a particularly important statistical measure of distance because it takes the 

covariance structure into account. It does not depend on the scaling of the variable and is defined as: 

 

If the inverse covariance matrix was set equal to the identity matrix I, the Euclidean distance would be 

obtained. The distance of an observation to the center 𝝁 of the distribution is often of interest here. You 

then get the formula: 

 

Figure 9.3 (right) shows different levels of the Mahalanobis distance to the center of the distribution 

represented in the form of ellipses. So in the center there are small distances that grow towards the edge 

of the point cloud. In comparison, the Euclidean distance is visualized on the left, which results with 𝚺 =

 𝑰. Clearly, this distance measure cannot describe how far one can get to the edge of the point cloud - 

unless one has a spherically symmetrical distribution. 

 

9.3 Multivariate outlier detection 
The concept of Mahalanobis distance can be used well to identify outliers in multivariate data. Outliers 

can therefore be those observations that are extreme in one dimension (here they were easy to recognize 

in univariate form) and those that are hidden in different dimensions. Both types should be recognized 

with the following methodology. 

The Mahalanobis distance of an observation to the center of the distribution, 

 

indicates how far the observation is from this center, relative to the underlying covariance structure. 

Observations with bigger Mahalanobis distance were therefore candidates as outliers. But what does 

"big" mean? Under certain conditions (e.g. multivariate normal distribution) one can show that the 

squared Mahalanobis distances follow a chi-square distribution with 𝑝 degrees of freedom, 𝜒𝑝
2 . If one 
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defines a quantile of this distribution as a limit, e.g. 𝜒𝑝;0.975 
2 , an outlier rule can be created: observations 

whose squared Mahalanobis distance is greater than this limit are declared as potential outliers. 

Since both the center 𝝁 and the covariance matrix 𝚺 are included in the formula for the Mahalanobis 

distance, both quantities must be estimated from the data. If you were to use the classical estimators, 

arithmetic mean and sample covariance, then you would have a bad tool for outlier detection, because 

these estimators are precisely influenced by the outliers. So, one needs robust estimators for location and 

covariance. The MCD estimator delivers both. 

 

Figure 9.4 shows the difference that results when calculating the Mahalanobis distance when using 

classical and robust estimators. In order to be able to visualize this well, only 2-dimensional data were 

used, namely two variables from the data glass of the library(chemometrics). The bound for outliers 

corresponds to √𝜒2;0.975
2 = 2.72 , and this can be seen as an ellipse in the plots. The graphic on the left 

uses the classic estimator, while the graphic on the right uses the MCD. With a robust estimate you get a 

whole group of outliers that correspond to a certain type of glass (symbol). Figure 9.5 now also shows the 

obtained values of the Mahalanobis distances for the classical (left) and robust (right) estimation. 
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Chapter 10 
Projections of Multidimensional Data 
This chapter deals with the reduction of the dimension of multivariate data through projections onto 

subspaces. An attempt is made to find projections of the data that still express certain properties of the 

data and thus cause as little loss of information as possible with regard to these properties. The aim is a 

2-D or 3-D representation of the data with the help of these transformations. 

10.1 Linear combinations of variables 
We again assume that there are 𝑝 variables 𝑥1, … , 𝑥𝑝. Instead of considering all 𝑝 dimensions separately, 

one could get a single variable through linear combination. Such a linear combination has the form 

 

with coefficient 𝑏1, … , 𝑏𝑝. So, all variables are linked linearly and combined into a new variable 𝑢. For 

example, if 𝑏1 = 1 and 𝑏2 =. . . =  𝑏𝑝 = 0, then 𝑢 =  𝑥1. For 𝑏1 =. . . =  𝑏𝑝 = 1, each variable makes the 

same contribution to 𝑢. The coefficients can thus be understood as the weight with which the 

corresponding variable contributes to 𝑢. 

Linear combinations can also be interpreted geometrically. After the variables 𝑥1, … , 𝑥𝑝 make up the 

dimensions (the axes in a graphic), these dimensions are weighted with the coefficients 𝑏1, … , 𝑏𝑝 and 

combined to form a new direction in the p-dimensional space. This direction corresponds to a linear 

projection. If for 𝑥1, … , 𝑥𝑝 finally 𝑛 concrete observations are available, 𝑢 also consists of 𝑛 observations 

that were projected from the p-dimensional space in this direction. 

The coefficients 𝑏1, … , 𝑏𝑝 are called loadings, and 𝑢 is called the score. 

With the notation 𝒙 =  (𝑥1, … , 𝑥𝑝)𝑇 and 𝒃 =  (𝑏1, … , 𝑏𝑝)𝑇 one also gets 𝑢 through: 

 

The length of the direction vector 𝒃 is usually normalized to 1, so  𝒃𝑇𝒃 = 1  applies. 

In general, you will not only be interested in one projection direction (linear combination), but in several. 

This can be achieved simply by defining a matrix 𝑩 of coefficients consisting of the columns 𝒃1, … , 𝒃𝑘. 

Each of these 𝑘 vectors contain 𝑝 coefficients that define the 𝑘 directions. One thus obtains 𝑘 linear 

combinations: 

 

each of which gives different "insights" into the p-dimensional space. One often demands that one want 

to get as different "insights" as possible, that the directions are normal to one another. This is called 

orthogonal and is expressed mathematically as 𝒃𝑖
𝑇𝒃𝑗 = 0, for  𝑖, 𝑗 = 1, . . . , 𝑝,   𝑖 ≠ 𝑗. 
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So far, no conditions have been placed on the projection directions. With such conditions, however, one 

can achieve that the coefficients can be clearly determined. For example, one could be interested in a 

projection direction that allows two groups in the data to be distinguished as well as possible. The 

direction obtained is thus clearly defined. Another criterion could be that the variance of the projected 

points is maximal (the direction is therefore as informative as possible). This leads to the first principal 

component, which is the subject of the next section. 

10.2 Principal components 
Principal Component Analysis (PCA) is one of the most important methods of multivariate statistics. 

Principal components are often used as an exploratory tool that provides an overview of the data. 

10.2.1 Definition of the principal components 
We assume an 𝑛 × 𝑝 data matrix 𝑿 again. The principal components are defined using linear combinations 

as follows: 

𝑼 = 𝑿 𝑩 

The 𝑝 × 𝑝 matrix 𝑩 contains coefficients that define 𝑝 new directions. 𝑼 is the score matrix of dimension 

𝑛 × 𝑝, i.e. the same dimension as X, which contains the projected data values. The individual columns 

𝒖1, … , 𝒖𝑝  of the score matrix are called principal components. 

The individual columns 𝒃𝟏, … , 𝒃𝒑 of the matrix B are clearly determined using the following criteria: 

• The coefficients 𝒃1 for determining the first principal component 𝒖1 are chosen so that the 

variance of 𝒖1 is maximal. In addition, 𝒃1
𝑇𝒃1 = 1 is required. 

• The coefficients 𝒃2 for determining the second principal component 𝒖2  are chosen so that the 

variance of 𝒖2 is maximal. In addition, 𝒃1
𝑇𝒃2 = 0 and  𝒃2

𝑇𝒃2 = 1 are required. 

• The coefficients 𝒃𝑗  for determining the j-th principal component 𝒖𝑗  (2 < 𝑗 ≤ 𝑝) are chosen so 

that the variance of 𝒖𝑗  is maximal. In addition, 𝒃𝑗
𝑇𝒃𝑙 = 0 𝑓𝑜𝑟 (1 ≤ 𝑙 < 𝑗  ) and 𝒃𝑗

𝑇𝒃𝒋 = 1 are 

required. 
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Figure 10.1 shows for 10 data points in two dimensions what the first principal component could look like. 

The points projected onto this component therefore have maximum variance. You cannot find any other 

direction with a higher variance. 

From a geometrical point of view, 𝑼 = 𝑿𝑩 results in nothing other than a representation of the data in a 

new coordinate system that is even orthogonal (the columns of 𝑩 are orthogonal). Thus 𝑼 contains exactly 

the same information as 𝑿, only in a different representation. The representation is special because, 

according to the construction, the information content (variance) of the first principal component is 

greatest, and this information content decreases with increasing number of principal components. One 

can therefore assume that the last principal components are uninformative and can therefore be omitted. 

This would result in a reduction in dimensions because the first few principal components are "sufficient". 

More precise criteria for the relevant number of principal components are given in Section 10.2.3. 

10.2.2 Algorithm for determining the principal components 
From a mathematical point of view, the determination of the principal components is a maximization 

problem under secondary conditions. We formulate this problem with random variables 𝑥1, … , 𝑥𝑝. The 

reason for this is because it is about variance maximization and so we can work with the theoretical 

variance "Var". If one were to take one's "favorite estimator" for the variance, the properties of the 

resulting principal components would depend to a large extent on the properties of this estimator.  

According to the above definitions, the j-th principal component is the linear combination: 

 

for 1 ≤ 𝑗 ≤ 𝑝. The coefficient vector 𝒃𝑗 =  (𝑏1𝑗, … , 𝑏𝑝𝑗) 𝑇 is normalized with 𝒃𝑗
𝑇𝒃𝑗 = 1, and is 

orthogonal to "earlier" directions 𝒃𝑗
𝑇𝒃𝑙 = 0 (𝑓𝑜𝑟 𝑗 > 𝑙, 𝑖𝑓 𝑗 ≥ 2). The goal is to maximize variance, so 

𝑉𝑎𝑟(𝑢𝑗) should be maximized. But this is: 

 

The matrix 𝚺 is the theoretical covariance matrix related to the population. A maximization of this 

expression under constraints is formulated as a Lagrange problem: 

 

with the Lagrange parameters 𝜆𝑗. The partial derivatives according to the unknown parameters 𝒃𝑗 are set 

to zero, i.e. 

 

This is equivalent to: 
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One recognizes from this that one arrives at an eigenvalue problem: 𝒃𝑗 are the eigenvectors of Σ to the 

eigenvalues 𝜆𝑗. 

The role of the eigenvalues 𝜆𝑗 is also important: 

 

The eigenvalues are thus the variances of the principal components that have been maximized. The 

eigenvectors (columns of B) and eigenvalues are ordered such that:  𝜆1 ≥ . . . ≥  𝜆𝑝. 

Hint: The directions of the principal components are the eigenvectors of the covariance matrix Σ. Imagine 

that the variance of 𝑥1 is a thousand times the variance of the rest of the variables. If a search is now 

made for a direction that maximizes the variance, this direction will more or less exactly match 𝑥1. If this 

effect is not desired, i.e., regardless of the variance of the individual variables, one would like that each 

variable can contribute equally to the main components, then scaling must first be carried out. In the 

simplest case, the variances of the scaled variables should be 1. However, this means that one does not 

take eigenvectors from the covariance matrix but from the correlation matrix. If one uses classical 

estimators, one does not determine eigenvectors (and eigenvalues) of S, but rather from the empirical 

correlation matrix R.  

 

10.2.3 Number of relevant principal components 
The aim of the principal component analysis is to reduce the dimensions with as little loss of information 

as possible. After the principal components have been ordered according to descending variance  𝜆1 ≥

 . . . ≥  𝜆𝑝, one looks for a number k, with 1 ≤ 𝑘 ≤ 𝑝, of principal components that represent the 

"essential" information of the data. 

Since the total variance of the data can be printed out as  𝜆1 + . . . + 𝜆𝑝, the information content of the 

first k main components corresponds to  𝜆1 + . . . + 𝜆𝑘. The proportion of the total variance that is 

expressed by the first 𝑘 principal components is therefore suitable as a criterion: 

 

This part is often visualized. The resulting scree plot ("Geroll plot") then gives an indication of the "optimal" 

𝑘: Figure 10.2 (left) shows a schematic of such a scree plot. One would like to define k where the line 

"flattens out". All points that are roughly on a straight line correspond to principal components with 

irrelevant information content and therefore these can be omitted. In the graph one would therefore 

decide for 𝑘 =  2. Figure 10.2 (right) shows the cumulative variances of the principal components. 

As a rule of thumb, you could choose 𝑘 in such a way that at least 80% of the total variance is explained. 

However, this proportion strongly depends on what you want to do with the first 𝑘 principal components 

(visualization or modeling). 
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10.2.4 Centering and scaling the data 
As discussed above, you will generally get different principal components if you take the unscaled or the 

scaled data. But the centering of the data will also play a role.  

 

 

Centering refers to the means of the original variables. With normal measurements, the mean of the 

individual variables will not be 0, so the data are not centered. If these mean values were brought to 0, 

one speaks of centered data. Centering is achieved by subtracting the column mean (arithmetic mean, 

median, etc.) from the respective column of the matrix. Figure 10.3 shows the effect of centering in 

connection with the calculation of the principal components. Uncentered data were used on the left, 

centered on the right. The direction of the first principal component has not changed.  
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The ratio of the projected points (scores) to one another is also unchanged. However, in the uncentered 

case the scores are also uncentered, in the centered case they are centered. 

In general, one should always use the centered data for the determination of the principal components, 

because one is generally only interested in the reconstruction of the structure of the data, but not in the 

reconstruction of the location. 

Scaling refers to the variances of the original variables. With normal measurements, the variance of the 

individual variables will not be 1, so the data are unscaled. If these variances were brought to 1, one speaks 

of scaled data. Scaling is achieved by dividing the values of the respective column by the standard 

deviation of the column values (root of the sample variance, MAD, etc.). Figure 10.4 shows the effect of 

scaling in connection with the calculation of the principal components. Obviously the variance of the 

variable 𝑥1 is much higher than that of 𝑥2. The (centered) unscaled data were used on the left, scaled on 

the right. The direction of the first principal component changes, and thus the scores of the first principal 

component also change. The graph on the left shows that 𝑥1 contributes significantly more to the 

determination of the principal component direction than 𝑥2. If you don't want to have this effect, that 

variables with higher variance automatically make a higher contribution, you have to scale first. 

 

10.2.5 Normal distribution and outliers 
The definition of the principal components did not speak of any distribution assumption. So do you need 

a multivariate normal distribution? The mathematical derivation manages without this requirement. 

Figure 10.5 (left) shows bivariate data, where especially the variable 𝑥2 is very skewed (skewed to the 

right). The data has been centered and scaled here, and the direction of the first principal component 

seems to make sense. However, you will not be able to get by with one principal component in order to 

adequately describe the structure in the data; you also need the second principal component. So we have 

not achieved a dimensional reduction. 
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In Figure 10.5 (right) the variable 𝑙𝑜𝑔(𝑥2) was used instead of 𝑥2, and thus symmetry was achieved - 

possibly even bivariate normal distribution. 𝑥1 and 𝑙𝑜𝑔(𝑥2)  have a strong linear relationship, which is 

expressed by the direction of the first principal component. A second component will not be necessary 

here, and thus the dimension reduction could be used successfully. Elliptical symmetry of the data thus 

seems to be essential for efficient dimension reduction. 

 

Another question is whether outliers can influence the direction of the principal components. In Figure 

10.6, two groups of outliers are visible in the data. In the graphic on the left, the "classic" estimation of 

the first principal component was carried out, in the graphic on the right a robust variant. The direction is 

obviously changing. Classical estimation means here that the directions correspond to the eigenvectors 

of the "classical" empirical correlation matrix R (or the empirical covariance matrix). In the robust case, 

eigenvectors are taken from the robust estimate of the covariance or correlation matrix. Such a robust 

estimate can be obtained, for example, from the MCD estimator, see Section 9.1.1. 
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10.2.6 Presentation of the results, biplot 
In addition to a scree plot, other results of the principal component analysis are also essential for a 

visualization, namely the obtained scores U and the loadings B. One is particularly interested in the first 𝑘 

columns of these matrices, which carry the relevant information. The matrix of the scores is thus of 

dimension 𝑛 ×  𝑘, and that of the loadings has dimension 𝑝 ×  𝑘 .The scores contain the information 

about the objects and the loadings contain the information about the variables. 

Example: The examination results of 88 students in the subjects Mechanics, Analytical Geometry, Linear 

Algebra, Analysis and Elementary Statistics were recorded. Of the 100 achievable points there were the 

results listed in Table 10.1. The data is available with data(scor, package = "bootstrap"). 
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Table 10.1: Exam results of 88 students in the subjects Mechanics (ME), Analytical Geometry (AG), Linear 

Algebra (LA), Analysis (AN) and Elementary Statistics (ES); 100 points were achievable. 

 

We would now like to represent these 5-dimensional data by means of principal components. In Figure 

10.2, the same data have already been used for the scree plot and the plot of the cumulative proportions 

of variance. It could be seen from this that k = 2 makes sense and that 2 principal components represent 

about 80% of the total variability. Figure 10.7 now also shows the scores (left) and loadings (right) of these 

first two principal components. You can see that the scores in the direction of the 1st principal component 
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have a certain order in the numbers (number of students). The "top students" can be found on the left, 

those with the poorer results on the right. If you look at the loadings plot, you can also interpret this 

direction of the 1st principal component: The charges of the 5 variables are roughly the same, and thus 

the direction of the 1st principal component corresponds to an "average power". The smaller the score, 

the better the average performance. The second principal component differentiates between the more 

geometry-heavy objects (positive) and the more analytical-heavy objects (negative). This is also expressed 

in the position of the students in the scores of the 2nd principal component. 

 

The two figures in 10.7 for scores and loadings can also be combined in one graphic. The result is the biplot 

shown in Figure 10.8. The "Bi" does not refer to 2-dimensional, but to the fact that both scores and 

loadings are displayed at the same time. You can see that the scaling was chosen differently here than in 

Figure 10.7. The reason for this lies in the interpretation of the relationship between scores and loadings 

in this plot: 

• The orthogonal projections of the observations onto the variables (arrows) approximate the 
original (centered) data values. 

• The cosine of the angle between the variables (arrows) approximates the correlation between the 
variables. 

• The Euclidean distances between the observations approximate the Mahalanobis distances of 
these observations. 
 

When the term "approximation" is used here, it refers to the information content of these two principal 

components, which here represent 80% of the information. 
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10.3 Projection Pursuit 
This procedure aims to find projections of the p-dimensional observations 𝒙1 , … , 𝒙𝑛  onto lower 

dimensions so that interesting structures (nonlinearities, clusters, ...) are expressed through these 

projections. Pursue thus prints out that interesting projections are "followed". This is done by choosing a 

projection index at whose extreme values the structure is most clearly recognizable. 

The projection index should be affine invariant: It should show the same projection, regardless of whether 

the original data 𝒙𝑖(𝑖 = 1, . . . , 𝑛) or transformed data 

 

are used. Here A is a regular 𝑝 × 𝑝 matrix that is orthonormal (i.e. 𝑨𝑇𝑨 =  𝑰) and 𝒃 is a p-dimensional 

vector. 

Projection pursuit solutions (i.e. the projection directions found, projection planes,...) are rarely 

unambiguous because the projection index usually has many local extreme values. Since every projection 

can contribute to the recognition of the structure, one should let the projection pursuit algorithm iterate 

with as many initial values as possible in order to arrive at different local optima. 

10.3.1 Projection index 
It should be designed in such a way that it shows structures in the data that are not described by the 

correlation matrix. This is achieved by a projection index that is invariant to all non-singular affine 

transformations in ℝ𝑝. 
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The index should be large if the projection is interesting, otherwise small. When is a projection interesting? 

One wants to be able to recognize groups or non-linear behavior. Thus, projections that follow a normal 

distribution are viewed as uninteresting because neither groups nor asymmetries are visible here. 

It follows from this that the projection index is constructed in such a way that with increasing deviations 

from normally distributed projections, the value of the index also increases. 

10.3.2 Calculation of the projection index 
In order to meet the requirement of affine invariance, the first step is to display the data in the form of 

standardized principal components. If we use the notation of random variables again, then the original 

variables 𝑥1, . . . , 𝑥𝑝 are represented as principal components 𝑢1, . . . , 𝑢𝑝 up, see Section 10.2.2. The 

variances of these main components are 𝑥1, . . . , 𝑥𝑝. So you define 

If we take the notation of random variables again, then the original variables 𝑥1, . . . , 𝑥𝑝  are shown as 

principal components 𝑢1, . . . , 𝑢𝑝, see Section 10.2.2. The variances of these principal components are 

𝜆1, . . . , 𝜆𝑝. So you define 

 

then 𝑉𝑎𝑟(𝑧𝑗)  =  1, and we have standardized principal components. 

Note: If the last 𝜆𝑗 were zero, then these components were simply left out, and we had all the information 

presented in a subspace. 

We are first looking for univariate projection directions 𝜶 = (𝛼1, . . . , 𝛼𝑝)
𝑇

 in p-dimensional space. To 

ensure that the direction is unambiguous, 𝜶𝑇𝜶 = 1 is required. This has the projection 

 

also variance 1, 

 

The projection index should now get a high value if the density of Y is heavily structured. We denote this 

density with 𝑝𝛼(𝑌). The algorithm for the projection index has the following form: 

1. Transformation of Y into the interval (-1, 1) by 

 
with 𝜙 distribution function of the standard normal distribution. 
If Y is normally distributed, R is continuously uniformly distributed in (-1, 1), and the value of the 

density function in this interval is  
1

2
. 

2. As a measure of the deviation of the density 𝑝𝑅(𝑟) from R from the uniform distribution, the 
projection index 𝐼(𝛼) is defined as 
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For the practical calculation this integral is approximated by polynomials. 

In Figure 10.9 the functionality of this algorithm is illustrated with examples. The five images above 

assume that the density function of the projection is standard normally distributed. The next row of 

figures is based on the 𝜒2-distribution with 2 degrees of freedom, and the lower five images show how 

the algorithm transforms a bimodal distribution (composition of two normal distributions). 

 

 

For 2-dimensional projections, 2 directions 𝜶 =  (𝛼1, . . . , 𝛼𝑝)𝑇 and 𝜷 =  (𝛽1, . . . , 𝛽𝑝)𝑇are sought, so that 

the common density of 
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is heavily structured. Y1 and Y2 must be uncorrelated, which is equivalent to 𝜶𝑇𝜷 = 0. Furthermore, 

𝜶𝑇𝜶 = 𝜷𝑇𝜷 = 1 must apply. A procedure analogous to the previous one then provides a projection index 

𝑰(𝜶, 𝜷). 

Example: We consider the Iris data, which is known to have a relatively strong structure because there 

are 3 groups in the data. Figure 10.10 compares the results for 1-dimensional projections when using 

principal components (left) and when using the projection pursuit method (right). The solution with 

Projection Pursuit is much better structured, the groups overlap less. 

 

 

Figure 10.11 shows the Projection Pursuit solution for a two-dimensional projection. The graph on the left 

is the projection of the data onto the desired projection directions, the graph on the right shows an 

estimate of the density of the solution. 

10.3.3 Structure elimination 
If you have found an interesting projection direction, you can continue the search for further projection 

directions. However, in order to prevent the projection index from being influenced by the direction 

already found, the structure that is most clearly expressed in this direction must be eliminated. Since the 

projection index evaluates deviations from the normal distribution most strongly, but normal distribution 

results in an index value of 0, an attempt must be made to find a transformation that generates a normal 

distribution in the projection direction that has already been found. 

If the projection direction 𝛼 was found after using the projection pursuit method (one-dimensional 

version), the structure elimination is carried out as follows: 
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1. Transform 𝒛 = (𝑧1, . . . , 𝑧𝑝)𝑇 by an orthonormal transformation such that the first coordinate Y of 

the transformed variable is the projection in the direction α (i.e. 𝒀 =  𝜶𝑇𝒛). 
2. Transform this first coordinate to normal distribution 

 
with 𝐹𝜶 distribution function of Y. 
Since one does not know 𝐹𝜶, one uses the empirical distribution function instead of the 
distribution function. 

3. Reverse the orthonormal transformation. Apply the projection pursuit algorithm to the variable 
z’ obtained in this way. 

 

 

Structure elimination in the 2-dimensional case is a little more difficult, since a transformation is required 

that transforms any 2-dimensional distribution to a 2-dimensional normal distribution. Theoretical 

solutions cannot be carried out arithmetically. However, there is an approximate solution that is not 

discussed here. 
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Chapter 11 
 

Other multivariate statistical methods 
- an overview 
 
11.1 Cluster analysis 
 

The term "cluster" has the meaning of "concentrated" group. The aim of cluster analysis is to divide 

observations into homogeneous groups. Observations that are very similar should be in the same group 

(in the same cluster), and observations that are dissimilar to one another should be divided into different 

clusters. In special cases, the clustering of variables is not interested in the clustering of observations 

(see boxes or trees for multivariate graphs, Section 8). 

Similarities of observations are determined over distances. All distance measures from Section 9.2 can 

be used here. Caution: Since distances depend on the scaling of the variables, it will be important in 

most clustering procedures to first standardize the variables to mean 0 and variance 1 in order to ensure 

that the variables can be compared. 

The "real" number k of clusters in multivariate data is usually unknown and has to be estimated by 

criteria to be chosen later. Usually there are no clearly separated groups in the data, which makes it even 

more difficult to estimate the number of clusters and to assign observations to the clusters. There are 

basically several approaches to building clusters: 

 Partitioning methods: Each observation is assigned to exactly one cluster. A disjoint grouping 

of the observations into a number k of clusters is thus obtained. 

 Hierarchical clustering methods: A hierarchy of partitionings is constructed in which the 

number of clusters varies from 1 to n (= number of observations). This allows an overview of 

different numbers of groupings, and this overview is visualized by means of a dendrogram. 

Hierarchies can be constructed agglomeratively (from an n-cluster to a 1-cluster partitioning) or 

divisively (a cluster is split up step by step until an n-cluster solution is created), whereby 

agglomerative is the most useful. 

 Fuzzy clustering: Each observation is assigned to each cluster via an association coefficient. 

The coefficients are from the interval [0, 1], and the sum of the coefficients for an observation 

over all clusters is 1. 

 Model-based clustering: This is a partitioning method, but the shape of a cluster is 

parameterized by a model distribution. The typical model distribution is a multivariate normal 

distribution with a certain expected value and a certain covariance. 

We again assume an 𝑛 𝑥 𝑝 data matrix X, and want to cluster the observations 𝑥1, 𝑥2 , . . . , 𝑥𝑛. 
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11.1.1 Partitioning methods 
 

Let 𝑘 be the number of clusters into which the observations are to be disjointly divided. Furthermore, 

let 𝐼𝑗  be an index set that contains the indices of the observations of the 𝑗-th cluster, and 𝑛𝑗  the number 

of elements in 𝐼𝑗  (𝑗 =  1, . . . , 𝑘). The index set has the form 𝐼𝑗 = {𝑖1, 𝑖2, . . . , 𝑖𝑗}, and accordingly the 𝑗-

th cluster contains the observations 𝑥1, 𝑥2, . . . , 𝑥𝑗 . The following applies to partitioning 𝑛1 +

𝑛2+. . . +𝑛𝑘 = 𝑛. 

The best-known algorithm for the construction of a partitioning is the k-means algorithm. It needs the 

desired number 𝑘 of clusters as an input parameter. k-means uses so-called centroids or cluster centers, 

which can simply be taken as the arithmetic mean of the observations of a cluster: 

 

The objective function to be minimized for k-means is 

 

An iterative algorithm is used for minimization, the index sets 𝐼𝑗  changing to a greater or lesser extent 

in each step. After convergence one obtains the final index sets 𝐼1
∗, … , 𝐼𝑘

∗, and thus the final allocation 

of the 𝑛 observations to the desired 𝑘 clusters. The iterative algorithm is usually initialized via a random 

selection of 𝑘 observations, which initially form the 𝑘 cluster centers. Depending on the random 

selection, you can therefore come up with different cluster solutions! 

# R code k-means 
Xs <- scale(X)    # X is the data matrix that is standardized here 
res <- kmeans(Xs,3)   # k = 3 is the number of clusters 
str(res)    # shows the contents of the output object 
res$cluster    # shows the allocation of the objects to the clusters 

A very similar algorithm to k-means is PAM (Partitioning Around Medoids), only here the cluster 

centroids are robustly determined via medians. 

# R code PAM 
Xs <- scale(X)   # X is the data matrix that is standardized here 
library(cluster) 
res <- pam(Xs,3)  # k = 3 is the number of clusters 
str(res)   # shows the contents of the output object 
res$clustering  # shows the allocation of the objects to the clusters 
plot(res)   # Diagnostic plots 

A decision about a "sensible" number 𝑘 of clusters can actually only be made to a degree that will 

be defined later. You can then execute k-means or PAM with different values of 𝑘, and choose the 

best solution based on the measure of good. This is also helpful if there are different solutions for 

the same 𝑘. 
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11.1.2 Hierarchical clustering methods 
 

We describe here the agglomerative approach to constructing a hierarchy of partitions. At the 

beginning, each of the 𝑛 observations forms its own cluster - such clusters are called singletons. 

Then those singletons with the smallest distance are combined into a cluster, and 𝑛 − 1 clusters 

are obtained. If larger clusters are to be combined instead of singletons, then a definition of the 

distance between clusters is required. Let two different clusters be given by the index sets 𝐼𝑗 and 

𝐼𝑗′ . The following definitions are used, which also denote the names of the corresponding 

algorithms: 

 

A distance measure from Section 9.2 can be taken as the distance 𝑑(∙,∙), e.g. the Euclidean distance. 

The different algorithms usually also cause different clustering. For example, chain-shaped 

clusters are typically formed with single linkage. 

Figure 11.1 illustrates the distances complete and single linkage for two clusters (indicated by 

ellipses). In one step of the hierarchical clustering, those two clusters with the smallest distance to 

one another are connected. 

 

Figure 11.1: Illustration of the complete and single linkage distance (here based on Euclidean distance) for two clusters. 

 

For the example data in Figure 11.1, Figure 11.2 now shows the entire hierarchy of the clusters as 

generated using complete linkage. In contrast to k-means, there is no randomness here - the result 

is always unambiguous due to the given minimization problem. 
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Figure 11.2: Result of complete linkage on the example data from Figure 11.1. First of all, each observation forms its own 

cluster. These are then gradually combined until all observations are in a single cluster. 

 

The result in Figure 11.2 can be better represented with the dendrogram. The distance is plotted 

in the vertical direction (e.g. complete linkage), which increases gradually. Horizontal lines mean 

that the respective clusters are connected at the corresponding distance. The observations are 

arranged in such a way that the lines do not overlap. The dendrogram is therefore to be read from 

bottom to top. 

Figure 11.3 shows the dendrogram of complete linkage on the left and that of single linkage on the 

right. While complete linkage shows two clusters very clearly (these were only united at a very 

large distance), this is not so obvious with single linkage. This representation can therefore be used 

to identify a “reasonable” number 𝑘 of clusters in the data. The assignment of the observations to 

the 𝑘 clusters can be obtained with a horizontal cut at the corresponding distance. 

 

 

Figure 11.3: Dendrogram for the sample data from Figure 11.1. On the left the solution for complete linkage, see also Figure 

11.2, on the right that for single linkage. 

 
# R code hierarchische Clusterung 
Xs <- scale(X)    # X is the data matrix that is standardized here 
res <- hclust(dist(Xs))  # the default is complete linkage and Euclidean distance 
plot(res)    # shows the dendrogram 
cl <- cutree(res,3)   # provides the allocation of the objects to 3 clusters 
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11.1.3 Fuzzy Clustering 
 

Instead of "hard" allocation of the observations to the clusters, a "soft" (fuzzy) allocation is made 

here. During partitioning, each of the 𝑛 observations is thus assigned to each of the 𝑘 clusters. This 

is done using a membership coefficient 𝑢𝑖𝑗, for 𝑖 = 1, . . . , 𝑛 and 𝑗 = 1, . . . , 𝑘, which lies in the 

interval [0,1]. It is also required that ∑ 𝑢𝑖𝑗 = 1𝑘
𝑗=1 , for all 𝑖, and thus the coefficients can be 

interpreted as the proportional distribution of an observation to the clusters. 

The cluster algorithm must therefore estimate the matrix with the coefficients 𝑢𝑖𝑗. The number of 

clusters 𝑘 is specified by the user analogously to k-means. One can always make a "hard" 

assignment of the result of fuzzy clustering by assigning an observation to the cluster for which 

the membership coefficient is highest. 

The most common algorithm is the fuzzy c-means algorithm. The objective function is similar to 

k-means: 

 

with the cluster centroids 

 

Again, the problem is solved using an iterative algorithm, the coefficients 𝑢𝑖𝑗 being re-estimated 

in each step. Similar to k-means, the algorithm is randomly initialized, which can lead to different 

results 

# R code fuzzy clustering 
Xs <- scale(X)    # X is the data matrix that is standardized here 
library(e1071) 
res <- cmeans(Xs,3)   # fuzzy c-means with 3 clusters 
str(res)    # shows the content of the output object 
res$cluster    # hard cluster allocation 
res$membership   # Membership coefficient matrix 

 

11.1.4 Model-based clustering 
 

The shape of the clusters is "modeled" here. Usually, one assumes as a model that the 𝑗-th cluster 

comes from a p-dimensional normal distribution with mean 𝝁𝒋  and covariance ∑  𝒋 . The cluster 

algorithm must then not only determine the association of the observations with the clusters 

(partitioning), but also estimate the parameters 𝝁𝒋  and ∑  𝒋 . In particular, the estimation of the 

𝑝 𝑥 𝑝 matrices ∑  𝒋 , for 𝑗 = 1, . . . , 𝑘, is complex and requires a lot of information (data). One is 
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therefore interested in a simplification by assuming, for example, that the covariances of the 

clusters are all the same and perhaps even have a very simple structure. 

The simplest variant would be ∑  𝒋 = 𝝈𝟐𝑰 for 𝑗 = 1, . . . , 𝑘. Here 𝑰 is the identity matrix and 𝝈𝟐 is a 

parameter for the variance. Thus, all clusters were circular, with the same radius in all dimensions. 

A less strict assumption would be ∑  𝒋 = 𝝈𝒋
𝟐𝑰 for 𝑗 = 1, . . . , 𝑘. The clusters were still circular, but 

had different sizes, according to the variance 𝝈𝒋
𝟐. Figure 11.4 illustrates different variants. 

 
Figure 11.4: Different covariances for the three clusters: (a) ∑ = ∑ = ∑ = 𝜎2𝐼; 32  1  (b) ∑  𝑗 = 𝜎𝑗

2𝐼 for 𝑗 = 1, . . . , 𝑘; (c) all ∑  𝑗  

different and of no special structure. 

One advantage of model-based cluster analysis is that the data does not have to be scaled 

beforehand (because different variances can be used in the model). 

In the following example the iris data is clustered with the algorithm Mclust() from the package 

mclust. With this algorithm you can specify a range for the number of clusters, here from 3 to 9: 

# R code modellbasierte Clusterung 
data(iris)    # iris data, only take columns 1-4! 
library(mclust) 
res <- Mclust(iris[,1:4],3:9)  # Solutions for 3 to 9 clusters 
plot(res)    # various diagnostic plots 
str(res)    # Contents of the output object 
res$classification   # Cluster allocation based on the best solution 

Results are shown in Figure 11.5. The left figure shows the BIC (Bayesian Information Criterion) 

values for the cluster solutions with different numbers of clusters (Number of Components). The 

lines correspond to different cluster models, see legend. Model "EII" is the simplest model, with 

covariances ∑  𝒋 = 𝝈𝟐𝑰. The models then become increasingly complex, up to "VVV", which 

corresponds to individual covariances ∑  𝒋 for the individual clusters. The best model and the best 

number of clusters is then reached at the maximum BIC value, in this case for 𝑘 = 3 clusters and 

model “VEV”. 

The right figure in 11.5 shows a scatter plot of the data with the assignments of the observations 

to the 𝑘 = 3 clusters, as well as the structure of the covariances drawn in with ellipses. 

 

11.1.5 Quality measures 
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A measure of good should support the decision for a good choice of the number 𝑘 of clusters, but 

it can also be used for the selection of a suitable cluster algorithm. Unfortunately, there are at least 

as many different good measures as there are cluster algorithms. The BIC criterion of model-based 

clustering is one possibility.  

 

Figure 11.5: Results of model-based clustering with the algorithm Mclust(): left for the desired number of clusters (horizontal 

axis) the BIC values for the different cluster models; on the right is the solution for the optimal model according to BIC. 

The aim of a cluster analysis is that observations within a cluster are similar to one another 

(homogeneous) and observations from different clusters are as different as possible 

(heterogeneous). Measures for homogeneity can be based on the maximum, minimum, or average 

distance of all observations of a cluster, or on the spread (variance) of the observations of a cluster. 

The latter is e.g. printed out by the Within-Cluster Sum-of-Squares, 

 

see also formulas (11.1) and (11.2). The value of 𝑊𝑘 should be as small as possible, but of course 

this also depends on 𝑘; the higher 𝑘 is chosen, the smaller the scatter of the points within a cluster 

can be. 

On the other hand, one can define the heterogeneity via the distance measures of complete linkage, 

single linkage, etc., or can be expressed using the Between-Cluster Sum-of-Squares. 

 

The value of 𝐵𝑘 should be as large as possible, but this again depends on 𝑘. 
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The Calinski-Harabasz-Index is a normalized ratio of the two quantities, 

 

The Hartigan-Index is defined as 

 

The optimal number of clusters is chosen for the biggest value of one of these indices over all 𝑘 

considered. 

 

11.2 Discriminant Analysis 
 

Like cluster analysis, this multivariate method aims to group data. There is, however, one essential 

difference to cluster analysis: With cluster analysis, it is not known which observations belong to 

which groups; it is not even clear how many groups exist in the data, and whether there is any 

group structure at all. In the case of discriminant analysis, on the other hand, one knows the class 

affiliations of the observations, at least those observations from a training data set. You know, for 

example, that certain measurements come from sick and healthy people, and thus you know both 

the number of groups and the group membership. Now one would like to learn a rule that allows 

new observations to be assigned to the classes on the basis of the same measured characteristics 

(variables). These new observations form the so-called test data set. 

Given are the training data X, an 𝑛 𝑥 𝑝 data matrix with the observations 𝑥1, 𝑥2, . . . , 𝑥𝑛. The 

observations come from 𝑘 groups, the group memberships are known, and the numbers of 

observations in the groups are 𝑛1, . . . , 𝑛𝑘, with 𝑛1+. . . +𝑛𝑘 = 𝑛. The variable G describes the 

predicted group membership, and can thus assume a value from the set {1, . . . , 𝑘}. 

It is also assumed that the underlying distribution of the groups is known. Here we assume 

multivariate normal distribution with parameters 𝜇𝑗 and ∑  𝑗 , for 𝑗 = 1, . . . , 𝑘; the density function 

is: 

 

Finally, we also assume an a-priori probability 𝑝𝑗 for each group, where 𝑝1+. . . +𝑝𝑘 = 1. For 

example, if group 1 describes sick people and group 2 healthy people, then typically 𝑝1 < 𝑝2 

because it is (hopefully) less likely to encounter this disease in the population. 

With this information, the conditional (a-posteriori) probability can be determined according to 

Bayes' theorem: Given the observation x, the conditional probability that the variable G takes on 

the value 𝑗 is given by 
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The denominator in equation (11.8) is the same for every group, and therefore one can directly 

compare the a-posterior probabilities for two groups. If 𝑃(𝐺 = 𝑗|𝑥) > 𝑃(𝐺 = 𝑙|𝑥), then 𝒙 would 

be assigned to the 𝑗-th group. In other words: 𝒙 is assigned to the 𝑗-th group (and not the 𝑙-th group) 

if applies 

 

11.2.1 Linear Discriminant Analysis (LDA) 
 

We make another assumption, namely that ∑ = . . . = ∑  𝒌𝟏 holds. The covariances of all groups are 

thus assumed to be the same, and we now denote this covariance by ∑. One can now insert equation 

(11.7) into (11.9) and finally get the linear one 

Discriminant rule: 

𝒙 is assigned to the 𝑗-th group (and not to the 𝑙-th group) if 𝛿𝑗(𝒙) > 𝛿𝑙(𝒙), where 

 

the so-called linear discriminant function represents the 𝑗-th group. 

If 𝑘 > 2 groups are given, then for a new test observation 𝒙 the linear discriminant function is 

calculated for each group, and 𝒙 is then assigned to the group for which the value of the linear 

discriminant function is the greatest. 

One immediately recognizes that the resulting decision rules are linear, because the discriminant 

function in (11.10) is linear in 𝒙. 

In practice, the parameters in equation (11.10) must first be estimated from the training data. As 

an estimate for 𝑝𝑗 one can take 𝑛𝑗/𝑛, provided that the training data reflect the population. Let 𝐼𝑗 

be the index set for the observations of the 𝑗-th group of the training data (see cluster analysis). 

The arithmetic mean (vector!) of the training data of the 𝑗-th group can be used as an estimate for 

𝜇𝑗, 

 

see also equation (11.1). The common covariance matrix can be estimated by a "pooled" 

covariance, 
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11.2.2 Quadratic Discriminant Analysis (QDA) 
 

If one cannot (and would not like to) assume the equality of the covariances, then when inserting 

equation (11.7) into (11.9) the resulting expression becomes more complicated. The so-called 

quadratic discriminant functions are then obtained 

 

for 𝑗 = 1, … , 𝑘, which are quadratic in 𝒙. The new observation 𝒙 is then assigned to the group for 

which the value of the quadratic discriminant function is the greatest. 

Again, for the practical application of the rule, the parameters must first be estimated from the 

training data. In contrast to the LDA, you do not need a joint estimate of the covariance, but rather 

individual estimates, e.g. through the sample covariances 

 

but robust estimates using the MCD estimator were also possible. Note that, compared to LDA, 

you have to estimate significantly more parameters here, which can lead to an "over-adaptation" 

to the training data and lead to a poorer prognosis of group membership. 

As an example, let's look at the iris data again. In contrast to the cluster analysis, this time the 

group information for the training data is used to create the discriminant functions, and then used 

to evaluate the method on the basis of the test data. LDA can be carried out as follows: 

# R code LDA (QDA) 
data(iris)      # iris data 
X <- iris[,1:4]      # Measurements 
grp <- iris[,5]      # group 
grpn <- as.numeric(grp)    # Group numbers 
set.seed(123)      # always causes the same random selection 
n <- nrow(iris)     # Number of observations 
train <- sample(n,round(n*2/3))   # Training data indexes 
test <- (1:n)[-train]     # Test data indexes 
library(MASS) 
res <- lda(X[train,],grp[train])   # LDA on training data 
### for QDA just use the command “qda()” 
res.pred <- predict(res,X[test,])   # Forecast for test data 
table(grp[test],res.pred$class)   # Comparison with reality 
#   setosa   versicolor  virginica 
# setosa  14   0   0 
# versicolor  0   17   2 
# virginica  0   0   17 
# 
plot(res,abbrev=2,col=grpn[train])   # linear discriminant functions 
points(res.pred$x,col=grpn[test],pch=as.numeric(res.pred$class))  # Test data 



 

121 

 

Figure 11.6 shows a projection of the data into the space of the linear discriminant functions. The 

symbols with the texts are the training data, and the color corresponds to their group membership. 

The test data are represented by non-text symbols; the color is the real group, the symbol the 

predicted group. If you have two red observations, you can see a wrong symbol. 

 

 

 

Figure 11.6: Results of LDA on the iris data. 
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